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Overarching themes

. Overarching themes

The following three overarching themes have been fully integrated throughout the Pearson Edexcel
AS and A level Mathematics series, so they can be applied alongside your learning and practice.

1. Mathematical argument, language and proof

» Rigorous and consistent approach throughout

» Notation boxes explain key mathematical language and symbols

» Dedicated sections on mathematical proof explain key principles and strategies
» Opportunities to critique arguments and justify methods

2. Mathematica[ problem solving The Mathematical Problem-solving Cyde
* Hundreds of problem-solving questions, fully integrated (7= specify the problem [
into the main exercises
* Problem-solving boxes provide tips and strategies interpret results L
A collect miormatlon

e Structured and unstructured questions to build confidence
» Challenge boxes provide extra stretch

process and
= represent information <:/

* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

* Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

» Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in

3. Mathematical modelling

mechanics

Finding your way around the book Access an online
digital edition using
the code at the

Functions and graphs front of the book.
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Extra online content

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for
every question in the book.

@ Full worked solutions are

available in SolutionBank.

Download all the solutions

as a PDF or quickly find the
solution you need online
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Access all the extra online content for free at:

www.pearsonschools.co.uk/p2maths

You can also access the extra online content by scanning this QR code:




Use of technology

Explore topics in more detail, visualise

problems and consolidate your understanding.

Use pre-made GeoGebra activities or Casio

resources for a graphic calculator.

GegGebra

GeoGebra-powered interactives

@ Find the point of intersection O%

graphically using technology.

CASIO.

Graphic calculator interactives

hs
*

My el

A+ fly =2

vt
e 4
“ ]

Sokgieen® (2.41) 1. 8)

¥
a
']

El [EXE]:Show coordinates

2 )

O T "B
L]
3 Qrioy=3

‘ / i
“
:
.
:
l&

] ] ] | ] " . | ] "

1 1)
12 -1

T T

|

Interact with the maths you are

learning using GeoGebra's easy-to-

use tools

Explore the maths you are learning
and gain confidence in using a
graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to use
your calculator in the exams.
They cover both Casio's scientific
and colour graphic calculators.

@ Work out each coefficient %

quickly using the "C, and power

functions on your calculator.

Finding the value of the first derivative

to access the function press:

(uew) @ Gwer) @

’P Pearson

Step-by-step guide with audio
instructions on exactly which
buttons to press and what should
appear on your calculator's screen

Extra online content
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Algebraic methods

After completing this chapter you should be able to:

® Use proof by contradiction to prove true statements - pages 2-5
e Multiply and divide two or more algebraic fractions -» pages 5-7
® Add or subtract two or more algebraic fractions -» pages 7-8
e (Convert an expression with linear factors in the

denominator into partial fractions -» pages 9-11
® Convert an expression with repeated linear factors

in the denominator into partial fractions - pages 12-13
® Divide algebraic expressions -» pages 14-17

e Convert an improper fraction into partial fraction form - pages 17-18

Prior knowledge check

Factorise each polynomial:
a x’-6x+5 b x*-16
¢ 9x*-25 « Year 1, Section 1.3

2 Simplify fully the following algebraic

fractions.
x*-9 b2x2+5x—-12
xX2+9x+18 6x2-Tx-3
xé—x-30

« Year 1, Section 7.1

C
/ J— —x2+3x+18
/ 3 Foranyintegers n and m, decide whether

the following will always be odd, always be
even, or could be either.

You can use proof by contradiction to
prove that there is an infinite number

of prime numbers. Very large prime
numbers are used to encode chip and pin
transactions. -» Example &, page 3

a 8n b n-m
¢ 3m d 2n-5

« Year 1, Section 7.6




Chapter 1

Q Proof by contradiction

A contradiction is a disagreement between two statements, which means that both cannot be true.

Proof by contradiction is a powerful technique.

= To prove a statement by contradiction you start by assuming
it is not true. You then use logical steps to show that this

m A statement

that asserts the falsehood

assumption leads to something impossible (either a
contradiction of the assumption, or a contradiction of a
fact you know to be true). You can conclude that your

of another statement is
called the negation of
that statement.

assumption was incorrect, and the original statement was true.

Prove by contradiction that there is no greatest odd integer.

Assumption: there is a greatest odd
integer, n.

n+ 2is also anintegerand n+ 2 > n
n+ 2 = odd + even = odd

So there exists an odd integer greater than n.
This contradicts the assumption that the
greatest odd integer is n.

Therefore, there is no greatest odd integer.

=1 | |

Begin by assuming the original statement is false.
This is the negation of the original statement.

You need to use logical steps to reach a
contradiction. Show all of your working.

The existence of an odd integer greater than n
contradicts your initial assumption.

Finish your proof by concluding that the original
statement must be true.

Prove by contradiction that if »? is even, then n must be even.

Assumption: there exists a number n such
that n® is even but n is odd.

nis odd so write n = 2k + 1

n? = (2k +1)2 = 4k? + 4k + 1
= 2(2k% + 2k) + 1

So n? is odd.

This contradicts the assumption that n? is

even.

Therefore, if n¢ is even then n must be even.

® Arational number can be written as £, where a and b are integers.

b

® Anirrational number cannot be expressed in the form % , where a

and b are integers.

This is the negation of the original statement.

You can write any odd number in the form 2k + 1
where k is an integer.

All multiples of 2 are even numbers, so 1 more
than a multiple of 2 is an odd number.

Finish your proof by concluding that the original
statement must be true.

@ Qs the

set of all rational
numbers.



Example o

Prove by contradiction that v2 is an irrational number.

Assumption: V2 is a rational number.

Then V2 = % for some integers, a and b. —1 |

Also assume that this fraction cannot be
reduced further: there are no common factors -
between a and b.

2
or a° = 2b?

a
So2=—
o b2

L
This means that a® must be even, so a is also -
even.,

If @ is even, then it can be expressed in the

form a = 2n, where n is an integer.

So a? = 2b? becomes (2n)? = 2b? which

means 4n° = 2b? or 2n® = b

This means that bZ must be even, so b is also

EVEn.
If @ and b are both even, they will have a

common factor of 2.
This contradicts the statement that a and b
have no common factors.

Therefore V2 is an irrational number,

Algebraic methods

Begin by assuming the original statement is false.
This is the definition of a rational number.

If a and b did have a common factor you could just
cancel until this fraction was in its simplest form.

Square both sides and make a? the subject.

We proved this result in Example 2.

Again using the result from Example 2.

All even numbers are divisible by 2.

Finish your proof by concluding that the original
statement must be true.

Prove by contradiction that there are infinitely many prime numbers.

Assumption: there is a finite number of prime
numbers.

List all the prime numbers that exist:

P1 P2: P3s -os P

Consider the number

—

N=p, xp,Xxpsx...xXp,+1

When you divide N by any of the prime
numbers p,, Pz, Pa, ..., Py YOU g€t a remainder
of 1. So none of the prime numbers p,, ps. ps.
...y Pp 15 a factor of N.

So N must either be prime or have a prime
factor which is not in the list of all possible
prime numbers.

This is a contradiction.

Therefore, there is an infinite number of prime
numbers.,

Begin by assuming the original statement is false.

This is a list of all possible prime numbers.

This new number is one more than the product of
the existing prime numbers.

This contradicts the assumption that the list
Pu P2 Py -+ P cOntains all the prime numbers.

Conclude your proof by stating that the original
statement must be true,



Chapter 1

Exercise @

® 1

Select the statement that 1s the negation of ‘All multiples of three are even’.
A All multiples of three are odd.

B At least one multiple of three is odd.

C No multiples of three are even.

Write down the negation of each statement.

a All rich people are happy.

b There are no prime numbers between 10 million and 11 million.

¢ If p and ¢ are prime numbers then (pg + 1) is a prime number.

d All numbers of the form 2” — 1 are either prime numbers or multiples of 3.
e At least one of the above four statements is true.

Statement: If #? is odd then n is odd.
a Write down the negation of this statement.
b Prove the original statement by contradiction.

Prove the following statements by contradiction.

a There is no greatest even integer.

b If »n*is even then n is even.

¢ If pq is even then at least one of p and ¢ is even.
d If p + ¢ is odd then at least one of p and ¢ is odd.

a Prove that if ab is an irrational number then at least one of @ and b is an irrational number.

(3 marks)

b Prove that if a + b is an irrational number then at least one of « and b 1s an irrational

number.

¢ A student makes the following statement:

If @ + b 1s a rational number then at least one of ¢ and b is a rational number.

Show by means of a counterexample that this statement is not true.

Use proof by contradiction to show that there exist
no integers ¢ and b for which 21a + 14 = 1.

(3 marks)

(1 mark)

m Assume the opposite is true,
and then divide both sides by the

highest common factor of 21 and 14.

a Prove by contradiction that if n?is a multiple of 3,

n is a multiple of 3. (3 marks) 3% +1and 3k + 2

b Hence prove by contradiction that v3 is an
irrational number. (3 marks)

m Consider numbers in the form



Algebraic methods

8 Use proof by contradiction to prove the statement: G RsETE et
“There are no integer solutions to the equation e positive, sifce (=X = a2 ¥
x2—y2=2 ' '
9 Prove by contradiction that V2 is irrational. (5 marks)

10 This student has attempted to use proof by contradiction to show that there is no least positive
rational number:

Assumption: There is a least positive rational number. Problem-solving

Let this least positive rational number be n. You might have to
As n is rational, n = < where a and b are integers. analy.se SF”dent
b working like this

T in your exam. The

b b question says, ‘the

error’, so there should
only be one error in

Since a and b are integers, 9~ ? 5 a rational number that is less than n.

This contradicts the statement that n is the least positive rational number. the proof.
Therefore, there is no least positive rational number.

a Identify the error in the student’s proof. (1 mark)
b Prove by contradiction that there is no least positive rational number. (5 marks)

Q Algebraic fractions

Algebraic fractions work in the same way as numeric fractions. You can simplify them by cancelling
common factors and finding common denominators.

= To multiply fractions, cancel any common factors, then multiply the numerators and
multiply the denominators.

Simplify the following products:

agxé b Lx< c J|H'lx :
59 b a 2 x2-1
b '3 " B _1x1_1 Cancel any common factors and multiply
B P 1x3 3 numerators and denominators.
" 1 % ¢ C
b ~x—= =— )
b g bx?1 b l_ Cancel any common factors and multiply
_ numerators and denominators.
x4+l S _x+41., 3
2 <1 2 (x + Dx -1 1
i Factorise (x2 — 1).
x+T " >
2 T eFT(x - 1) |
3 Cancel any common factors and multiply
= 2x -1 numerators and denominators.



Chapter 1

= To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.

Simplify:
g 4.4 xX+2 . 3x+6
b ¢ x+4 x2-16
a . a Multiply the first fraction by the reciprocal of the
8 FTHETETR i
b ¢ b 4 second fraction. Cancel the common factor a.
1 X% ¢ > :
S TT Multiply numerators and denominators.

_E¥2 x2 - 16 Multiply the first fraction by the reciprocal of the
" x+4 3x+6 second fraction.
x+2 (x+4)(x-4)
= " 5 = A :
X+ 4 3(x + 2) Factorise as far as possible.
i (x+2)(x — 4)
‘ Ha2) l_ Cancel any common factors and multiply
_ e numerators and denominators.
3
1 Simplify:
a_a a ¢ 2 x 3.6 4 2 4
ac_fo b?XE c;xz d}rT e\—},—F f?_F
2 Simplify:
1 a -9 x2-3x y+l1
A (x+2_)xx2_4 b a3+60+9x 2 . Y +y il
42 . »? o 2 2x =6 ¢ 4x2-25  2x+35
y+3 Y +4y+3 3° x=3x 4x-10 ° 8
x+3 X2 + 5x 3y2+4y—-4 3y+6 . X2+ 2xy + )2 4
g = X h % i X :
X2+ 10x+25 x?+3x 10 15 2 (x —p)
x2—-64 64— x?
= 4
. 3 Show that 2—36 " x2— 36 1 (4 marks)

8x24+20x-48 «a

2x2 - 11x-40 x?+8x+16 & ; _a
. 4 Show that A — 32 x6x2—3x—457 10x3—45x+45_bandﬁnd the values

of the constants « and b, where a and b are integers. (4 marks)
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5 a Simplify fully 5222, X o (3marks) (GUAD Simplify and then solve the

3 s
237+ 10x  x7+3x-18 logarithmic equation.
« Year 1, Section 14.6
b Given that
In((x2 + 2x = 24)(x2 = 3x) =2 + In((2x2 + 10x)(x2 + 3x — 18)) find x in terms of e. (4 marks)

6 f(x)= 2x-6; 3'Y8_ 2 . 3 it m Differentiate each term

x2+ 14x - 24

separately.
) s « Year 1, Section 12.5
a Show that f(x) = X"+ 123'\ +b (4 marks)
b Hence differentiate f(x) and find {'(4). (3 marks)

= To add or subtract two fractions, find a common denominator.

Simplify the following:
al+l I)H+i cz—1 d3—4
3 4 2x  3x x+3 x+1 x+1 x2-1
. 1.8
374
(, )
4 3
4 9
"2t
'_'413 The lowest common multiple of 3 and 4 is 12.
12
b % - % The lowest common multiple of 2x and 3x is 6x.
= .3_{1 ars 2_h . . 3
= e T E% | Multiply thf::3 first fraction by 5 and the second
fraction by 5
_3a+2b
T ex

c — 2 _ _ ! The lowest common multiple is (x + 3)(x + 1), so
x+3) x+1) F change both fractions so that the denominators

2(x + 1) (x + 3) are (x + 3)(x + 1).

T+ 3)x+1) (x+3)x+1)

_2x+N)-1x+3)- Subtract the numerators.
T (x+3)x+1)

_2x+2-1x-3 Expand the brackets.
T+ 3)(x+1)

B x -1 Simplify the numerator.
T x+ 3+
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d = B 4x

X+1 x2-=1

__3 4x
x4+ (x+Dx-1)

Factorise x> —=1to (x + 1)(x = 1).

3(x-1) 4x

The LCM of (x + 1) and (x + 1)(x = 1) is (x + 1)(x = 1).

T+ Nx-1 (x+NDx-1

N 3(x - 1)_ - 4\

Simplify the numerator: 3x — 3 — 4x = —x — 3.

T+ Nx-1
. =x=-3
Tx+NDx-=-1)

Exercise @

1 Write as a single fraction:

L1 b3.20 1.1 .3 1 3 1 a3
3 4 4 5 P 4 4x  8x Y2 X 5b 2b
2 Write as a single fraction:
a 3 _2 b 2 3 . 4 % 2
x x+1 x—-1 x+2 2x+1 x-1
1 | 3x 1 5 4
(5 — =43 - _
¢ gera—oterd C x+4? x+4 i TOR Y Ty
3 Write as a single fraction:
. 2 i 1 b 7 i 3 5 2 B 3
x2+2x+1 x+1 x2—-4 x+2 x2+6x+9 x2+4x+3
d 2 " 3 . 3 B | { X2 x4l
yr=x? y-x x2+3x+2 x2+4x+4 x2=x=-12 x2+5x+6
@ 4 Express . L2 as a single fraction in its simplest form. (4 marks)
x2+2x-15 x-3
5 Express each of the following as a fraction in its simplest form.
3 2 N | b 4 2 N 1 3 " 2 " -
X x+1 x+2 3x x-2 2x+1 x-1 x+1 x-3
5 Erprome ingle fraction in its simplest f 4 mark
@ Xpress 75— t gy asasingle raction in its simplest form. (4 marks)
7g(x')=\'+ + 20 xER,x#-2,x#4
Tox+2 x2-2x-8" . "
Lo X3 =2x2-2x+12
a Show that g(x) = 1 D2 (4 marks)
. : o . x2—-4x+6
b Using algebraic long division, or otherwise, further show that g(x) = ——— (4 marks)

—4
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m Partial fractions

= A single fraction with two distinct linear factors in the denominator can be split into two
separate fractions with linear denominators. This is called splitting it into partial fractions.

[ I A and B are constants to be found.
5 _ 4 " B
(x T Dix=4) x ';' 1 x-4 The expression is rewritten m Partial fractions are used for

I i : " L
as the sum of two partial binomial expansions - Chapter 3
The denominator contains two fractions. and integration. -> Chapter 11

linear factors: (x + 1) and (x — 4).

There are two methods to find the constants 4 and B: by substitution and by equating coefficients.

6x

. -2 . . . S . .
Split = Nx+ 1) into partial fractions by: a substitution b equating coefficients.
6x — 2 A B 6x -2 y . A B
= Set dentical t
? -3+ x-3  x+1 T T AT
_ A(x + 1)+ B(x - 3)
= =3+ L Add the two fractions.
ex-2=A(x+ 1)+ B(x - 3)
6x3-2=A3+1)+ B3 -23) To find A4 substitute x = 3.
16 = 44 This value of x eliminates B from the equation.
A=4
ex(-)=-2=A4A-1+1)+B(+-1-3
X —8——543? e : To find B substitute x = —1.
po : 5 This value of x eliminates 4 from the equation.
, ex-2 _ 4 2
CTx=3)x+1) " x-3 2+1
ex-2 _ A B

b

x—3x+10 x-3 x+1
Alx + 1) + B(x - 3)

(x = 3)(x+1)
Ex—-2=Ax+ 1)+ B(x - 3)
=Ax+ A+ Bx-3B- Expand the brackets.
=(A+ B)x+ (4 - 3B)
Equate coefficients of x: —— Collect like terms.
G=A+ B (1)
Equate constant terms: ——I Yol Want (44 Bxs A ~3B=bx~2.
f (2}_2 =A-3B () Hence coefficient of x is 6, and constant term is =2.
& = 4B W
- ol Solve simultaneously.
Substitute B=2in () = G =A4 + 2J
A=4
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» The method of partial fractions can also be
used when there are more than two distinct
linear factors in the denominator.

For example, the expression L
(x=2)(x +6)(x + 3)
i A B |
canbesplltmtox_2+x+6 =3

The constants 4, B and C can again be found by
either substitution or by equating coefficients.

6x2+ 5x-2 A B o

Given that

B C

A
.\*—1+2x+1

6x2+5x-2 _A
(X(x = D2x + 1)|F X

Let

x(.r——l)(Zx-i—l)E;-Fx—l+2x+l

m This method cannot be used for a

repeated linear factor in the denominator.

For example, the expression
P P (x +4)(x-1)2

B (55
F4Tx-1 x-1
because (x — 1) is a repeated factor. There is

more on this in the next section.

cannot be rewritten as

. find the values of the constants 4, B and C.

r The denominators must be x, (x = 1) and (2x + 1).

_Ax=1)2x + 1)+ Bx(2x + 1) + Cx(x ~ 1)

Add the fractions.

& x(x - N2x + 1)

LEx2+5x-2=Ax-1)2x+ 1)
+ Bx(2x+ 1) + Cx{x-=1)

The numerators are equal.

Proceed by substitution OR by equating

Let x =1:
6+5-2=0+Bx1x3+0 -
9 =3B
B=3
let x = 0:
O+0-2=Ax(-1)x1+0+0
-2 =-A
A=2
Let.\‘=——;-:
¢ 3-2-040+Cx (-1 x(3
-3=3C
C=-4
So 6xZ+5x -2 :_2+ 3 a 4
x(x=-12x+1) x x-1 2x+1

SoA=2,B=3and C=-4.

coefficients.
Here we used the method of substitution.

Finish the question by listing the coefficients.

10



Exercise @

1 Express the following as partial fractions:

Algebraic methods

. 6x —2 2x + 11 . -Ix-12
(x=2)(x+3) (x+ 1)(x+4) 2x(x - 4)
2% — 13 6‘f 26 AUUP First factorise the denominator.
2x+ )(x-=3) x> -9
) 7 -3x 8 —x 2x - 14
x2-3x-4 € Y +ax x24+2x-15
@ 3 Showithat-—2X =2 _uuvbewrittenin the form="1 where 4 and B are
4+ x)(2-x) 4+x 2-x
constants to be found. (3 marks)
@ 3 The expression = can be written in partial fractions as —— + N
(x=4)(x +8) x-4 x+8
Find the values of the constants 4 and B.
2x2—12x - 26
() = o
® 4 b (x+ Dx=2)(x+5)""
Given that h(x) can be expressed in the form N + - ¢ . find the values of
x+1 x-=-2 x+5
A, Band C (4 marks)
. -10x2-8x+2 D E
@ 5 Given that, for x < -1, T2+ D)0Bx-2) - % + il + I where D, E and F are
constants. Find the values of D, E and F. (4 marks)
6 Express the following as partial fractions:
2x2 - 12x - 26 -10x2-8x+2 -5x2-19x - 32

T+ D =-2)(x+5) X(2x + D(3x - 2)

® 7 Express the following as partial fractions:

C G+ D +2)(x-9)

m First factorise the denominator.

" 6x% + 7x - 3 b 8x+9
X —x 10x2 +3x -4
Challenge
Express ox*—15x -8 as a sum of fractions with linear denominators.
X3-4x*+x+6

11
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m Repeated factors

= A single fraction with a repeated linear factor in the denominator can be split into two or

more separate fractions.

In this case, there is a special method for dealing with the repeated linear factor.

A and Band Care

l i | constants to be found.
2x + 9 - A & B, C
(x=-5)(x+3)* x=5 x+3  (x+3)
The denominator contains three linear l { [ . w .
factors: (x  5), (x + 3) and (x + 3), The expression is rewritten
(x + 3) is a repeated linear factor. EEANESITLS UifeR pRriAt
fractions. Notice that
E l @ (x =5), (x + 3) and (x + 3)?
Xxampie are the denominators.
x2+ 14x + ; ; ;
Show that s ,14\ 2 can be written in the form + g s+ ¢ , where 4, Band C
(x+1)2x+1) x+1 (x+1)? 2x+1

are constants to be found.

Let

x> +14x+5_ 4 B C You need denominators of (x + 1), (x + 1)?and
(x+12Cx+1 (x+1) x+12 (@2x+1) (2x + 1).

= A okl Xt l & Bck + 1k Gk Add the three fractions.

(x + D)e(2x + 1)

Hence 11x¢ + 14x + 5

= Alx+1N2x+ 1)+ B2x + 1)+ Clx + 1)2 (1) —m—

The numerators are equal.

To find B substitute x = -1.

To find C substitute x = —3

Equate terms in x?in (1). Terms in x? are

A x2x% + C x x2,

Let x = =1:
MNM-14+5=4Ax0+Bx-1+CxO0
=-1B
B=-2
Letx=—f
L—’—7+5=AxO+BxO+C'x3
i=iC
C=3
M=24+C
M=24+3
2A=8
A=4
— 11x2 +—‘I4_\‘ +5
(x + )% (2x + 1)
o il ol i 3
T+ (x+1)2 (2x+1)

L Substitute C = 3.

—— Finish the question by listing the coefficients.

m Check your answer using the

simultaneous equations function on your

Sod=4 . 8B=~2and C =3

12

calculator.
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@l

® 2

3x2+x+1

f(x) = x4 1) ,x20, x= -1

) : A B C
Given that f(x) can be expressed in the form i~ F=F o 1 find the values of
A, Band C. R (4 marks)

L =x*=10x-5 _
g(x) = x+ D2 = 1),.1 -], x%1
. | D E F
Find the values of the constants D, E and F such that g(x) = - =+ (4 marks)
x+1 x+1?2 x-1
; 2x2+2x-18 P O R
- < E —

Given that, for x <0, x = 3)? <ty .3 + =3 where P. O and R are constants,
find the values of P, Q and R. (4 marks)
Show that Sx;: 21: 1 can be written in the form % - g - \‘f I where C, D and E
are constants to be found. (4 marks)

. 2x b, B
PX) =Gy X =

. A B
Find the values of the constants A and B such that p(x) = T30 + Y (4 marks)
10x2 - 10x + 17__ 4 & B " C 5 3
Qx+1)(x=-3)2 2x+1 x-3 (x-3)*
Find the values of the constants 4, B and C. (4 marks)

39x2 4+ 2x+ 59 . . A B

Show that ( + 5)0x - 1)? can be written in the form 15t 1"t G- 1) where
A, B and C are constants to be found. (4 marks)

Express the following as partial fractions:

2 4x + 1 b 6x2—=x+2
x2+10x + 25 4x3 -4x2 + x

13
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@ Algebraic division

= An improper algebraic fraction is one whose numerator has a degree equal to or larger than

the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

X2+ 5x + 8 xX*+5x-9 , .
———————and are both improper fractions.
x=2 X3 =4x?2+Tx =3 e
The degree of the The degrees of the numerator
numerator is greater and denominator are equal.
than the degree of the
denominator. M The degree of a polynomial

is the largest exponent in the expression.

. For example, x* + 5x — 9 has degree 3.
= You can either use: £ &

« algebraic division
« or the relationship F(x) = Q(x) x divisor + remainder The divisor and

" _— " . the remainder can be numbers
to convert an improper fraction into a mixed fraction. .
or functions of x.

Method 1
Use algebraic long division to show that: Q)
2 | :
F(x) xX*+5x+8 _ _ 22
] AT T+ . Y - remainder
divisor [ l
Method 2
Multiply by (x — 2) and compare coefficients to show that: )
l X,
F(x) X2+5x+8=(x+Nx—2) +22 remainder
divisor I
Example @
. x+x2-17 s D
Given that —Y_3 = Ax>+ Bx+ C+ 3 find the values of A, B, C and D.
Using algebraic long division: Problem-solving
oy A x §O Solving this problem using algebraic long division
sudlaty st Op= 7 will give you an answer in the form asked for in
38 el the question.
4x2 + Ox
4x% - 12x
12x - 7
12x - 36
29

14



ORI
50u=.x?+4.\'+12
xX-3

with a remainder of 29.

x34+x2 -7 29

— =.\"’_+4.\'+?2+x_3~

So0A=1,B=4, C=12 and D = 22.

Given that x3 + x2 = 7=(4Ax2+ Bx + O)lx = 3) + D, find the values of 4, B, C and D.

Let x =3¢
27 +9-7=0OA+3B+C)x0+D
D =29
Let x = O:
O+0-7=Ax0+Bx0+ ()
x(0=3)+ D
-7==-3C+D
-7 ==-3C+ 29
3C = 36
C= 12

Compare the coefficients of x3 and x2.

Compare coefficients in x*:  1=4
Compare coefficients in x*: 1=-34+ B
1=-3+8B

Therefore A=1,B=4,C=12 and D = 29
and we can write

X2+ x2=7=x?+4x +12)x - 3) + 29
This can also be written as:

X +x2=7 _ ‘ 29
== = X +4.\+12+'\._3

xA+x3+x-10
x24+2x=3

f{xX) =

Algebraic methods

The divisor is (x — 3) so you need to write the
T remainder as a fraction with denominator (x = 3).

It's always a good idea to list the value of each
unknown asked for in the question.

Problem-solving

The identity is given in the form F(x) = Q(x) x
divisor + remainder so solve the problem by
equating coefficients.

Set x = 3 to find the value of D.

Set x = 0 and use your value of D to find the
value of C.

You can find the remaining values by equating
coefficients of x* and x°.

Remember there are two x? terms when you
expand the brackets on the RHS:

x3 terms: LHS = x3, RHS = 4x?

x? terms: LHS = x?, RHS = (=34 + B)x?

Dx + E

————  — and find the values of 4, B, C, D and E.
xX2+2x-3

Show that f(x) can be written as Ax 2+ Bx + C +

15
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Using algebraic long division: m When you are dividing by a

quadratic expression, the remainder can be a
constant or a linear expression. The degree of
(=12x + 5) is smaller than the degree of

(x% + 2x — 3) so stop your division here.

The remainder is —12x + 5.

x2+2x-3x+ x2+0x2+ x-10

x2= x+ 5

X%+ 2x3 - 3x°
- X3+3x2+ Xx
- Xx?-=-2x?+ 3x

5x2 - 2x-10
5x2 + 10x - 15
-12x + 5
x4 +x3+x-10 ~12x +5 Write the remainder as a fraction over the whole

x2-x+5+ .

X2 4 2%=3 X2 3 2%—=3 divisor.

So A= B==L€=5 D=—12and X = 5.

Exercise 0

® 1

16

.3 2 _
X7+ 2x° + 3x 4EA,\'3+Bx+ C4 D
x+1 x+1
Find the values of the constants 4, B, C and D. (4 marks)
3 P
Given that 20Ok A% # S =ax’+bx+c+ find the values of a, b, c and d. (4 marks)
x+3 xX+3
x3-8
=52
Show that f(x) can be written in the form px? + ¢gx + r and find the values of
p.gandr. (4 marks)
-2 - nx +
Given that £ :; 4"1"' 2 =m+ 21 find the values of m, n and p. (4 marks)

Find the values of the constants 4, B, C and D in the following identity:
8x3+2x2+5=(Ax+ B)(2x2+2)+ Cx+ D (4 marks)

4x3—5x2+3x—14=AY+B+ Cx+D
x242x -1 o x24+2x -1

Find the values of the constants 4, B, C and D. (4 marks)

4 2
2(0) =22 Show that g(x) can be written in the form px? + gx + r + 5

and find the values of p, ¢, r, s and . (4 marks)

: 2x4+3x3-2x2+4x-6 dx + e
Given that = ax? + bx + ¢ + ———— find the values
x24x=2 X4 x-2

of a. b, ¢, dand e. (5 marks)
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@ 9 Find the values of the constants A, B, C, D and E in the following identity:
343 =82+ 16x-2=(AxX>+ Bx+ C)(x*=3)+ Dx+ E (5 marks)

10 a Fully factorise the expression x* — 1. (2 marks)
4 _
b Hence, or otherwise, write the algebraic fraction l\‘

] in the form
+ 1

(ax + b)(cx? + dx + e) and find the values of a, b, ¢, d and e. (4 marks)

In order to express an improper algebraic fraction in partial fractions, it is first necessary to divide the
numerator by the denominator. Remember an improper algebraic fraction is one where the degree of
the numerator is greater than or equal to the degree of the denominator.

Given that 3x%—3x -2 =A+ B + & , find the values of 4, Band C.
(x=1(x=-2) " x—1 x-=2
3x2-3x-2 _3x2-3x-2 |— Multiply out the denominator on the LHS.
x-Nx-2)  x2-3x+2
3
=132 -3x+2|3x2 -3x -2 Divide the denominator into the numerator.
3x2-9x+ 6 J It goes in 3 times, with a remainder of 6x — 8.
Ex -8
Therefore
3x2 -3x -2 Ex -6 .. 3x*-3x-2 . .
e e Write as a mixed fraction.
G- Nx-2 -2 -Bxt2 -D(x-2)
Ex -6
=3
- (x = N(x - 2) Factorise x? — 3x + 2.
Let Ex -6 B 4
(= 1)(x - 2} (x— T} (x~-2) The denominators must be (x — 1) and (x = 2).
_Bx-2)+ Ux-1)
(x = 1)(x - 2) L Add the two fractions.

Ex-8=Bx-2)+C(x-1)
—— The numerators are equal.

|2t X=2: 12 =8=Bx 0+ Cx1

C=4
— Substitute x =2 to find C.
let x=1: 6-6=Bx-1+CxO0O
e . Substitute x = 1 to find B.
Bifiniant oy Eon
(x=-1N(x=-2) (x = Nx=-2) . )
Write out the full solution.
=3+ £ + n r
= (x-1  (x-2)
SoA=3,B=2and C=4. Finish the question by listing the coefficients.

17



Chapter 1

Exercise @

® 1

® 2
® 3

18

x2+3x-=-2 ; ; ; B C
g(x) = xt D=3 Show that g(x) can we written in the form 4 + | K 5
and find the values of the constants 4, B and C. (4 marks)
Given that ¥=10 =A+ B + € , find the values of the constants A, B
(x=2)x+1) x—-2 x+1
and C. (4 marks)

Find the values of the constants A4, B, C and D in the following identity:

ST B
y-x -2 3EA.-\'+B+%+ £

(5 marks)

x(x-=1) x -1

-3x¥—4x2+ 19x + 8 : C D
Show that Tt 2x 3 can be expressed in the form 4 + Bx + -1 + o+ 3)
where 4, B, C and D are constants to be found. (5 marks)

by 4x2+ 25

P =ax2 25
Show that p(x) can be written in the form A + 2XB_ 5 + vt S where 4, Band C
are constants to be found. ' (4 marks)
Given that 12x-——1 =A+ 5 + ¢ -, find the values of the constants 4, B

X2+ 2x+ 1 x+1 (x+1)7°
and C. (4 marks)

By factorising the denominator, express the following as partial fractions:

4x2+ 17x - 11 b X =4x3+9x2-17x+ 12
x4+ 3x-4 X' —4x? +4x
3 _ T2
Given that 6{ Lh, =Ax+ B+ < + 2 , find the values of the constants
3x2+11x-=10 3Ix-5 x+2

A, B, Cand D. (6 marks)

o 8x7 + 1
TV =4 Zax + 1
Show that g(x) can we written in the form Ax + B + 2:_: ks tlez e and find the
values of the constants 4, B, C and D. (6 marks)

x4+ 2x2-3x+8

h x) =

(x) x2+x-2
Show that h(x) can be written as Ax> + Bx + C + \_f - + Yf‘ l and find the values of
A, B, C,DandE. (5 marks)
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Mixed exercise o

EP 1
@2

3

Prove by contradiction that ‘g is an irrational number. (5 marks)
Prove that if ¢ is an irrational number then ¢ is an irrational number.

Simplify:

" x-—4x 2x + 8 b ch—.’w.wc—IO>< 6x2+24 5 4x2+12x+9; 4x2-9
6 x2-16 3x2-21 x24+6x+8 x24+6x 2x24+9x-18

o 4x2-8x x2+6x+5
a Simplify fully x2—3x—4 x 2x2 + 10x

(3 marks)

b Given that In((4x2 — 8x)(x2 + 6x + 5) = 6 + In((x2 — 3x — 4)(2x2 + 10x)) find x in terms
of e. (4 marks)

ol = dd=0xF=9x  x*=3x
’ 32x+24 "~ 6x2-13x-5
a Show that g(x) can be written in the form ax? + bx + ¢, where a, b and ¢ are constants
to be found. (4 marks)

b Hence differentiate g(x) and find g'(-2). (3 marks)

6x + 1 5x+3

Express c_5 T -3 - 10 as a single fraction in its simplest form. (4 marks)
3 12
f(.\)—x+x_ 1 _x3+2x—3"\ eER,x>1
Show that(x) =2 T 2% 3 (4 marks)
T x 43
x—-3
)= x(x-1)
Show that f(x) can be written in the form % + e where A and B are constants to be found.
- (3 marks)
-15x+21  __ P Q@ R
(x=2)x+I)x=-5)" " x-2 x+1 x-5
Find the values of the constants P, Q and R. (4 marks)
16x — 1 : . D E
Show that Gx+2)2x—1) can be written in the form IR and find the
values of the constants D and E. (4 marks)
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7x2+2x-2_A B C
OR B =Tt St
xA(x+1) x x2 x+1

Find the values of the constants 4, B and C. (4 marks)

21x2-13
12 h(x) =
® () = 5 5)6x - 12

Show that h(x) can be written in the form

D + L +
x+5 (Bx-1) (Bx-1)?
F are constants to be found. (5 marks)

where D, E and

@ 13 Find the values of the constants 4, B, C and D in the following identity:

X =6x2+1lx+2=(x=2)(Ax*+Bx+C)+ D (5 marks)
3 _ 62 - -
@ 14 Show that i 6'\‘ b 8%~ 2 can be put in the form Ax? + Bx + C +
2x + 1 2x + 1
Find the values of the constants 4, B, C and D. (5 marks)
x4+ 2 D
@ 15 Show that o1 =Ax’+Bx+C+ o1 where A, B, C and D are constants to
be found. (5 marks)
x* g ) D E
@ 16 T = Ax +B,\+C+x_ 0 +(x— e
Find the values of the constants 4, B, C, D and E. (5 marks)
2x2+2x -3
(®) 17 h(x) = e
Show that h(x) can be written in the form 4 + - f 3 + = f l where 4, B and C are
constants to be found. ' ' (5 marks)

.2
® 18 Given that —— . =P+ g + _R . find the values of the constants P, Q and R. (5 marks)
x(x—2) X o x-2
(P) 19 Given that f(x) = 2x* + 9x? + 10x + 3:
a show that =3 1s a root of f(x)

10 : :
b express —— as partial fractions.

f(x)

Challenge m In a right-angled

triangle, the side opposite

The line L meets the circle C with y the right-angle is always
centre O at exactly one point, 4. the longest side.

Prove by contradiction that the L

line L is perpendicular to the

radius OA. e
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Algebraic methods

Summary of key points

1

10

To prove a statement by contradiction you start by assuming it is not true. You then

use logical steps to show that this assumption leads to something impossible (either a
contradiction of the assumption or a contradiction of a fact you know to be true). You can
conclude that your assumption was incorrect, and the original statement was true.

A rational number can be written as g where a and b are integers.
a
b]
To multiply fractions, cancel any common factors, then multiply the numerators and multiply
the denominators.

An irrational number cannot be expressed in the form —, where a and b are integers.

To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.
To add or subtract two fractions, find a common denominator.

A single fraction with two distinct linear factors in the denominator can be split into two
separate fractions with linear denominators. This is called splitting it into partial fractions:

5 _ A4 , B
(x+1)(x-4) x+1 x-4

The method of partial fractions can also be used when there are more than two distinct linear
factors in the denominator:

7 _ A Bl B P £
x=-2)(x+6)(x+3) x—-2 x+6 x+3

A single fraction with a repeated linear factor in the denominator can be split into two or
more separate fractions:

2x+9 A B _C
(x=-5x+3)%2 x-5 x+3 ((x+3)?

An improper algebraic fraction is one whose numerator has a degree equal to or larger than
the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

You can either use:

- algebraic division

« or the relationship F(x) = Q(x) x divisor + remainder
to convert an improper fraction into a mixed fraction.
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Functions and graphs

After completing this chapter you should be able to:

® Understand and use the modulus function - pages 23-27
e Understand mappings and functions, and use domain

and range -» pages 27-32
e Combine two or more functions to make a composite

function -» pages 32-35
e Know how to find the inverse of a function graphically

and algebraically - pages 36-39
® Sketch the graphs of the modulus functions y = [f(x)|

and y = f(|x]) -» pages 40-44
® Apply a combination of two (or more) transformations to

the same curve - pages 44-48
® Transform the modulus function - pages 48-52

1 Make y the subject of each of the

following:

2v + 8x
a 5x=9-7y bp=- c

€ 5x-8y=4+9xy + GCSE Mathematics

Write each expression in its simplest form.

1
= ==
a bx-3)2-4 b 26x-5) — 4

+ GCSE Mathematics

Sketch each of the following graphs. Label

any points where the graph cuts the x- or

y-axis. & Code breakers at Bletchley Park used inverse
a y=e b y=x(x+4)(x-5 |8 functions to decode enemy messages during
World War Il. When the enemy encoded a
message they used a function. The code

f(x) = x* - 3x. Find the values of: breakers’ challenge was to find the inverse

a f(7) b f(3) ¢ f(=3) function that would decode the message.

¢ y=sinx, 0= x = 360° + Year 1




m The modulus function

The modulus of a number a, written as |a|, is its non-negative numerical value.

m The modulus

function is also known as the
absolute value function. On a
calculator, the button is often
labelled ‘Abs’.

So, for example, |5| = 5 and also |-5| = 5.

® A modulus function is, in general, a functi

type y = |f(x)].
« When f(x) =0, |f(x)| = f(x)
 When f(x) <0, |f(x)]| = —f(x)

Write down the values of

on of the

1 4
o | i
a |-2| b [6.5] c |3 5‘
a |-2| =
b |65]| =65
‘lmﬁ__é_@ %Fq_?
1375715715718 715
SET e
fix)=2x-3|+1
Write down the values of
a f(5) b f(-2) c f(1)

a f(5)=|2x5=-3| +1
=|7|+1=7+1=8

b f(-2) = |2(-2) - 3| +1
=|-7|+1=7+4+1=8

c f(h=|2x1-3| +1
=|-1l+1=1+1=2

® To sketch the graph of y = |ax + b|, sketch
y = ax + b then reflect the section of the
graph below the x-axis in the x-axis.

Functions and graphs

The positive numerical value of -2 is 2.

L 6.5isa positive number.

L Work out the value inside the modulus.

M The modulus function acts like a

pair of brackets. Work out the value inside the
modulus function first.

m Use your calculator to work out

values of modulus functions.

=

y
y=lx] 1
reflected

in the

X-axis

s
o
=Y
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S E]E 6

Sketch the graph of y = [3x — 2|.

@ Explore graphs of f(x) and

%
-y

y=|3x-2|

-y

ujro

Solve the equation [2x — 1| = 5.

y=05

\B VA A/
T\ /1

y=|2x-1|

"'-_Q‘

At 4,2x-1=5

X

2x =6

X =3
At B, -(2x—-1)=5
'-2_\' + 1 = 5

2x = =4
X ==2

The solutions are x

24

= 3 and x = —2.

[f(x)| using technology.

Step 1
Sketch the graph of y =3x - 2.
(Ignore the modulus.)

Step 2

For the part of the line below the x-axis (the
negative values of y), reflect in the x-axis.

For example, this will change the y-value -2 into
the y-value 2.

You could check your answer using a table of

values:
X -1 0 1 2
y=|3x-2| 5 2 1 4

Start by sketching the graphs of y = [2x - 1| and
y=>5,

L The graphs intersect at two points, 4 and B, so

there will be two solutions to the equation.

A is the point of intersection on the original part
of the graph.

B is the point of intersection on the reflected
part of the graph.

m The function inside the modulus

is called the argument of the modulus. You
can solve modulus equations algebraically by
considering the positive argument and the
negative argument separately.



Solve the equation [3x - 5| =2 - %\

| s \
m Explore intersections of I

VA
g y=|3x-5|
0 \-{.

p=2 = -‘12\

The solutions are x = 2 and x = %

Example o

Solve the inequality |5x — 1] > 3x.

Va

\ /

0,

-y

At A, 5x -1 = 3x
2% = 1
4

X = >

At B. =(5x - 1) = 3x |
—-5x+1=23x

Ox =1

X =

1
8

Functions and graphs

straight lines and modulus graphs
using technology.

First draw a sketch of the line y = |3x — 5| and the
liney=2- %-1

The sketch shows there are two solutions, at 4
and B, the points of intersection.

This is the solution on the original part of the
graph.

When f(x) <0, |f(x)] = —f(x), 50 —Bx = 5) = 2 — %x
gives you the second solution.

This is the solution on the reflected part of the
graph.

First draw a sketch of the line y = |5x — 1| and the
line y =3ux.

Solve the equation |5x — 1| = 3x to find the
x-coordinates of the points of intersection, 4 and B.

This is the intersection on the original part of the
graph.

Consider the negative argument to find the point
of intersection on the reflected part of the graph.
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o . : : 1 < i
The points of intersection are x = 7 and Problem-solving

— Look at the sketch to work out which values of
- ; x satisfy the inequality. y = |5x — 1| is above
So the solution to |5x ~ 1] >3xis x <3 y=3xwhen x> % or x <%. You could write the
1
or X>- L . o el
2 solution in set notation as {x.x > 2} U {x.x < 8}'
1  Write down the values of
a il blo2s e B-1l d‘%—% e 20-6x4  f M2x2-3x7
2 f(x)=|7 - 5x| + 3. Write down the values of:
a f(1) b f(10) ¢ f(-6)
3  g(x)=|x*- 8x|. Write down the values of:
a g4) b g(-5) ¢ g(8)
4 Sketch the graph of each of the following. In each case, write down the coordinates of any
points at which the graph meets the coordinate axes.
a y=Ix-1| b y=12x+3 ¢ y=Il4x -1 d y= %x = 5|
e y=17-xl f y=16-4x
) ) m y = —|x| is a reflection of y = |x]
g y=—|x| h y=-3x-1| in the x-axis. « Year 1, Chapter &
5 gx)= ‘4 - %x and h(x)=35
a On the same axes, sketch the graphs of y = g(x) and y = h(x).
b Hence solve the equation |4 — %x =5
6 Solve:
X=3
a Bx—1l=5 b [F53]=1 ¢ My+3l=-2
4 - S5x %X
d [7x-31=4 e‘ = f |6 1| =3
7 a On the same diagram, sketch the graphs y = -2x and y = %x o
b Solve the equation -2x = ‘%x = 2‘.
@ 8 Solve|3x-5|=11-x. (4 marks)

a On the same set of axes, sketch y =16 — x| and y = %x - 5.

: ; : 1
b State with a reason whether there are any solutions to the equation |6 — x| = 3X = 5
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Functions and graphs

@ 10 A student attempts to solve the equation [3x + 4| = x. The student writes the following working:

AxX+4=x -3Bx+4)=x
=-2x or -3x-4=x
X =-2 -4 = 4x
x=-1
Solutions are x = =2 and x = -1,

Explain the error made by the student.

11 a On the same diagram, sketch the graphs of y = —|3x + 4] and y = 2x - 9.
b Solve the inequality —I3x + 4] < 2x - 9.

@ 12 Solve the inequality [2x + 9] < 14 - x, (4 marks)
13 The equation |6 — x| = lx + k has exactly one solution. Problem-solving
2
a Find the value of k. (2 marks) The solution must be at the vertex of

b State the solution to the equation. (2 marks) the graph of the madulus function.

Challenge

f(x) =Ix2+9x+8landg(x) =1-x
a On the same axes, sketch graphs of y = f(x) and y = g(x).
b Use your sketch to find all the solutions to [x? +9x + 8/ =1 - x.

@ Functions and mappings

A mapping transforms one set of numbers into a different set of numbers. The mapping can be
described in words or through an algebraic equation. It can also be represented by a graph.

® A mapping is a function if every input has a distinct output. Functions can either be one-to-
one or many-to-one.

*~—\ e

W
b

-
r

L ]

one-to-one many-to-one not a function
function function

Many mappings can be made into functions by changing the domain. Consider y = Vx:

ToE m The domain is the set of all possible

inputs for a mapping.

VA

The range is the set of all possible outputs for
the mapping.
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If the domain were all of the real numbers, R, then y = Vx would not be a function because values of
x less than 0 would not be mapped anywhere.

If you restrict the domain to x = 0, every element in the domain is mapped to exactly one element in
the range.

We can write this function together with its
domain as f(x) =Vx, xR, x = 0.

For each of the following mappings:

m You can also write this function as:

fix—Vx,xeR, x=0

i State whether the mapping is one-to-one, many-to-one or one-to-many.

ii State whether the mapping is a function.

i

i The mapping is one-to-one.

b Vi
3 <

] Y

L)

Every element in set A gets mapped to
two elements in set B, so the mapping

“Y

& You couldn’t write down a single value for f(9).

I5 one-to-many.
The mapping is not a function.

Every value of x gets mapped to one

value of y, so the mapping is one-to-one.

The mapping is a function. «

~ Foramapping to be a function, every input in the
domain must map onto exactly one output.

The mapping in part ¢ could be a function if
x =0 were omitted from the domain. You could

x = O does not get mapped to a value
of y so the mapping is not a function.

i On the graph, you can see that x and —x

both get mapped to the same valve of y.

Therefore, this is a many-to-one mapping.

The mapping is a function.

Find the range of each of the following functions:
a f(x)=3x-2,domain {x=1,2, 3,4}

¢ h(x)= % domain {xeR,0< x = 3}

State if the functions are one-to-one or many-to-one.

28

write this as a function as f(x) = -1; XER, x=0.

b g(x)=x2 domain {xeR, -5=x <35}



Functions and graphs

The domain contains a finite number of elements,

s Hxy=3x= 2. tx=1 2 3 4}~
1 1
b
2 7 4
3 >
4 10
Range of f(x) is {1, 4, 7, 10}

f(x) is one-to-one.

5o you can draw a mapping diagram showing the
whole function.

The domain is the set of all the x-values that

-5 0

Range of g(x) is O = g(x) < 25.
g(x) is many-to-one.

¢ h(x) {\ERO<\ 3}

correspond to points on the graph. The range is
the set of y-values that correspond to points on
the graph.

Range of h(x) is h(x) =
h(x) is one-to-one.

The function f(x) is defined by

{5—2x,x<l
f: x—

=
3

x2+3,x=1

a Sketch y = f(x), and state the range of f(x).

b Solve f(x) = 19.

Calculate h(3) = = to find the m:mmum value in
the range of h. As x approaches 0, _— approaches
o0, 0 there is no maximum value in the range of h.

m This is an example of a piecewise-

defined function. It consists of two parts: one
linear (for x < 1) and one quadratic (for x = 1).

N
m Explore graphs of functions O

on a given domain using technology.
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VA

5
4,. .
3p-d —
'
i .
ol 1 X

The range is the set of values that y takes

and therefore f(x) >3

b VA _
y=5-2x y=x*+3
0 X
The positive solution is where
x2+3=19
xe=16c
X =4
x=4
The negative solution is where
S-2x=19
-2x =14
x=-7

The solutions are x =4 and x = =7.

Exercise @

1

30

For each of the following functions:
i draw the mapping diagram

Although the graph jumps at x = 1,

the function is still defined for all real values of x:
f(09) =5-2(09) =3.2
f)=(1)V+3=4

Sketch the graph of y =5 - 2x for x < 1, and the
graphof y=x2+3forx= 1.

f(1) lies on the quadratic curve, so use a solid dot
on the quadratic curve, and an open dot on the
line.

Note that f(x) #3 at x =1
S0 f(x) >3
not f(x) =3

There are 2 values of x such that f(x) = 19.

Problem-solving

Use x? + 3 = 19 to find the solution in the range
x =1and use 5 - 2x =19 to find the solution in
the range x < 1.

L Ignore x = —4 because the function is only equal

tox+3forx=1.

ii state if the function is one-to-one or many-to-one

iii find the range of the function.

a f(x)=5x-3,domain {x=3.4,5, 6}

b g(x)=x?>-3,domain {x=-3,-2,-1,0,1, 2, 3}

. 7
¢ = 4 - 3x’

domain {x=-1,0, 1}



Functions and graphs

2 For each of the following mappings:

i State whether the mapping is one-to-one, many-to-one or one-to-many.
ii State whether the mapping could represent a function.

VA

a VA b \ C

N/
0 X O\\ Q

“v

s

d VA e VA f VA
1 > _ \ . X
Q/ * 0 5 X Q/ *
3 Calculate the value(s) of a, b, ¢ and d given that:
a p(a)=16wherep:x—3x-2, xeR b q(b)=17whereq:x~ x*-3, xeR
¢ rlc)=34wherer:x = 229+2, xeR d s(d)=0wheres:x— x>+x-6,xeR

4 For each function:
i represent the function on a mapping diagram, writing down the elements in the range
ii state whether the function is one-to-one or many-to-one.
a f(x)=2x+ 1 for the domain {x =1, 2, 3,4, 5}

b g x+ Vx for the domain {x = 1,4, 9, 16, 25, 36} Remembar /= means
¢ h(x)= x?for the domain {x=-2,-1,0, 1, 2} the positive square root of x.

d jx~ % for the domain {x=1,2, 3.4, 5}
e k(x)=e*+ 3 for thedomain {x=-2,-1,0, 1, 2}

5 For each function:
i sketch the graph of y = f(x)
ii state the range of f(x)
iii state whether f(x) is one-to-one or many-to-one.

a f:x+~ 3x+ 2 for the domain {x = 0} b f(x)=x?+ 5 for the domain {x = 2}
¢ fix~— 2sinx for the domain {0 =<x < 180} d f x+~ Vx + 2 for the domain {x = -2}
e f(x)=e"for the domain {x = 0} f f(x)=7logx, for the domain, {x € R, x > 0}

6 The following mappings f and g are defined on all the real numbers by

o[ 4mx x<4 L[ 4mx x<4
)= x2+9, x=4 Blx) = x*+9, x>4

a Explain why f(x) is a function and g(x) is not. b Sketch y = f(x).
¢ Find the values of: i f(3) ii f(10) d Find the solution of f(a) = 90.
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@ 7

@ 8

The function s is defined by
=6, x<0
s(x) = {

10-x, x=0 Problem-solving
a Sketch y = s(x). The solutions of s(x) = x are the values in the
b Find the value(s) of a such that s(«) = 43. domain that get mapped to themselves in the
range.

¢ Solve s(x) = x.

The function p is defined by
er, -S=x<90
P(x) = {_\'3 +4, 0=x<4
a Sketch y = p(x). (3 marks)
b Find the values of a, to 2 decimal places, such that p(a) = 50. (4 marks)

The function h has domain =10 = x =< 6, and is linear from (=10, 14) to (=4, 2) and from
(=4, 2) to (6, 27).

a Sketch y = h(x). (2 marks) QaCLIGE LR

b Write down the range of h(x). (1 mark) The graph of y = h(x) will consist of two
¢ Find the values of a, such that h(a) = 12. (4 marks) line segments which meet at (~4, 2).

The function g is defined by g(x) = ¢x + d where ¢ and d are constants to be found.
Given g(3) = 10 and g(8) = 12 find the values of ¢ and d.

The function f is defined by f(x) = ax® + bx — 5 where « and b are constants to be found.
Given that f(1) = =4 and f(2) = 9, find the values of the constants ¢ and b.

The function h is defined by h(x) = x* — 6x + 20 and has Problem-solving

domain x = 4. Given that h(x) is a one-to-one function find .
_ First complete the square for h(x).
the smallest possible value of the constant a. (6 marks)

@ Composite functions

Two or more functions can be combined to make a new function. The new function is called a
composite function.

® fg(x) means apply g first, then apply f.
= fg(x) =f(g(x))

g8 f m The order in which the functions are

combined is important: fg(x) is not necessarily

the same as gf(x).
fg
EN G @
Given f(x) = x? and g(x) = x + 1, find:
a fg(l) b gf(3) ¢ fI(=2)
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Functions and graphs

a fg(1)=11+1) gl)=1+1
- 22
=4 — f2)y=2¢
b gf(3) = g(39)
= g(9) ) [
=9 +1
=10 — g9 =9+1
c ff(-2) = f{((-2)?)
== F(4J = f(—Z) — (—2)2
= 42
i — f4) =42

The functions f and g are defined by f(x) = 3x + 2 and g(x) = x* + 4. Find:

a the function fg(x)
b the function gf(x)
¢ the function f2(x)
d the values of b such that fg(b) = 62.

 Notation JEESTHIS)

a fg(x) = f(x? + 4)

g acts on x first, mapping it to x% + 4.

=3(x2+4)+ 2
= 3x° +'14

L f acts on the result.

L Simplify answer.

b gfx) = g(3x + 2)
=3x+27°+4

=9x2 +12x + &

—— facts on x first, mapping it to 3x + 2.

c f2(x) = f(3x + 2)

—— gacts on the result.

f maps x to 3x + 2.

f acts on the result.

=33B83x+2)+2
=9x + 6
d fg(x) = 3x° + 14
If fg(b) = 62
then 3h% + 14 = G2
b? =16
b =24

The functions f and g are defined by
f: x e [2x - 8
x+1

2

a Find fg(3).

g X

b Solve fg(x) = x.

Set up and solve an equation in b.
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3+1

a me)={

= H2)

|2 x 2 - &
| -4

=4

2

b First find f@(.\'}:
X

fg(x) = (> ; 1)
X+ 1
:‘4 2 )'&|
=|x-7]|
N
fg(x) = x
| ~ 7| = x
Yk _" :—‘:
3
y=|x-7|
0 7 X
~(x-7)=x ]
-X+7 =X
2x =7
X255 ’7
1 Given the functions p(x) =1 — 3x, q(x) = '4£and r(x
a pq(-8) b qr(5) ¢ rq(6)

a fg(x) b gf(x) ¢ gh(x)

The functions f and g are defined by
f(x)=3x-2,xeR
gx)=x3, xeR

a Find an expression for fg(x).
b Solve fg(x) = gf(x).

The functions p and q are defined by

p(A‘)='Y12, xeR, x=2

q(x)=3x+4, xR

a Find an expression for gp(x) in the form ax +b

cx+d

b Solve qp(x) = 16.

34

-3
f2)=[2x2-8]

x+1
2

g acts on x first, mapping it to

f acts on the result.

Simplify the answer.

Draw a sketch of y=|x~7| and y = x.

The sketch shows there is only one solution to
the equation |x — 7| = x and that it occurs on the
reflected part of the graph.

When f(x) < 0, [f(x)| = —f(x). The solution is on the
reflected part of the graph so use —(x - 7).

This is the x-coordinate at the point of

intersection marked on the graph.
) = (x — 2)2, find:
d p*(=5) e pqr(8)

Given the functions f(x) =4x+ 1, g(x) = x> -4 and h(x) = % find expressions for the functions:

d fh(x) e (x)

(2 marks)
(4 marks)

(3 marks)
(3 marks)



Functions and graphs

The functions f and g are defined by:

f: x 19 - 4x]
3x -2
g XxXr 3
a Find fg(6). (2 marks)
b Solve fg(x) = x. (5 marks)

Given f(x) = s l , X # =]

+ 1
aox X+ 1
a Prove that f3(x) = 12

The functions s and t are defined by
s(x)=2" xeR

b Find an expression for f3(x).

m Rearrange the equation in part ¢
into the form 2% = k where k is a real

tx)=x+3,xER number, then take natural logs of both

a Find an expression for st(x). sides. « Year 1, Section 14.5
b Find an expression for ts(x).

¢ Solve st(x) = ts(x), leaving your answer in the form :2—;

Given f(x) = e** and g(x) =4 Inx, find in its simplest form:

a gf(x) (2 marks)
b fg(x) (2 marks)

The functions p and q are defined by
p:x—Inx+3),xeR, x>-3
qgx—e-1,xeR

m The range of p will be the set of possible
inputs for g in the function gp.

a Find gp(x) and state its range. (3 marks)
b Find the value of qp(7). (1 mark)
¢ Solve gp(x) = -126. (3 marks)
The function t is defined by

t: x =5 -2x

Solve the equation t*(x) — (t(x))> = 0. (5 marks)

Problem-solving

You need to work out the intermediate steps for this problem yourself, so plan
your answer before you start. You could start by finding an expression for tt(x).

The function g has domain -5 < x =< 14 and is linear from I;“

(-5, -8) to (0, 12) and from (0, 12) to (14, 5). y=g(x)

A sketch of the graph of y = g(x) is shown in the diagram. \

a Write down the range of g. (1 mark) :

b Find gf%(_O_). | _ (2 marks) =15 lI4 >
The function h is defined by h: x - 10— x /

¢ Find gh(7). (2 marks) -8
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m Inverse functions

The inverse of a function performs the opposite operation
to the original function. It takes the elements in the range
of the original function and maps them back into elements
of the domain of the original function. For this reason,
inverse functions only exist for one-to-one functions.

® Functions f(x) and f-(x) are inverses of each other.

ff-1(x) = Ff(x) = x.
® The graphs of y = f(x) and y = f-1(x) are
reflections of each another in the line y = x.

® The domain of f(x) is the range of f-1(x).
® The range of f(x) is the domain of f-(x).

A y=f(x)

y=Fx)

T 2 3 4 5 6~

The inverse of
f(x) is written
as f~1(x).

Find the inverse of the function h(x) =2x?> -7, x = 0.

square X2

square root e

Range of h(x) is h(x) = =7, so domain of h™'(x) is x = =7.

.'x-|2-7‘x = 7

Therefore, h™'(x) = !

An inverse function
~—— can often be found
using a flow diagram.

L The range of h(x) is
the domain of h-1(x).

Find the inverse of the function f(x) = i {x € R, x # 1} by changing the subject of the formula.

You can rearrange to find an inverse function.

Start by letting y = f(x).

Let y = f(x)
. 3
. x — 1
pix -1)=3
yx - y=3
yx=3 +)
3+)

Range of f(x) is f(x) # O, so domain of f~'(x) is
x &0

|- Rearrange to make x the subject of the formula.
—— Define f~!(x) in terms of x.

— Check to see that at least one element works. Try 4.
Note that f-1f(4) = 4.

Therefore f(x) = ét—l xz20
& 3 ’ f(x)
f(4)=—"—F=5=1 7 A
ey _ S+l 4 | T
)= 1T 1 4 f=1(x)
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Functions and graphs

The function, f(x)=Vx -2, x€R, x = 2.
a State the range of f(x). b Find the function f~'(x) and state its domain and range.
¢ Sketch y = f(x) and y = f~!(x) and the line y = x.

a Therange of f(x)isy € R, y = 0. f(2) = 0. As x increases from 2, f(x) also increases
ey . - o Er =
b j=Jx-2 without limit, so the range is f(x) = 0,or y = 0.
yEa X =2
xXe=p=2
y=x24 2 Interchange x and y.
The inverse function is f~(x) = x% + 2.»—‘
The domainof fI(x)is x € R, x = 0. —nx— Always write your function in terms of x.
The range of f-'(x) is yER, y = 2. L
. p=f-in) = x4 2 The range of f(x) is the same as the domain of f~1(x).
Va ’
- V=X - .
6 —— The range of f~!(x) is the same as the domain of f(x).
5_‘
‘;' The graph of f-1(x) is a reflection of f(x) in the line

1 sHasVE=D » = x. This is because the reflection transforms y
to x and x to y.

The function f(x) is defined by f(x) = x> -3, x e R, x = 0.
a Find f~'(x). b Sketch y = f~!(x) and state its domain. ¢ Solve the equation f(x) = f~(x).
a lety=1Hx)
y=x2-3 _|
y#:i3 = %= Change the subject of the formula.
x=y+3 J

Fix)=vx +3

N
b v =1H(x) m Explore functions and their O

inverses using technology.

First sketch f(x). Then reflect f(x) in the line y = x.

S

-
;
;
.
y
;
X
' 0
" .
)
y
)
;
;
;
4 =3

T The range of the original function is f(x) = -3.
The domain of f'(x) is x € R, x = =3.
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c When f(x) = [-1('\.) PrOblem'SOIVing

Exercise @

1

@) 6

38

f(x) = x y = f(x) and y = f-1(x) intersect on the line y = x.
X2 =3 =x This means that the solution to f(x) = f~1(x) is the
x2 =y =3=I0 same as the solution to f(x) = x.
S5 i &= 1+ \'1_3_
2 From the graph you can see that the solution

must be positive, so ignore the negative solution
to the equation.

For each of the following functions f(x):
i state the range of f(x)
ii determine the equation of the inverse function f~!(x)
iii state the domain and range of f~!(x)
iv sketch the graphs of y = f(x) and y = f~!(x) on the same set of axes.

xX+5
5 ,XYER

c fix—»4-3x,xeR d fix»,xX3-7,xeR

afixm2x+3, xeR b fix—

Find the inverse of each function:

a flx)=10-x,xeR ;
= m Two of these functions are self-
b g(x)= 3 YE R inverse. A function is self-inverse if f-!(x) = f(x).

3 In this case ff(x) = x.
¢ hx)=%,x#0,xeR

d k(x)=x-8,xeR
Explain why the function g: x = 4 — x, {x € R, x > 0} 1s not identical to its inverse.

For each of the following functions g(x) with a restricted domain:
i state the range of g(x)
ii determine the equation of the inverse function g-!(x)
iii state the domain and range of g~!(x)
iv sketch the graphs of y = g(x) and y = g-'(x) on the same set of axes.

a g(x) =%, IxXeR, x =3} b gx)=2x-1,{xeR, x=0}
¢ g(x) =$, IXER, x> 2} d glx)=vx-3,{xeR,x=7}
e gx)=x2+2, {xeR,x>2} f glx)=x*-8,{xeR, x=2}

The function t(x) is defined by

First complete the square for the function t(x).
t(x)=x*=-6x+5,xeR,x=5 m P 3 ()

Find t~!(x). (5 marks)
The function m(x) is defined by m(x) = x> + 4x + 9, x € R, x > a, for some constant a.

a State the least value of « for which m~'(x) exists. (4 marks)
b Determine the equation of m='(x). (3 marks)
¢ State the domain of m~!(x). (1 mark)



7 The function h(x) is defined by h(x) =

8

2x + 1

Y_,),{xeR,x:Z}.

a What happens to the function as x approaches 2?
b Find h-!(3).

¢ Find h~'(x), stating clearly its domain.

d Find the elements of the domain that get mapped to themselves by the function.

The functions m and n are defined by
mxe—2x+3, xeR
x-3
2
a Find nm(x)

n: x— L XER

b What can you say about the functions m and n?

The functions s and t are defined by

s(x) = x #-1

x+1°
3-x

X

t(x) = ,X#*0

Show that the functions are inverses of each other.

The function f(x) is defined by f(x) = 2x*> - 3, {x € R, x < 0}.
Determine:

a f~!(x) clearly stating its domain
b the values of a for which f(a) = f~'(a).

The functions f and g are defined by
fix—e'-5,xeR

gxIn(x-4),x>4

a State the range of f.

b Find !, the inverse function of f, stating its domain.

¢ On the same axes, sketch the curves with equation y = f(x) and y = f~1(x),
giving the coordinates of all the points where the curves cross the axes.

d Find g, the inverse function of g, stating its domain.

e Solve the equation g~'(x) = 11, giving your answer to 2 decimal places.

The function f is defined by
3(x +2) 2
X24x-20 x-4

a Show that f: x —

f: x - x>4

x+5 ¥4,

b Find the range of f.
¢ Find f~'(x). State the domain of this inverse function.

Functions and graphs

(4 marks)
(4 marks)

(1 mark)
(3 marks)

(4 marks)
(3 marks)
(3 marks)

(4 marks)

(2 marks)
(4 marks)
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€ = f(v)l and y = f(|x]

® To sketch the graph of y = |f(x)|: Ay
» Sketch the graph of y = f(x).

» Reflect any parts where f(x) <0
(parts below the x-axis) in the x-axis. 2-1\O

Y4 y=|f(x
AR |F(x)]

» Delete the parts below the x-axis.

® To sketch the graph of y = f(|x|): Y4y =f(x))
« Sketch the graph of y = f(x) for x = 0.
« Reflect this in the y-axis.

f(x)=x2=3x-10
a Sketch the graph of y = f(x). b Sketch the graph of y = |f(x)|.
¢ Sketch the graph of y = f(|x|).

a f(x)=x2-3x-10=(x-5)x+ 2)
f(x) =0 implies (x = 5)(x+ 2)=0

b ] — ‘\2 . g o i
S5ox=50rx==2 The graph of y = x* — 3x — 10 cuts the x-axis at

-2 and 5.

f(O) = =10 L
VA The graph cuts the y-axis at -10.

This is the sketch of y = x2 — 3x - 10.

The sketch includes the points where the graph
intercepts the coordinate axes.

A sketch does not have to be to scale.

b y= |fx)| = [x*-3x-10| m Explore graphs of modulus O

VA functions using technology.

\/ . t Reflect the part of the curve where y =f(x) <0

(the negative values of y) in the x-axis.

|
AV
L
@) Qe
K@
~Y

|
MmN

)
wn

-y
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c y=f(|x|)=|x|2-3|x] - 10

VA

y=f(|x|)

g(x) = sinx, —360° = x = 360°

a Sketch the graph of y = g(x).
b Sketch the graph of y = |g(x)|.
¢ Sketch the graph of y = g(|x]).

a Vi
/-\ 1 y=sinx
—-360 —180 0 180 3ch~
=1
b VA
y= |sinx
: y=|sinx|
_360 —180 O 180 360X
—1
C 1A

y=sin|x|

_360\\;ji9/ 0 180\ 360
—1

Functions and graphs

Reflect the part of the curve where x = 0 (the
positive values of x) in the y-axis.

The graph is periodic and passes through
the origin, (180, 0) and (360, 0).
« Year 1, Section 9.5

Reflect the part of the curve below the
x-axis in the x-axis.

Reflect the part of the curve where
x = 0in the y-axis.
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The diagram shows the graph of y = h(x), with five
points labelled.

Sketch each of the following graphs, labelling the
points corresponding to A, B, C, D and E, and any
points of intersection with the coordinate axes.

a y=|h(x)|
b y=h(x|)

a VA

B(-2.5,15)
11 E'(6,5)
A D p= \ h(\)l
_"7 o 3 S
b 1 A

<
W
Q
W
-

E{6,-5)

Exercise @

1 f(x)=x>-7x-8
a Sketch the graph of y = f(x).
¢ Sketch the graph of y = f(|x]).

2 g:x—cosx, —360° < x = 360°
a Sketch the graph of y = g(x).
¢ Sketch the graph of y = g(|x]).

3 hixrx(x=D(x=-2)(x+3)
a Sketch the graph of y = h(x).
¢ Sketch the graph of y = h(|x]).

42

The parts of the curve below the x-axis are
reflected in the x-axis.

The points 4, B, Cand D are unchanged.

The point E was reflected, so the new
coordinates are E'(6, 5).

The part of the curve to the right of the y-axis
is reflected in the y-axis.

The old points 4 and B had negative x-values
so they are no longer part of the graph.

The points C, D and E are unchanged.

There is a new point of intersection with the
x-axis at (=3, 0).

b Sketch the graph of y = |f(x)|.

b Sketch the graph of y = |g(x)|.

b Sketch the graph of y = |h(x)|.



® 4

The function k 1s defined by k(x) = % a>0,xeR, x#0.
a Sketch the graph of y =k(x).
b Explain why it is not necessary to sketch y = |k(x)| and y = k(]x]).

The function m is defined by m(x) = %, a<0,xeR, x#0.

¢ Sketch the graph of y = m(x).

d State with a reason whether the following statements are true or false.
i |k(x)|=|m(x)] i k(|x]) = m(|x]) ili m(x) =m(|x])

The diagram shows the graph of y = p(x) with 5 points
labelled.

Sketch each of the following graphs, labelling the points
corresponding to 4, B, C, D and E, and any points of
intersection with the coordinate axes. A

Functions and graphs

y=px)

C E2,1)

a y=[p() (3 marks) “3\/2 0 X
b y=p(x) (3 marks)

B(-4,-5)
VA
The diagram shows the graph of y = g(x) with 7 points y=qx)
labelled. D(-4.3)
Sketch each of the following graphs, labelling the points
corresponding to 4, B, C, D and E, and any points of A G

b y=q(x]) (3 marks)

)
intersection with the coordinate axes. -10 =S 4&
a y=|q(x)| (4 marks) -

k(.\:)=%a>0,x¢0

a Sketch the graph of y = k(x).
b Sketch the graph of y = [k(x)|.
¢ Sketch the graph of y = k(|x]).

m(x) =%, a<0,x#0

a Sketch the graph of y = m(x).

b Describe the relationship between y = |m(x)| and y = m(|x|).

f(x) =e*and g(x) = e

a Sketch the graphs of y = f(x) and y = g(x) on the same axes.

b Explain why it is not necessary to sketch y = [f(x)| and y = |g(x)|.
¢ Sketch the graphs of y = f(]x]) and y = g(|x|) on the same axes.

)
& =)
\u
“¥
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10 The function f(x) is defined by

Problem-solving

f(x) = {_2"‘ B 6, = j \ i -1 A piecewise function like this
(+ 1) -l<x<2 does not have to be continuous.

a Sketch f(x) stating its range. (5 marks) Work out the value of both

b Sketch the graph of y = |f(x)|. (3 marks) Expressipns whea ¥=—11o

¢ Sketch the graph of y = f(]x|). (3 marks) IR DU et

@ Combining transformations

You can use combinations of the following transformations of a function to sketch graphs of more

complicated transformations.

—

® f(x + a) is a translation by the vector (

0
® f(x) + ais a translation by the vector (2
® f(—x) reflects f(x) in the y-axis.
® —f(x) reflects f(x) inthe x-axis.

The diagram shows a sketch of the graph of y = f(x).
The curve passes through the origin O, the point
A(2, —1) and the point B(6, 4).

Sketch the graphs of:
a y=2fx)-1 b y=f(x+2)+2
c y= %f(l\') d y=-f(x-1)

Links

a) ® f(ax) is a horizontal stretch of scale factor %

m gf(x) is a vertical stretch of scale factor a

You can think of f(=x) and —f(x) as stretches

with scale factor —-1. « Year 1, Sections 4.6, 4.7

B(6, 4)

A@2,-1)

“y

In each case, find the coordinates of the images of the points O, A and B.

a y=2f(x) -1

e

“y

(2,-3)

The images of O, A and B are (O, -1),
(2, =3) and (€, 7) respectively.

44

Apply the stretch first. The dotted curve is the
graph of y = 2f(x), which is a vertical stretch with
scale factor 2.

Next apply the translation. The solid curve is
the graph of y = 2f(x) — 1, as required. This is a

translation of y = 2f(x) by vector (_01 )

m The order is important. If you

applied the transformations in the opposite order
you would have the graph of y = 2(f(x) — 1) or

y=2f(x) - 2.



b y=fx+2)+2

Functions and graphs

Apply the translation inside the brackets first.
The dotted curve is the graph of y = f(x + 2),

which is a translation of y = f(x) by vector ( 0).

Next apply the translation outside the brackets.
The solid curve is the graph of y =f(x + 2) + 2, as
e required. This is a translation of y = f(x + 2) by
\ X
p~2 ‘1 0
(O, 1) \“ vector (2)
The images of O, A and B are (-2, 2), (0, 1)
and (4, 6) respectively.

cy= i—f(E.\')

Apply the stretch inside the brackets first. The

dotted curve is the graph of y = f(2x), which is a
horizontal stretch with scale factor%

(1,—

1)

The images of O, A and B are (O, O),
(1, =0.25) and (3, 1) respectively.

dy=-f{x-1)

Then apply the stretch outside the brackets. The

solid curve is the graph of y = %f(Zx), as required.
This is a vertical stretch of y = f(2x) with scale
factor ;

Apply the translation inside the brackets first.
The dotted curve is the graph of y = f(x = 1),

which is a translation of y = f(x) by vector ( 0).

(7, -4)

The images of O, A and B are (1, 0), (3, 1)
and (7, —4) respectively.

Then apply the reflection outside the brackets.
The solid curve is the graph of y = —f(x - 1), as
required. This is a reflection of y = f(x — 1) in the

x-axis.
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f(x)=Inx, x>0

Sketch the graphs of

a y=2f(x)-3 b y=|f(-x)|

Show, on each diagram, the point where the graph meets or crosses the x-axis.
In each case, state the equation of the asymptote.

a =0 m Explore combinations of O

y=Inx transformations using technology.

Problem-solving

7] 1 e You have not been asked to sketch y = f(x) in this
question, but it is a good idea to do this before
sketching transformations of this graph.

Sketch y = f(x), labelling its asymptote and the
coordinates of the point where it crosses the

L
Il

Sinx=3 =0 X-axis. & Year 1, Section 14.3
Inx ==
nx >
X=as

Solve this equation to find the x-intercept of
=446 (3 s.f) y = 2f(x) = 3.

The graph y = 2In x — 3 will cross the
x-axis at (4.48, 0).

VA
“lx=0
2lnx-3

The original graph underwent a vertical stretch by
a scale factor of 2 and then a vertical translation

by vector (_03 )

EA

0 4.48

b The graph of y = f(=Xx) is a reflection of
y = f(x) in the y-axis.

VA

x=0
y=In(-x) y=lInx,
The original graph is first reflected in the y-axis.
The x-intercept becomes (-1, 0).
XD x > The asymptote is unchanged.
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Exercise @

1 The diagram shows a sketch of the graph vy = f(x).

The curve passes through the origin O, the point
A(-2, -2) and the point B(3, 4).
On separate axes, sketch the graphs of:

a yp=3f(x)+2 b y=f(x-2)-5
& ¥ =%f(x +1) d y=—f2x)
e y=|f(x) f y=|f(-x)

In each case find the coordinates of the images of the
points O, A and B.

The diagram shows a sketch of the graph y = f(x).
The curve has a maximum at the point A(-1, 4) and
crosses the axes at the points (0, 3) and (=2, 0).

. 11

& y=3f(x~2) b y= 2f(2x)

c y=-f(x)+4 d y=-2f(x+1)
e y=2f(|x|)

For each graph, find, where possible, the coordinates
of the maximum or minimum and the coordinates of
the intersection points with the axes.

The diagram shows a sketch of the graph y = f(x).
The lines x = 2 and y = 0 (the x-axis) are asymptotes
to the curve.

On separate axes, sketch the graphs of:

a y=3f(x)-1 b y=f(x+2)+4
¢ y=-f(2x) d y=f(x])

For each part, state the equations of the asymptotes
and the new coordinates of the point 4.

Functions and graphs

To sketch the graph of y = |f(—x)| reflect any
negative y-values of y = f(~x) in the x-axis.

B(3,4)

A(=2.-2) y=1IR)

47



Chapter 2

@ 4 The function g is defined by
gxk (x-2P-9,xeR.
a Draw a sketch of the graph of y = g(x), labelling the turning points and the x- and

y-intercepts. (3 marks)
b Write down the coordinates of the turning point when the curve is transformed
as follows:
i 2g(x-4) (2 marks)
ii g(2x) (2 marks)
i [g(x)] (2 marks)

¢ Sketch the curve with equation y = g(|x]). On your sketch show the coordinates of all
turning points and all x- and y-intercepts. (4 marks)
5 h(x)=2sinx, —180° = x < 180°.
a Sketch the graph of y = h(x).
b Write down the coordinates of the minimum, A4, and the maximum, B.
¢ Sketch the graphs of: £ 3 ]
i hix-=90° +1 i Zh(ix) iii fih(_x)l

In each case find the coordinates of the images of the points O, 4 and B.

Q Solving modulus problems

You can use combinations of transformations together with |f(x)| and f(|x|) and an understanding of
domain and range to solve problems.

Given the function t(x) =3|x - 1| - 2, x € R,
a sketch the graph of the function

b state the range of the function

¢ solve the equation t(x) = j.lgx + 3.

o4 Problem-solving

y=|x| Use transformations to sketch the graph of

y=3x-1 -2

Sketch the graph of y = |x].
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Step 1
Horizontal translation by vector ((1})

VA

A\

y=3|x~-1|
Step 2
Vertical stretch, scale factor 3.
X
y=3|x-1|-2
Step 3
Vertical translation by vector (_02)

v

(13 _2)

8

b The range of the function t(x) is y € R,

y=-=-2,

The graph has a minimum at (1, =2).

4
f First draw a sketch of y = 3|x — 1| = 2 and the line
> y= les 3:

; =3

N

(1,-2)

-y

The sketch shows there are two solutions, at 4
and B, the points of intersection.
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At A 3(x-1) =2 =%_\-+ 3

3.x'—5=-1—.\'+3

2
%\‘=&
_le

This is the solution on the original part of the

X 5

graph.

At B, —3(x—1) =2 = —%.\- +3

L When f(x) < 0, |f(x)| = —f(x), souse -(3x - 1) - 2 to
find the solution on the reflected part of the graph.

This is the solution corresponding to point B on

The solutions are x =

The function f is defined by f: x = 6 — 2|x + 3|.
A sketch of the graph of the function is shown in the diagram.

a State the range of f.
b Give a reason why f~! does not exist.
¢ Solve the inequality f(x) > 5.

the sketch.

-V

a The range of f(x) is f(x) = 6.

y = f(x)

b f(x) is a many-to-one function.
Therefore, f~' does not exist.
c f(x) =5 at the points 4 and B.
f(x) > 5 between the points A and B.

A

B/\ A

The greatest value f(x) can take is 6.

— For example, f(0) = f(=6) = 0.

Problem-solving

YaR

LG 0 X

y=1(x)

Only one-to-one functions have inverses.

—— Add the line y = 5 to the graph of y = f(x).

Between the points 4 and B, the graph of y = f(x)

At A. 6 -2(x+3)=5
-2(x+ 3) =-1

- _ 1
.\+3-2

is above the line y = 5.

This is the solution on the original part of the

.5
Tt

50

graph.



Functions and graphs

At B, - (=2(x+ 3))=5

I_ When f(x) <0, [f(x)| = =f(x), so use the negative
argument, —2(x + 3).

This is the solution on the reflected part of the

2(x+ 3) =~1

- e

X+ 3= >

y=—1

2

The solution to the inequality f(x) > 5 is

VAN
—g =FST

Exercise @

® 1 For each function

i sketch the graph of y = f(x)
ii state the range of the function.
a fix—4|x|-3,xeR
b f(x)=%|x+2|- LxeR
¢ flx)y==-2|x-1]+6,xeR
d fix— —-;—l.rl +4,xeR

Given that p(x) =2|x + 4| - 5, x e R,
a sketch the graph of y = p(x)

graph.

N
@ Explore the solution using )

technology.

m For part b transform the graph of y = |x]| by:

« A translation by vector (_02)

« A vertical sketch with scale factor%

« A translation by vector (_01)

b shade the region of the graph that satisfies y = p(x).

Given that gq(x) = -3|x| + 6, x € R,
a sketch the graph of y = q(x)

b shade the region of the graph that satisfies y < q(x).

The function f is defined as
fix—4x+6/+1, xeR.

a Sketch the graph of y = f(x).

b State the range of the function.

¢ Solve the equation f(x) = —%x + 1.

Given that g(x) = —%lx -2|+7,x€R,

a sketch the graph of y = g(x)
b state the range of the function
¢ solve the equation g(x) = x + 1.
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6 The functions m and n are defined as
m(x)=-2x+k, x€R

where k 1s a constant.

The equation m(x) = n(x) has no real roots.
Find the range of possible values for the constant k.

7 The functions s and t are defined as
s(x)==-10-x, xeR
t(x)=2|x+bh -8 xeR
where b is a constant.

The equation s(x) = t(x) has exactly one real root. Find the value of b.

8 The function h is defined by
hix)= %lx -1-7,xeR
The diagram shows a sketch of the graph y = h(x).

Problem-solving

n(x)=3x-4/+6, xR m(x) = n(x) has no real roots means that y = m(x)
’ and y = n(x) do not intersect.

(4 marks)

(4 marks)

“Y

a State the range of h. (1 mark) =
b Give a reason why h™' does not exist. (1 mark)
¢ Solve the inequality h(x) < —6. (4 marks)
d State the range of values of k for which the
equation h(x) = %x + k has no solutions. (4 marks)
9 The diagram shows a sketch of part of the graph
vy = h(x), where h(x) =a - 2|x + 3|, x e R.
The graph intercepts the y-axis at (0, 4).
a Find the value of a. (2 marks)
b Find the coordinates of P and Q. (3 marks) /
¢ Solve h(x) = %x + 6. (5 marks)
10 The diagram shows a sketch of part of the graph y = m(x),
where m(x)=—-4|x+ 3|+ 7, x € R.
a State the range of m. (1 mark)
b Solve the equation m(x) = %_\-_ + 2. (4 marks)
Given that m(x) = k, where k 1s a constant, has two distinct
roots
¢ state the set of possible values for k. (4 marks)
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Challenge

1 The functions f and g are defined by
f(x)=2|x-4|-8, xR

gx)=x-9,xeR

The diagram shows a sketch of the graphs of y = f(x) and y = g(x).

Functions and graphs

4 y=f(x)
0 > y= g(x)
A R/P
|
a Find the coordinates of the points 4 and B.
b Find the area of the region R.
2 The functions f and g are defined as: VA y=g)
f(x)==|x-3|+10,xeR
glx)=2|x-3|+2,xeR \
Show that the area of the shaded region is %ﬁ /
y=f(x)
0 X
1 a On the same axes, sketch the graphs of y=2 — x and y = 2|x + 1|.
b Hence, or otherwise, find the values of x for which 2 — x =2|x + 1].
2 The equation |2x - 11| = %_\' + k has exactly two distinct solutions.
Find the range of possible values of k. (4 marks)
3 Solve |5x - 2| = —éx + 8. (4 marks)
4 a On the same set of axes, sketch y =|12 - 5x| and y = -2x + 3. (3 marks)
b State with a reason whether there are any solutions to the equation
[12 = 5x]=-2x+3 (2 marks)
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5 For each of the following mappings:

54

i state whether the mapping is one-to-one, many-to-one or one-to-many

ii state whether the mapping could represent a function.

a

VA h

“y

i &

I
N
/

/ 0

“

The function f(x) is defined by

-x, x=1
f(x) = {x -2

e

1A

“y

4

a Sketch the graph of f(x) for -2 = x < 6.

b Find the values of x for which f(x) = —

The functions p and q are defined by

p:x+— x?+3x-4,xeR

gx—2x+1,xeR

a Find an expression for pq(x).
b Solve pq(x) = qq(x).

The function g(x) is defined as g(x) =2x+ 7, {x € R, x = 0}.

1
2

a Sketch y = g(x) and find the range.

b Determine y = g~!(x), stating its range.

¢ Sketch y = g-!(x) on the same axes as y = g(x), stating the relationship between the

two graphs.

The function f is defined by

f: x 2:_*13, (xeR,x>1)
a Find f~!(x).
b Find: i the range of f~!(x)

ii the domain of f~!(x)

ER

“Y

“¥

(4 marks)
(3 marks)

(2 marks)
(3 marks)

(3 marks)
(3 marks)

(2 marks)

(4 marks)

(2 marks)



Functions and graphs

10 The functions f and g are given by

X 1

f: x — IxXeER, x> 1}

x2=1 x+1I

g:x - % IxeR, x>0}
1

a Show that f(x) = (x—Dx+1)

b Find the range of f(x). (1 mark)
¢ Solve gf(x) = 70. (4 marks)

(3 marks)

@ 11 The following functions f(x), g(x) and h(x) are defined by
f(x)=4(x-2), {xeR,x=0}
gx)=x*+1, {xeR}
h(x) = 3%, IxeR}
a Find f(7), g(3) and h(-2). b Find the range of f(x) and the range of g(x).
¢ Find g'(x). d Find the composite function fg(x).
e Solve gh(a) = 244.

12 The function f(x) is defined by f:x — x? + 6x — 4, x € R, x > q, for some constant a.
a State the least value of « for which f~! exists. (4 marks)
b Given that ¢ = 0, find f~!, stating its domain. (4 marks)

13 The functions f and g are given by
fix—=4x -1, {xeR}

3 1
gXE ST {x ER,x# E}
Find in its simplest form:

a the inverse function ! (2 marks)
b the composite function gf, stating its domain (3 marks)

¢ the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places. (4 marks)

@ 14 The functions f and g are given by

. X
t.xn—>x_2. {IxeR, x#2}

gIx - % IxeR, xz0}
a Find an expression for f~1(x). (2 marks)
b Write down the range of f~!(x). (1 mark)
¢ Calculate gf(1.5). (2 marks)

d Use algebra to find the values of x for which g(x) = f(x) + 4. (4 marks)
15 The function n(x) is defined by

5-x, x=0
AEkI= x2, x>0

a Find n(=3) and n(3). b Solve the equation n(x) = 50.
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Functions and graphs

10 The functions f and g are given by

X 1

f: x — IxXeER, x> 1}

x2=1 x+1I

g:x - % IxeR, x>0}
1

a Show that f(x) = (x—Dx+1)

b Find the range of f(x). (1 mark)
¢ Solve gf(x) = 70. (4 marks)

(3 marks)

@ 11 The following functions f(x), g(x) and h(x) are defined by
f(x)=4(x-2), {xeR,x=0}
gx)=x*+1, {xeR}
h(x) = 3%, IxeR}
a Find f(7), g(3) and h(-2). b Find the range of f(x) and the range of g(x).
¢ Find g'(x). d Find the composite function fg(x).
e Solve gh(a) = 244.

12 The function f(x) is defined by f:x — x? + 6x — 4, x € R, x > q, for some constant a.
a State the least value of « for which f~! exists. (4 marks)
b Given that ¢ = 0, find f~!, stating its domain. (4 marks)

13 The functions f and g are given by
fix—=4x -1, {xeR}

3 1
gXE ST {x ER,x# E}
Find in its simplest form:

a the inverse function ! (2 marks)
b the composite function gf, stating its domain (3 marks)

¢ the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places. (4 marks)

@ 14 The functions f and g are given by

. X
t.xn—>x_2. {IxeR, x#2}

gIx - % IxeR, xz0}
a Find an expression for f~1(x). (2 marks)
b Write down the range of f~!(x). (1 mark)
¢ Calculate gf(1.5). (2 marks)

d Use algebra to find the values of x for which g(x) = f(x) + 4. (4 marks)
15 The function n(x) is defined by

5-x, x=0
AEkI= x2, x>0

a Find n(=3) and n(3). b Solve the equation n(x) = 50.
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16 g(x)=tan x, —180° = x = 180°

® 17

E/P) 21

56

a

Sketch the graph of y = g(x).

b Sketch the graph of y = |g(x)|.

C

Sketch the graph of y = g(|x]).

The diagram shows the graph of f(x).

The points A(4, —3) and B(9, 3) are turning points on the
graph.
Sketch on separate diagrams, the graphs of

a
b
c

Indicate on each diagram the coordinates of any turning

B(9,3)

y=12x) + 1 (3marks) /\ .
y=f(x)| (3 marks) \/

y=-f(x-2) (3 marks) A4,-3)

points on your sketch.

Functions f and g are defined by

a
b

C

fix—4-x, {x e R}

g:x - 3x2, {x € R}
Write down the range of g. (1 mark)
Solve gf(x) = 48. (4 marks)

Sketch the graph of y = |f(x)| and hence find the values of x for which |f(x)| = 2. (4 marks)

The function f is defined by f:x +— |2x — a|, {x € R}, where a is a positive constant.

a

Sketch the graph of y = f(x), showing the coordinates of the points where the graph
cuts the axes. (3 marks)

On a separate diagram, sketch the graph of y = f(2x), showing the coordinates of the
points where the graph cuts the axes. (2 marks)

Given that a solution of the equation f(x) = %\ is x = 4, find the two possible
values of a. (4 marks)

Sketch the graph of y = |x — 24|, where a is a positive constant. Show the coordinates

of the points where the graph meets the axes. (3 marks)
Using algebra solve, for x in terms of a, |x — 24| = %\ (4 marks)
On a separate diagram, sketch the graph of y = @ — |x — 24|, where « is a positive constant.

Show the coordinates of the points where the graph cuts the axes. (4 marks)

Sketch the graph of y = |2x + 4|, @ > 0, showing the coordinates of the points where

the graph meets the coordinate axes. (3 marks)
On the same axes, sketch the graph of y = % (2 marks)
Explain how your graphs show that there is only one solution of the equation

x2x+al-1=0 (2 marks)
Find, using algebra, the value of x for which x|2x + a| — 1 = 0. (3 marks)



Functions and graphs

22 The diagram shows part of the curve with equation y = f(x), where
f(x)=x2-7x+5Inx+8, x>0

The points 4 and B are the stationary points of the curve.

a Using calculus and showing your working, find the
coordinates of the points 4 and B. (4 marks)

b Sketch the curve with equation y = -3f(x — 2). (3 marks)
¢ Find the coordinates of the stationary points of the
curve with equation y = =3f(x — 2). State, without
proof, which point is a maximum and which point
is a minimum. (3 marks)

The function f has domain =5 = x =< 7 and is linear from
(=5, 6) to (-3, =2) and from (-3, =2) to (7, 18).
The diagram shows a sketch of the function.

a Write down the range of f. (1 mark)

b Find fI(-3). (2 marks)

¢ Sketch the graph of y = |f(x)|, marking the points at
which the graph meets or cuts the axes. (3 marks)

The function g is defined by g: x = x? - 7x + 20.
d Solve the equation fg(x) = 3. (3 marks)

The function p 1s defined by
p:x—= =2x+4|+ 10
The diagram shows a sketch of the graph.

a State the range of p. (1 mark)
b Give a reason why p~! does not exist. (1 mark)
¢ Solve the inequality p(x) > —4. (4 marks)
d State the range of values of k for which the equation
p(x) = -%x + k has no solutions. (4 marks)

Challenge

a Sketch, on a single diagram, the graphs of y =a? — x?and y = |x + d|,

where ¢ is a constantand a > 1.

VA

y=1(x)

S
\
=y

(-5, 6)

e

N2
(-3,-2)

“y

b Write down the coordinates of the points where the graph of y = a? — x?

cuts the coordinate axes.

¢ Given that the two graphs intersect at x = 4, calculate the value of a.
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Summary of key points

1

O 0 =~ O W

10

11
12
13
14
15
16

58

A modulus function is, in general, a function of the type y = |f(x)|.
® When f(x) = 0, |f(x)| = f(x)
® When f(x) <0, [f(x)| = —f(x)

To sketch the graph of y = |ax + b|, sketch y = ax + b then reflect the section of the graph
below the x-axis in the x-axis.

A mapping is a function if every input has £ >
a distinct output. Functions can either be > i ]
one-to-one or many-to-one. Q e

one-to-one many-to-one not a function
function function

fg(x) means apply g first, then apply f.
fg(x) = f(g(x))

fg

Functions f(x) and f-!(x) are inverses of each other. ff-}(x) = x and f-f(x) = x.

The graphs of y = f(x) and y = f-1(x) are reflections of each another in the line y = x.
The domain of f(x) is the range of f-1(x).

The range of f(x) is the domain of f=1(x).

To sketch the graph of y = [f(x)|

® Sketch the graph of y = f(x)

® Reflect any parts where f(x) < 0 (parts below the x-axis) in the x-axis
® Delete the parts below the x-axis

To sketch the graph of y = f(|x|)
® Sketch the graph of y =f(x) forx =0
® Reflect this in the y-axis

f(x + a) is a horizontal translation of —a.
f(x) + a is a vertical translation of +a.

f(ax) is a horizontal stretch of scale factor%
af(x) is a vertical stretch of scale factor a.
f(—x) reflects f(x) in the y-axis.

—f(x) reflects f(x) in the x-axis.



Sequences and series

After completing this chapter you should be able to:

® Find the nth term of an arithmetic sequence - pages 60-62
® Prove and use the formula for the sum of the first
n terms of an arithmetic series - pages 63-66
Find the nth term of a geometric sequence - pages 66-70
Prove and use the formula for the sum of a finite
geometric series -» pages 70-73
® Prove and use the formula for the sum to infinity of
a convergent geometric series - pages 73-76
Use sigma notation to describe series -» pages 76-78
Generate sequences from recurrence relations - pages 79-83

Model real-life situations with sequences and series -» pages 83-86

Prior knowledge check ‘
1 Write down the next three terms of each

N

sequence.

a 271217 b 11,852

¢ -15,-9,-3,3 d 3,6 12, 24
111 ¥

€ 5 o386 i =14

+ GCSE Mathematics

Sequences and series can be
found in nature, and can be used
to model population growth or

| decline, or the spread of a virus.
- Exercise 31, Q12

2 Solve, giving your answers to 3 s.f:
a 2*=50
b 0.2¥=0.0035
€ 4x3'=78732 « Year 1, Section 14.6
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Chapter 3

m Arithmetic sequences

® In an arithmetic sequence, the difference m An arithrmetic sequence s
between consecutive terms is constant. sometimes called an arithmetic progression.

5 T 9 1i,
'\_\___/' g o8 _,/’ e _/'

2 +2 42 L This sequence is arithmetic. The difference between
consecutive terms is +2. The sequence is increasing.

125, 10, 75, 5,
L b N

25 -25 -25 | This sequence is arithmetic. The difference between
4 7 12 19 consecutive terms is —2.5. The sequence is decreasing.
N AN AN
+3 45 47 | The difference is not constant so the sequence is

not arithmetic.

® The formula for the nth term of an arithmetic sequence is: m Reeatione on

u,=a+(m-1)d sequences and series:

where a is the first term and d is the common difference. ® u,is the nth term
e ¢ isthe first term

e dis the common difference

The nth term of an arithmetic sequence is u, = 55 — 2n. @ s thetable Bneton
a Write down the first 5 terms of the sequence. on your calculator to generate

terms in the sequence for this
function, or to check an nth term.

b Find the 99th term in the sequence.

¢ Find the first term in the sequence that is negative.

a u,=55-2n
— u;=55-2(1) =53
— uU;=55-2(2) =51

" Remember, n is the position in the sequence, so
: i

3 — u3=35-2(3)=49 For the second term substitute n = 2.

4

5

for the first term substitute n = 1.

Il

— uy=55 - 2(4) = 47

n
n
n
n
n — U =55 - 2(5) =45

b use=55 - 2(99) = -143 For the 99th term substitute n = 99.
c 55-2rn<0

-2ii < =55 Problem-solving

R 275 To find the first negative term, set u,, < 0 and
n=28 solve the inequality. n is the term number so it
Uop = 55 — 2(28) = 1 must be a positive integer.
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Find the nth term of each arithmetic sequence.
a 6,20, 34,48, 62

b 101, 94, 87, 80, 73

Sequences and series

aa=6,d=14
u,=6 + 14(n - 1)
u, =6+ 14n - 14
u,=14n - 8

ba=101,d=-7
u,= 101 - 7(n = 1)
u, =101 -7n+7
u,= 1086 = 7n

A sequence is generated by the formula u, = an + b
where a and b are constants to be found.

Given that u; = 5 and wug = 20, find the values of
the constants @ and b.

Write down the values of @ and d.

Substitute the values of @ and d into the formula
a+ (n— 1)d and simplify.

m If the sequence is decreasing then d

is negative.

Problem-solving

You know two terms and there are two
unknowns in the expression for the nth term.
You can use this information to form two
simultaneous equations. < Year 1 Section 3.1

us; = 5,50 3a+ b=5. (1)
 S——
ug = 20, so 8a+ b= 20. (2
L I

Substituten=3 and w3 =5inu, = an + b.

Substitute n =8 and ug =20 in u, = an + b.

(2) = (1) gives: 7
S5a=15
a=3
Substitute a= 3 in (1):
Q%b=5
b=-4
Constants are a = 3 and b = -4, |

1 For each sequence:
i write down the first 4 terms of the sequence

ii write down ¢ and d.

a u,=5n+2 b u,=9-2n

Solve simultaneously.

¢ u,=7+0.5n d u,=n-10
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® @ 060 0 6

6

Find the nth terms and the 10th terms in the following arithmetic progressions:

a 5,7,911,... b 58, 11,14, ...
e 24-21.18; 15, d -1,3,7,11, ...
e x,2x, 3x,4x, ... f aa+d a+2d a+3d, ...

Calculate the number of terms in each of the following Problem-solving
arithmetic sequences.

Find an expression for u, and

a 3,7.11,...,83,87 b 5.8 11,.... 119, 122 set it equal to the final term

¢ 90, 88, 86, ..., 16, 14 d 4,9 14, ..., 224, 229 in the sequence. Solve the

e X, 3X, 5x, ....35x equation to find the value of n.
f aca+d,a+2d,...,a+ (n-1)d

The first term of an arithmetic sequence is 14. The fourth term is 32. Find the common
difference.

A sequence is generated by the formula u,=pn + ¢ where p and ¢ are constants to be found.
Given that ug=9 and uy, =11, find the constants p and ¢.

For an arithmetic sequence u; = 30 and 1y = 9. Find the first negative term in the sequence.

The 20th term of an arithmetic sequence is 14. The 40th term is —6. Find the value of the 10th
term.

The first three terms of an arithmetic sequence are 5p, 20 and 3p, where p is a constant.
Find the 20th term in the sequence.

The first three terms in an arithmetic sequence are -8, k%, 17k ...
Find two possible values of k. (3 marks)

A_n arithmetic sequence has first term k2 and common | Problem-solving
difference k, where k > 0. The fifth term of the sequence is 41.

Find the value of &, giving your answer in the form p + ¢v'5,
where p and ¢ are integers to be found. (4 marks)

You will need to make use
of the condition kK >0in
your answer.

Challenge

The nth term of an arithmetic sequence is u, = Ina + (n = 1) In b where
a and b are integers. u; = In 16 and u; = In 256. Find the values of a
and b.
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Sequences and series

@ Arithmetic series

. - - - -
An. 1;alhrlth:':l'letlc series is the sum of the terms of an m et the
SIGUneLIsquence. sum of the first n terms of a
5,7,9,11is an arithmetic sequence. series.

5+ 7+9+11isan arithmetic series.

Prove that the sum of the first 100 natural numbers is 5050.

(1) The natural numbers are the
positive integers: 1, 2, 3, 4, ...
Sioo = (2)

Adding (1) and ( .
2 % Sioo = 1oo x 101 Problem-solvmg

100 x 101 Write out the sum longhand, then
Sioo = 2 write it out in reverse. You can pair
= 5050 up the numbers so that each pair

has a sum of 101. There are 100

airs in total.
® The sum of the first #n terms of an arithmetic series pairs

is given by the formula
=g (2a + (n - 1)d)

where a is the first term and d is the common difference.
You can also write this formula as

S,,=g(a+1)

where /is the last term.

. : . ..n,
Prove that the sum of the first n terms of an arithmetic series is 5 2a + (n—-1)d).

Sy,=a+(a+d)+(a+2d)+ ...
+(a+n=2)d)+ (@a+ (n=1d) (1) ——— Write out the terms of the sum.

S,=(@a+mn-1d) +(a+n-2)4d)+

+a+2d)+(a+d)+a (2) /———— This is the sum reversed.
Adding (1) and (2): L
2xS,=na+ (n-1d) Adding together the two sums.

n
Sp =7 (2a+n=1d) Problem-solving

You need to learn this proof for your exam.
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Example o

Find the sum of the first 50 terms of the arithmetic series 32 +27 + 22+ 17+ 12 + ...

=32, d=-5 Write down a and d.

. 50 : -

Ssp = 5 (2(32) + (50 = 1)(-5)) Substitute into the formula.
S'f}i'_‘- = -4525 Simp!ify.

Find the least number of terms required for the sum of 4 + 9 + 14 + 19 + ... to exceed 2000.

449414 +19+ ...> 2000 Always establish what you are given in a question.
As you are adding on positive terms, it is easier to
solve the equality S, = 2000.

Using S, = 2(2(: + (n— 1)d)

2000 = Z(2 x 4 + (1 = 1)5)
Knowing @ = 4, d =5 and S, = 2000, you need to
find n.

Substitute into S, = %(Za + (n—1)d).

4000 = n(& + 5n - 5)
4000 = n(5n + 3)
4000 = 5n® + 3n

O = 5n? + 3n — 4000

-3 +/9 + 80000 Solve using the quadratic formula.
10

n=280 or-2866

n=

n is the number of terms, so must be a positive

286 terms are needed.

integer.
1 Find the sums of the following series.
a3+7+11+14+...(20 terms) b2+6+10+ 14+ ... (15 terms)
¢ 30+27+24+ 21+ ... (40 terms) d 541 +-3+-7+... (14 terms)
€ SHTHI+ . HT5 For parts e to h, start
f4+7+10+...+91 by using the last term to
g 34+29+24+19+ ... +-111 work out the number of
h (x+1)+Cx+D+Gx+ D) +...+2lx+1) terms in the series.

2 Find how many terms of the following series are needed to make the given sums.
asS+8+11+14+..=670
b 3+8+13+18+...=1575
c 64+62+60+...=0
d 34+30+26+22+...=112

m Set the expression for S, equal to the
total and solve the resulting equation to find n.
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Find the sum of the first 50 even numbers.

Sequences and series

Find the least number of terms for thesumof 7+ 12+ 17 + 22 + 27 +... to exceed 1000.

The first term of an arithmetic series is 4. The sum to 20 terms is —15. Find, in any order, the
common difference and the 20th term.

The sum of the first three terms of an arithmetic series is 12. If the 20th term 1s =32, find the
first term and the common difference.

Prove that the sum of the first 50 natural numbers

is 1275.

Problem-solving

Use the same method as Example 4.

Show that the sum of the first 2n natural numbers is n(2n + 1).

Prove that the sum of the first » odd numbers is n?.

The fifth term of an arithmetic series is 33. The tenth term 1s 68. The sum of the first

n terms is 2225.

a
b

Show that 7n%+ 3n — 4450 = 0.
Hence find the value of n.

An arithmetic series is given by (kK + 1)+ 2k + 3)+ 3k + 5) + ... + 303

a
b

C

Find the number of terms in the series in terms of 4.

152k + 46208
k+2

Show that the sum of the series is given by

Given that S, = 2568, find the value of k.

Calculate the sum of all the multiples of 3 from 3 to 99 inclusive,
3+46+9+...+99

In the arithmetic series
4p +8p + 12p +...+ 400

where p is a positive integer and a factor of 100,

i find, in terms of p, an expression for the number of terms in this series.

20 000
P
Find, in terms of p, the 80th term of the arithmetic sequence
(Bp+2),5p+3),(Tp+4), ...,
giving your answer in its simplest form.

ii Show that the sum of this series is 200 +

(4 marks)
(1 mark)

(1 mark)
(3 marks)
(1 mark)

(3 marks)

(4 marks)

(2 marks)
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13 Joanna has some sticks that are all of the same length. /\
She arranges them in shapes as shown opposite and has made the Row 1 |_\
following 3 rows of patterns. AVAN
She notices that 6 sticks are required to make the single pentagon in Row?2 | _[
the first row, 11 sticks in the second row and for the third row she needs S
16 sticks. VAVAVAY
Row3 | | | |

a Find an expression, in terms of n, for the number of sticks required = =
to make a similar arrangement of n pentagons in the nth row. (3 marks)

Joanna continues to make pentagons following the same pattern. She continues until she has
completed 10 rows.

b Find the total number of sticks Joanna uses in making these 10 rows. (3 marks)

Joanna started with 1029 sticks. Given that Joanna continues the pattern to complete
k rows but does not have enough sticks to complete the (k + 1)th row:

¢ show that k satisfies (5k —98)(k+21) =<0 (4 marks)
d find the value of k. (2 marks)

Challenge

An arithmetic sequence has nth term u, = In9 + (n = 1) In 3. Show that
the sum of the first n terms = a In37°+3# where « is a rational number to
be found.

m Geometric sequences

= A geometric sequence has a common ratio between
. . m A geometric

consecutive terms. : _
sequence is sometimes called

To get from one term to the next you multiply by the a geometric progression.
common ratio.

2, 4 8 16 This is a geometric sequence with common
RO oS L .

x2 X2 X2 ratio 2. This sequence is increasing.
bk ok QDD g seuecew
2’ 6 18' B4 This is a geometric sequence A geometric sequence with
b i B | with common ratio 1. This a common ratio |r| < 1 converges. This
‘T *3 3 sequence is decreasing but means it tends to a certain value. You
will never get to zero. call the value the limit of the sequence.
5 =10, 20, -40, 80
x(-2) x(-2) x(-2) x(-2) Here the common ratio is —2. An alternating sequence
is a sequence in which terms are

The sequence alternates between

® The formula for the nth term of a geometric sequence is:
u,=ar"1
where a is the first term and r is the common ratio.
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Find the i 10th and ii nth terms in the following geometric sequences:
a 3,6,12,24, ...
b 40, -20, 10, -5, ...

Sequences and series

For this sequencea=3 and r=2=2.

a 3,6, 12, 24, ...
A A
i 10th term= 3 x 2°
= 3% x 52
= 1536

|_ For the 10th term use ar"-' witha =3, r=2 and
n=10.

ii nth term =3 x 2!

b 40, -20, 10, -5, ...

L For the nth term use ar* witha=3 and r = 2.

20 1

Nl NN

For this sequencea =40 and r= -75=—5

i 10th term= 40 x (—4)° «
i

=40 x —

.
- 64

|
K]

=1

L Use ar! with a =40, r = —% and n = 10.

i nth term = 40 x (-]
=5 x 8 x (-4

Use ar"-! with a = 40, r = -3 and n = n.

=5 x 23 x (=4

5

=P 3 oo

]
1 Use laws of indices %: xm=n) = Ynl_m
o L
2n-1 " pn-1-3

The 2nd term of a geometric sequence is 4 and the 4th term is 8. Given that the common ratio is
positive, find the exact value of the 11th term in the sequence.

nth term = ar*-', so the 2nd term is ar, and

the 4th term is ar’

ar = 4 (1)
ar> =8 (2)

Dividing equation (2) by equation (1):

ar’> _ 8

ar 4
rz2 =2
r=y2

Problem-solving

You can use the general term of a geometric
sequence to write two equations. Solve these
simultaneously to find @ and r, then find the 11th
term in the sequence.

You are told in the question that » > 0 so use the

positive square root.
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Substituting back into equation (1):

ay2 =4
4
ad=—
Ve
a=2y2 -«

nth term = ar" - ', so
11th term = (2V2)(V2)'°
= 64y2

Rationalise the denominator.

Simplify your answer as much as possible.

The numbers 3, x and (x + 6) form the first three terms of a geometric sequence with all positive terms.

Find:
a the possible values of Xx, b the 10th term of the sequence.
e h Problem-solving
. W % In a geometric sequence the ratio between
- ) u, U
X _X+6 consecutive terms is the same, so u—z =
3 X 1 U
B Bl €) Simplify the algebraic fraction to form a
.‘2 . \ S quadratic equation. « Year 1, Section 3.2

(x-6)x+3)=0

X=6or-=3
So x is either 6 or =3, but there are no
negative terms so x = 6.

b 10th term = ar®
=3 x2°

L

=3 x 512
= 1536
The 10th term is 1536.

s

Factorise.

If there are no negative terms then -3 cannot be
an answer.

Use the formula nth term = ar*-! with n = 10,
a=3and r=%=g=2.

What is the first term in the geometric progression 3, 6, 12, 24, ... to exceed 1 million?

Problem-solving

nth term = gre!
= 3 Kiaw

We want nth term > 1000 000

68

Determine @ and r, then write an inequality using
the formula for the general term of a geometric
sequence.

Sequence hasa=3andr=2.



Sequences and series

So 3 x:2% > 1000000

Divide by 3.
oni s 1000 000 r
3 To solve this inequality take logs of both sides.
- 1000 000 |_
log 2™' > loq( 3 )
[ 1 000 000 loga"=nloga « Year 1, Chapter 14
(” - 1) lOC_jE = g qu(T)
1000000 Divide by log 2.
og| 25220 - y log
n-12>
log(2)
n-1>18635 (2 d.p)
n>1935 r n has to be an integer.
n =20 -

The 20th term is the first to exceed m Use your calculator to check %

1000 000. your answer.

Exercise @

1

Which of the following are geometric sequences? For the ones that are, give the value of the
common ratio, r.

a 1,2,4,8, 16,32, ... b 25,811, 14, ...

¢ 40, 36, 32, 28, ... d 2,6,18, 54,162, ...

e 10,5,2.5,1.25, ... f 5,-5,5,-5,5,...

g 3:3:3,3,3.3,3, h 4, -1,0.25, -0.0625, ...
Continue the following geometric sequences for three more terms.

a 5, 15,485, ... b 4,-8,16,...

¢ 60,30, 15, ... d L, -

e Lpp% ... fx,-2x2,4x3, ...

If 3, x and 9 are the first three terms of a geometric Problem-solving

sequence, find: )
In a geometric sequence the common
a the exact value of x,

tio can be calculated by —2 or =2
b the exact value of the 4th term. SElBCHN BC Lo Ee n 7

Find the sixth and nth terms of the following geometric sequences.
a 2,6,18, 54, ... b 100; 50,25,12.5, ...
¢ 1,-2,4,-8, ... d 1,1.1,1.21, 1.331, ...

The nth term of a geometric sequence is 2 x 5. Find the first and 5th terms.

The sixth term of a geometric sequence is 32 and the 3rd term is 4. Find the first term and the
common ratio.
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7 A geometric sequence has first term 4 and third term 1. Find the two possible values of the
6th term.

E/P) 8 The first three terms of a geometric sequence are given by 8 — x, 2x, and x? respectively where

x> 0.

a Show that x’ = 4x? = 0. (2 marks)
b Find the value of the 20th term. (3 marks)
¢ State, with a reason, whether 4096 is a term in the sequence. (1 mark)

E/P) 9 A geometric sequence has first term 200 and a common ratio p where p > 0.
The 6th term of the sequence is 40.

a Show that p satisfies the equation 5 log p + log 5 = 0. (3 marks)
b Hence or otherwise, find the value of p correct to 3 significant figures. (1 mark)

® 10 A geometric sequence has first term 4 and fourth term 108. Find the smallest value of & for
which the Ath term in this sequence exceeds 500 000.

® 11 The first three terms of a geometric Problem-solving

sequence are 9, 36, 144. State, with a _

reason. whether 383 616 is a term in Determine the values of @ and r and ﬁnq the general

" p— term of the sequence. Set the number gwer} equal
to the general term and solve to find . If n is an
integer, then the number is in the sequence.

® 12 The first three terms of a geometric sequence are 3, —12, 48. State, with a reason, whether
49 152 is a term in the sequence.

® 13 Find which term in the geometric progression 3, 12, 48, ...is the first to exceed 1000 000.

m Geometric series

A geometric series is the sum of the terms of a geometric sequence. 3, 6, 12, 24, ... is a geometric
sequence. 3+ 6+ 12 + 24 + ... is a geometric series.

® The sum of the first n terms of a geometric series is given by the formula

a(l-r")
S, = “wog #1 @ These two formulae are equivalent.
( ) It is often easier to use the first one if r< 1
a(r'-1 -
orS, = ——, re1 and the second one if r > 1.

where a is the first term and r is the common ratio.
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A geometric series has first term ¢ and common difference . Prove that the sum of the first » terms
a(l —r
l-r

of this series is given by S, =

let S,=a+ar+ar® +ar® + ... a2 + ar'’

(1)

=

rS,=ar +ar® +ar* + ... ar"' + ar*  (2)
(1) = (2) gives S, — rS, = a — ar"
S,(1=r)=a(l - r
_a(l—=r"

S,

y -

1—r

Find the sums of the following geometric series.
a2+6+ 18+ 54+ ... (for 10 terms)
b 1024 - 512+ 256 - 128+ ... + 1

a Series is

2+6+18+54 + ... (for 10 terms)

Soa'= 2,1 =5 =3andn=10

2(30 =1
So Sig = (7) =59048
3 -1
b Series is
1024 - 512 + 256 - 128+ ... + 1
Soa=1024,r = —%T:; = —;
and the nth term =1
1024 (-4 =1
(=2)-' = 1024
2t = 1024
log 1024
n—1=—
log 2
n-1=10
=11
1024(1 = (—3)"
s e | ) B

"
1024(1 + 2—*014‘3)

Sequences and series

Multiply by r.
Subtract rS, from S,
Take out the common factor.

Divide by (1 = r).

Problem-solving

You need to learn this proof for your exam.

As in all questions, write down what is given.

When r > 1 it is easier to use the formula

First solve @1 =1 to find n.

(=2)*1 = (-1)1(2%1) = 1024, so (—=1)"! must be
positive and 2" = 1024.

1024 = 21
When r < 1, it is easier to use the formula

S"=a(1—r"]
1-r
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Find the least value of »n such that thesumof 1 +2+4 + 8 + ... to n terms exceeds 2 000 000.

1(2" - 1) Problem-solving

Sum to n terms is S, =

2 =1 Determine the values of @ and r, then use the
= 2" — { formula for the sum of a geometric series to form
If this is to exceed 2000000 then an inequality.
S, > 2000000
2" - 1> 2000000
2" > 2 000 001 Add 1.
nlog 2 > log(2 000 001) * L
- log(2 000 001) Use laws of logs: log a” = n log a.
log(2)
n> 209

It needs 21 terms to exceed 2 000 O00. ———— Round n up to the nearest integer.

1 Find the sum of the following geometric series (to 3 d.p. if necessary).

al+2+4+8+...(8terms) b 32+16+8+... (10 terms)
2 4 8 256
¢ §+E+ﬁ+”'+234375 d 4-12+36-108 + ... (6 terms)
| S 5 5 h)
=0 - oo sl
e 729 -243 + 81 — ... 3 f 2+4 S 39763

2 A geometric series has first three terms 3 + 1.2 + 0.48... Evaluate S,,.

3 A geometric series has first term 5 and common ratio % Find the value of S, giving your
answer to 4 d.p.

4 The sum of the first three terms of a geometric series is 30.5. If the first term 1s 8, find possible
values of r.

5 Find the least value of n such that thesum 3 +6 + 12 + 24 + ... to n terms exceeds 1.5 million.

Find the least value of n such that the sum 5 + 4.5 + 4.05 + ... to n terms exceeds 45.

7 A geometric series has first term 25 and common ratio 3

ONONONNO)

Given that the sum to k terms of the series is greater thgn 61,

a show that k > M (4 marks)
log(0.6)

b find the smallest possible value of k. (1 mark)

T2
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8 A geometric series has first term ¢ and common ratio r. Problem-solving

The sum of the first two terms of the series 1s 4.48.
The sum of the first four terms is 5.1968. Find the two
possible values of r. (4 marks)

One value will be positive and
one value will be negative.

9 The first term of a geometric series is  and the common ratio is v3.
Show that S,,= 121a(v3 + 1). (4 marks)

10 A geometric series has first term ¢ and common ratio 2. A different geometric series has

first term » and common ratio 3. Given that the sum of the first 4 terms of both series

is the same, show that ¢ = % b. (4 marks)

@ 11 The first three terms of a geometric series are (k — 6), k, (2k + 5), where & is a positive constant.

a Show that k2 -7k -30=0. (4 marks)
b Hence find the value of k. (2 marks)
¢ Find the common ratio of this series. (1 mark)
d Find the sum of the first 10 terms of this series, giving your answer to the nearest

whole number. (2 marks)

m Sum to infinity

You can work out the sum of the first n terms of a geometric ;
ies. As n tends to infinity, th f the series is called {DEst it Hie sl
series. As n tends to infinity, the sum of the series is calle ifinityrot & e GmetriE series ok S

the sum to infinity.
Consider the sum of the first n terms of the geometric series2 + 4 + 8 + 16 +...

The terms of this series are getting larger, so as n tends to infinity, S, also tends to infinity. This is
called a divergent series.

Now consider the sum of the first n terms of the geometric series 1 + % + % + % + ...

The terms of this series are getting smaller. As n tends to infinity, S, gets closer and closer to a finite

value, S... This is called a convergent series.
@ You can also write this

= A geometric series is convergent if and only if || < 1, e B

where r is the common ratio.

. L a(l-r
The sum of the first n terms of a geometric series is given by S, = —
When |1 < 1, ['”.l( ( : )) __4a '!I_I:I;!o means ‘the limit as n tends to o',
By L=a 1=r You can’t evaluate the expression when  is o,
This is because r* — 0 as n — oo. but as n gets larger the expression gets closer to

a fixed (or limiting) value.

= The sum to infinity of a convergent geometric m o ot oE I et foria

series is givenby S, = 1 - for a convergent series, i.e. when |r| < 1.
-r
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The fourth term of a geometric series 1s 1.08 and the seventh term is 0.233 28.

a Show that this series is convergent.

b Find the sum to infinity of the series.

a ar® =108 (1)

ar¢ = 0.23328 (2)

| Usethe nth term of a geometric sequence ar"~!
to write down 2 simultaneous equations.

Dividing (2) by (1):
ar* 023326

ar® 1.08
rP=0.216
r=0.6

The series is convergent as |r| = 0.6 <1.

Substituting the value of r® into equation
(1) to find a

0.216a = 1.086

_ 1.08
0216

g=5

Substituting into S.. formula:
_ a

B 1=r

. 5

B 1-06

S.=125

For a geometric series with first term ¢ and common ratio r, Sy = 15 and S, = 16.

a Find the possible values of r.

Divide equation (2) by equation (1) to eliminate a.

Problem-solving

To show that a series is convergent you need to
find r, then state that the series is convergent if
Irl < 1.

b Given that all the terms in the series are positive, find the value of «.

74

(1=r%)
o Lo i B 15 (1)

S, = 1550 use the formula S, = gi=r) with n =4,

1—=r

a

1-r

S..=16so0 use the formula S.. = IL with S, = 16.

=i (2)
16(1 -rf) =15
15
1—!'4=—1—é
a4 _ 1
'1_E
*

-r

Solve equations simultaneously.

Replace % by 16 in equation (1).

N

] [

Take the 4th root of ;¢
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b As all terms are positive, r = +j

a

- =16 Substitute r = £ into equation (2) to fnd a.

a=56

The first term in the series is &.

1 For each of the following geometric series:
i state, with a reason, whether the series is convergent.

ii If the series is convergent, find the sum to infinity.

a l+0.1+0.01+0.001+... b1+2+4+8+16+... c 10-5+25-125+...
d2+6+10+14+... e lael+lelals.., f 3+1+5+3+...
g 04+08+12+1.6+ ... h 9+8.1+7.29+6.561+ ...

A geometric series has first term 10 and sum to infinity 30. Find the common ratio.
A geometric series has first term -5 and sum to infinity —3. Find the common ratio.
A geometric series has sum to infinity 60 and common ratio % Find the first term.

A geometric series has common ratio -% and S, = 10. Find the first term.

S N kR W N

Find the fraction equal to the recurring decimal 0.23. m 023-B 4 B , B
! ~ 100 10000

1000000 T

7 For a geometric seriesa + ar +ar’* + ..., Sy =9 and S. = 8, find the values of @ and r.

8 Given that the geometric series 1 — 2x + 4x2 — 8x3 +... is convergent,
a find the range of possible values of x (3 marks)
b find an expression for S.. in terms of x. (1 mark)

9 In a convergent geometric series the common ratio is r and the first term 1s 2.
Given that S_ =16 x §;,

a find the value of the common ratio, giving your answer to 4 significant figures (3 marks)
b find the value of the fourth term. (2 marks)

10 The first term of a geometric series is 30. The sum to infinity of the series 1s 240.
a Show that the common ratio, r, is% (2 marks)
b Find to 3 significant figures, the difference between the 4th and 5th terms. (2 marks)
¢ Calculate the sum of the first 4 terms, giving your answer to 3 significant figures. (2 marks)
The sum of the first » terms of the series is greater than 180.
d Calculate the smallest possible value of n. (4 marks)

75



Chapter 3

11 A geometric series has first term @ and common ratio r. The second term of the series 1s 1_35 and
the sum to infinity of the series 1s 8.

a Show that 6412 —64r + 15=0. (4 marks)
b Find the two possible values of r. (2 marks)
¢ Find the corresponding two possible values of a. (2 marks)

Given that r takes the smaller of its two possible values,
d find the smallest value of n for which S, exceeds 7.99. (2 marks)

Challenge

The sum to infinity of a geometric series is 7. A second series is formed
by squaring every term in the first geometric series.

a Show that the second series is also geometric.

b Given that the sum to infinity of the second series is 35, show that
the common ratio of the original series is +

@ Sigma notation

= The Greek capital letter ‘sigma’ is used to signify a sum. You write it as > . You write limits
on the top and bottom to show which terms you are summing.

This tells you that are summing Substitute r=1,r=2,r=3,
the expressmn in brackets with —[Z @r=3)=-1+1+3+5+7 r=4,r=>5tofind the five

r=1,r=2,...uptor= terms in this arithmetic series.
To find the terms in this
n— ! 7
Lookiat the limits carefully: 3 (5 x 2') = 40 + 80 + 160 + 320 + 640 geometric series, you
they don't have to start at 1. r=3

substitute r=3,r=4,r=>5,
r=6,¥=1.

You can write some results that you already know using sigma notation:

';1=n m21_1+1+1+ +1
(

r=1
n
n\n
Y
r=1

+1) n times
Example 9

20
Calculate > _(4r + 1)
r=1

S @r+1)=5+9+13+... + 81 Problem-solving

P= Substitute r = 1, 2, etc. to find the terms in the
a=5,d=4 andn =20 cefigE
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5o %(2(: + (n = 1)d) Use the formula for the sum to n terms of an
50 arithmetic series.
=—(2x5+(20-14) Substitute a=5,d =4 and n =20 into
n
= 10(10 + 19 x 4) o lek = Dal

=10 x 86

= 860 @ Check your answer by using %

your calculator to calculate the sum of

the series.
Example @

Find the values of:
12 12
a 5 x Jk=1 b 5ix 3k=1
k=1 k=35
12
a 5 x 3k
k=1 Substitute k = 1, k = 2 and 50 on to write out the
=5+ 15+ 45 +... first few terms of the series. This will help you
a=Br=3 determine the correct values for @, r and n.
N
S, = G(:_ 3 ) - a(r" = 1)
Since r > 1 use the formula S, = and
5(3'2 - 1) e =t
Se=—3 71 substitute ina=5,r=3andn = 12.

S, =1328600

12 12 4
b Y 5x3k1=)5x3k1_3%"5 x 3k-T
k=1 k=1

k=5

S, = 1328600
Problem-solving

5(34-1)
S4=—73_7 =200 When we are summing series from k to n, we can
12 consider the sum of the terms from 1 to n and
,\.ZL.E) x 3k-1=1328600 - 200 = 1328400 subtract the terms from 1 to k - 1.
1 For each series:
i write out every term in the series
ii hence find the value of the sum.
5 6 5 8 r
a > (3r+1) b > 3 ¢ D_sin(90r°) d Zz(-%)
r=1 r=1 r=1 r=5
2 For each series:
i write the series using sigma notation
ii evaluate the sum.
a2+4+6+8 b 2+6+18+54+162 c 6+45+3+15+0-1.5
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©)

For each series:
i find the number of terms in the series
ii write the series using sigma notation.

1 2 4
a 7+ 13+19+...+157 b §+15+75+'"+46875

c 8-1-10-19...-127

Evaluate:
20

10 100 w 1
a > (7-2r b > 3x4 ¢ > (2r-8) d 27(—;)
r=1 r=1 -

r=1

Evaluate:
200

30 l 100
a ;(Sr—i) b Y (3r+4) c ZSXO.S’ d >l

1" n k=1
r=100 r=5 i=5 — —
| gur = ;u, ;u,
Show that »_2r = n + n’.
r=1
Show that > 2r—> (2r—1)=n.
r=1 r=1
Find in terms of k:
k k k
a ) 4(=2) b D (100 - 2r) c Y. (7-2r)
r=1 r=1 r=10
Find the value of i 200 x (%)r @ il?(-—%) is the sum to infinity of
r=20 ' r=
: : 7.7 17
k the geometric series ——+ — = —+ ...
Given that > (8 + 3r) = 377, 39 2
r=1
a show that (3k + 58)(k-13)=0 (3 marks)
b hence find the value of k. (1 mark)
k
Given that ) _2 x 3" = 59046,
r=1
log19 683
a showthatk=——"—-— (4 marks)
log3 1
3
b For this value of &, calculate »_ 2 x 3". (3 marks)

r=k+l

A geometric series is given by | + 3x + 9x7 +...
The series is convergent.
a Write down the range of possible values of x. (3 marks)

Given that i(&r)r'l =2
r=1

b calculate the value of x. (3 marks)

10 14
Given that Y (a+ (r—1)d) = Y_ (a + (r - 1)d), show that d = 6a.
k=1 r=11
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m Recurrence relations

If you know the rule to get from one term to the next in a sequence you can write a recurrence relation.

= A recurrence relation of the form u, . , = f(u,) defines each term of a sequence as a function
of the previous term.

For example, the recurrence relation u,,, ; = 2u, + 3, u; = 6 produces the following sequence:

| |
6,15,33,69, ... Uy =2ty +3=2(6) +3=15 m In order to generate a sequence

from a recurrence relation like this, you need to
Example @

know the first term of the sequence.
Find the first four terms of the following sequences.

a u,,  =u,+4,u =7 b u,,.,=u,+4,u,=5

a U, 1=u,+4,u=7
Substitutingn =L u,=u, +4 =7+ 4 =11.
Substitutingn =2, uz=u, + 4 =11 + 4 = 15.
Substitutingn =3, u;=us; + 4 =15 + 4 =19,
Sequence is 7, 11, 15, 19, ...

Substitute n =1, 2 and 3. Use 1, to find u,,
and then u, to find u;.

This is the same recurrence formula.
b =En, 4 u=5 It produces a different sequence because u,
Substitutingn =1 u, =u, + 4 =5+ 4 =9, is different.
Substitutingn =2, us=u, + 4 =9 + 4 =13.
Substitutingn=3,u,=uz; +4 =13 + 4 =17
Sequence is 5, 3, 13,17, ...

A sequence a,, as, as, ... 1s defined by

a=p
Ay 41 =(an)2'— I,n=1

where p < 0.
a Show that a; = p* — 2p2. b Given that a, = 0, find the value of p.
200
¢ Find ) _q, d Write down the value of @,y
l'=]
a a,=p
a, = (a)2 -1 = pz = Use a,= (ﬂl)z— 1 and substitute a,=p.
as = (as)® = 1
=(p* =17 =1 L Now substitute the expression for a, to find a;.
=p*=-2p°+1 -1
= p* — 2p?
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b p?-1=0 Set the expression for a, equal to zero and solve.

c a,=-1a, =0, az; = -1 series alternates

2 =1

p = 1 but since p < 0 is given, p = —1 Since this is a recurrence relation, we can see that
the sequence is going to alternate between -1
and 0. The first 200 terms will have one hundred

=
between -1 and O ~1s and one hundred 0s.

In 200 terms, there will be one hundred

—1s and one hundred Os. Problem-solving

200

S 4, = -100 For an alternating series, consider the sums of the
=t odd and even terms separately. Write the first few
d d55 = -1 25 199 is odd terms of the series. The odd terms are -1 and the

even terms are 0. Only the odd terms contribute
to the sum.

1

80

Find the first four terms of the following recurrence relationships.
a""ilil+l=u1'r+3t'ul=1 buﬂ+l=”n_55“1=9
C Uy, =2, Uy =3 d u,, , =2u,+1,u =2
u}i‘
€ HH+|=7" H1=10 f u,,+|=(u,,}3-—l,u1=2
Suggest possible recurrence relationships for the following sequences. (Remember to state the
first term.)
a 3,5,7,9,... b 20,17,14,11, ... ¢ 1,2,4,8, ...
d 100, 25, 6.25, 1.5625, ... e L=l 1,=1.1, .. f 3,7,15,31, ...
g 0,1,2,5,26,... h 26, 14,8,5, 3.5, ...
By writing down the first four terms or otherwise, find the recurrence formula that defines the
following sequences:
a u,=2n-1 b u,=3n+2 C u,=n+2
d H,.,=n-51 e u,=n’ f u,=3"-1

A sequence of terms is defined for n = 1 by the recurrence relation u, , , = ku, + 2, where kis a
constant. Given that u, = 3,

a find an expression in terms of k for u,
b hence find an expression for u;
Given that u; = 42:

¢ find the possible values of k.

A sequence is defined for n = 1 by the recurrence relation
Uy =pUy + 4, U = 2

Given that u, = —1 and u; = 11, find the values of p and 4. (4 marks)
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Sequences and series

A sequence is given by
.\‘] - 2
Xn+1 = xn(P - 3Xu)

where p is an integer.

a Show that x;=-10p? + 132p — 432, (2 marks)
b Given that x; = =288 find the value of p. (1 mark)
¢ Hence find the value of x,. (1 mark)

A sequence a,, @, ds, ... 1s defined by
a, =k
a, =4a,+5

a Find a; in terms of k. (2 marks)

4
b Show that »_a, is a multiple of 5. (3 marks)
r=l

A sequence is increasing if u, ., > u, for alln € N.

A sequence is decreasing ifu,, , <u,foralln € N,

A sequence is periodic if the terms repeat in a cycle.
Th f
For a periodic sequence there is an integer k such that m € order of a

u,,,=u,forall n € N. The value & is called the order
of the sequence.

periodic sequence is sometimes
called its period.

2,3,4,5... is an increasing sequence.

-3, -6, -12, -24... is a decreasing sequence.
-2,1,-2,1,-2, 1 is a periodic sequence with a period of 2.
1,-2,3,-4,5,—6... is not increasing, decreasing or periodic.

For each sequence:

i

state whether the sequence is increasing, decreasing, or periodic.

ii If the sequence is periodic, write down its order.

a

¢ u,=sin(90n°)

ta|—

A
uu+l=un+3s 11127 b Uy 41 =(H,,)‘., u =

a 7,10, 13,16, ... Write out the first few terms of the sequence.

u,, 1 > uy, for all n, so the sequence is
increasing. | State the condition for an increasing sequence.
You could also write that k + 3 > k for all

numbers k.
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¢ W =sim20° =1

1

1 1

1
B — o= o = - -
2" 4 16 256 The starting value in the sequence makes a
u,, < u,for all n, so the sequence is ——  big difference. Because u; < 1 the numbers get
decreasing, smaller every time you square them.

L To find u, substitute n = 1 into sin (90n°).

m Although every even term of the

sequence is 0, the period is not 2 because the
odd terms alternate between 1 and —1.

u, = sin(160° = 0
in(270°)
(360°)
(
(

u\

II
)
II

=

i
us = sin(450°)
u; = sin(540°
u; = sin(630°
The sequence is pemodic:. with order 4.

)=0
)

The graph of y = sin x repeats with period 360°.
So sin (x + 360°) = sin x. ¢« Year 1, Chapter 9

Exercise @

1

EP) 4

(E/P) 5

For each sequence:
i state whether the sequence is increasing, decreasing, or periodic.

ii If the sequence is periodic, write down its order.

11 1
a 2,5 811,14 b 3,1,5 927 e 5:9:135, 23,33 d 3,-3,3,-3,3

For each sequence:

i write down the first 5 terms of the sequence

ii state whether the sequence is increasing, decreasing, or periodic.

ili If the sequence is periodic, write down its order.

a u,=20-13n b u,=2"" ¢ u,=cos(180n°)

d u,=(-1) e U, =u,—5 u =20 f u,,1=5-u,u;=20

2
8 Uy =3FUy U =k

The sequence of numbers u,, u,, us, ... 1s given by u, , | = ku,, u, = 5.
Find the range of values of k& for which the sequence is strictly decreasing.

The sequence with recurrence relation u;, , | = pu; + g, u; = 5, where p is a constant and g = 10,
is periodic with order 2.
Find the value of p. (5 marks)

A sequence has nth term a, = cos(90n°), n = 1.
a Find the order of the sequence. (1 mark)

444
b Find D _q, (2 marks)
r=1
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Challenge m Each term in this

1 uﬂ+l

: sequence is defined in
uﬂ

terms of the previous
two terms.

The sequence of numbers uy, u,, us, ... is given by u,,,,=

u, = a, u, = b, where a and b are positive integers.
a Show that the sequence is periodic for all positive @ and b.
b State the order of the sequence.

m Modelling with series

You can model real-life situations with series. For example if a person’s salary increases by the same
percentage every year, their salaries each year would form a geometric sequence and the amount they
had been paid in total over n years would be modelled by the corresponding geometric series.

Bruce starts a new company. In year 1 his profits will be £20 000. He predicts his profits to increase
by £5000 each year, so that his profits in year 2 are modelled to be £25000, in year 3, £30 000 and
so on. He predicts this will continue until he reaches annual profits of £100000. He then models his
annual profits to remain at £100 000.

a Calculate the profits for Bruce’s business in the first 20 years.
b State one reason why this may not be a suitable model.

¢ Bruce’s financial advisor says the yearly profits are likely to increase by 5% per annum.
Using this model, calculate the profits for Bruce’s business in the first 20 years.

a Year 1 P= 20000, Year 2 P= 25000, ~— This is an arithmetic sequence as the difference is
Year 3 P= 30000 constant.

a = 20000, d = 5000 -
u,=a+ (n-1)d
100000 = 20000 + (n — 1)(5000)
100 000 = 20000 + 5000n - 5000
&5 000 = 5000n

85 000
n= 5000 - | b7

Si7 = g(Z(EOOOO) + (17 = 1)(5000))

Write down the values of @ and d.

Use the nth term of an arithmetic sequence to
work out n when profits will reach £100000.

Solve to find n.

You want to know how much he made overall in
the 17 years, so find the sum of the arithmetic
= 1020000

==

series.
S.0= 1020000 + 3(100 000)
= 1320000 In the 18th, 19th and 20th year he makes
S0 Bruce's total profit after 20 years is £100 000 each year, so add on 3 x £100 000 to the
£1320000. sum of the first 17 years.
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b It is unlikely that Bruce's profits will

increase by exactly the same amount each

year.
This is a geometric series, as to get the next term
a:= EEURLOLF= LS you multiply the current term by 1.05.
B2 a(ir' - 1)
n Fo— 1
20000(1.052% = 1) Use the formula for the sum of the first n terms
ay = 105 — 1 a(r=1)

of a geometric series S, = ——
S = 661319.08

So Bruce’s total profit after 20 years is
£661319.08.

A piece of A4 paper is folded in half repeatedly. The thickness of the A4 paper i1s 0.5 mm.

a Work out the thickness of the paper after four folds.
b Work out the thickness of the paper after 20 folds.

¢ State one reason why this might be an unrealistic model.

a a=05mmr=2 | This is a geometric sequence, as each time we
After 4 folds: fold the paper the thickness doubles.
s =05 %2 =8mm

b After 20 folds Since u, is the first term (after 0 folds), u, is after

= 0.5 % 220= 524 288 mm 1 fold, so us is after 4 folds.

It is impossible to fold the paper that many Problem-solving

ti | is istic. i
Imes. 30 the Moas) I uniealistic If you have to comment on the validity of a model,
always refer to the context given in the question.

Exercise @

1

¢ 2

84

An investor puts £4000 in an account. Every month @ At the start of the 6th
thereafter she deposits another £200. How much money month she will have only
in total will she have invested at the start of a the 10th month made 5 deposits of £200.

and b the mth month?

Carol starts a new job on a salary of £20 000. Problem-solving

She 1s given an annual wage rise of £500 at the end of .. . o

I she reaches her maximum salary of This is an arithmetic series with
SYEEY yearuni & Y a=20000 and d = 500. First find
£25000. Find the total amount she earns (assuming how many years it will take her
no other rises), a in the first 10 years, b over 15 years to reach her maximum salary.
and c¢ state one reason why this may be an unsuitable model.
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® 3 James decides to save some money during the six-week holiday. He saves 1p on the first day, 2p
on the second, 3p on the third and so on.

a How much will he have at the end of the holiday (42 days)?
b If he carried on, how long would it be before he has saved £100?

® 4 A population of ants is growing at a rate of 10% a year. Problem-solving

If there were 200 ants in the initial population,

write down the number of ants after: This is a geometric sequence.

a=200and r=11
a | year b 2 years ¢ 3 years d 10 years.

® 5 A motorcycle has four gears. The maximum speed in bottom gear is 40 km h~! and the
maximum speed in top gear is 120 km h~!. Given that the maximum speeds in each successive
gear form a geometric progression, calculate, in kmh-! to one decimal place, the maximum
speeds in the two intermediate gears.

® 6 A car depreciates in value by 15% a year. Problem-solving

After 3 years it 1s worth £11 054.25.
a What was the car’s initial price?
b When will the car’s value first be less than £5000?

Use your answer to part a to write an
inequality, then solve it using logarithms.

@ 7 A salesman is paid commission of £10 per week for each life insurance policy that he has sold.
Each week he sells one new policy so that he 1s paid £10 commission in the first week,
£20 commission in the second week, £30 commission in the third week and so on.

a Find his total commission in the first year of 52 weeks. (2 marks)

b In the second year the commission increases to £11 per week on new policies sold, although
it remains at £10 per week for policies sold in the first year. He continues to sell one policy
per week. Show that he is paid £542 in the second week of his second year. (3 marks)

¢ Find the total commission paid to him in the second year. (2 marks)

@ 8 Prospectors are drilling for oil. The cost of drilling to a depth of 50 m is £500. To drill a further
50 m costs £640 and, hence, the total cost of drilling to a depth of 100 m is £1140.
Each subsequent extra depth of 50 m costs £140 more to drill than the previous 50 m.

a Show that the cost of drilling to a depth of 500m is £11 300. (3 marks)
b The total sum of money available for drilling is £76 000. Find. to the nearest 50 m,
the greatest depth that can be drilled. (3 marks)

@ 9 Each year, for 40 years, Anne will pay money into a savings scheme. In the first year she pays in
£500. Her payments then increase by £50 each year, so that she pays in £550 in the second year,
£600 in the third year, and so on.

a Find the amount that Anne will pay in the 40th year. (2 marks)
b Find the total amount that Anne will pay in over the 40 years. (3 marks)

¢ Over the same 40 years, Brian will also pay money into the savings scheme. In the first year
he pays in £890 and his payments then increase by £d each year. Given that Brian and Anne
will pay in exactly the same amount over the 40 years, find the value of d. (4 marks)
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10
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13

14
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® 15

®) 16

A virus is spreading such that the number of people infected increases by 4% a day.
[nitially 100 people were diagnosed with the virus. How many days will it be before 1000 are
infected?

[ invest £4 in the bank at a rate of interest of 3.5% per annum. How long will it be before 1
double my money?

The fish in a particular area of the North Sea are being reduced by 6% each year due to
overfishing. How long will it be before the fish stocks are halved?

The man who invented the game of chess was asked to name his reward. He asked for 1 grain
of corn to be placed on the first square of his chessboard, 2 on the second, 4 on the third and
so on until all 64 squares were covered. He then said he would like as many grains of corn as
the chessboard carried. How many grains of corn did he claim as his prize?

A ball is dropped from a height of 10 m. It bounces to a height
of 7m and continues to bounce. Subsequent heights to which
it bounces follow a geometric sequence. Find out:

a how high it will bounce after the fourth bounce

b the total vertical distance travelled up to the point when the ball hits the ground for the sixth
time.

Richard is doing a sponsored cycle. He plans to cycle 1000 miles over a number of days.
He plans to cycle 10 miles on day | and increase the distance by 10% a day.

a How long will it take Richard to complete the challenge?

b What will be his greatest number of miles completed in a day?

A savings scheme is offering a rate of interest of 3.5% per annum for the lifetime of the plan.
Alan wants to save up £20 000. He works out that he can afford to save £500 every year, which
he will deposit on 1 January. If interest is paid on 31 December, how many years will it be
before he has saved up his £20 000?

Mixed exercise o

1

86

A geometric series has third term 27 and sixth term 8.

a Show that the common ratio of the series is % (2 marks)
b Find the first term of the series. (2 marks)
¢ Find the sum to infinity of the series. (2 marks)

d Find the difference between the sum of the first 10 terms of the series and the sum
to infinity. Give your answer to 3 significant figures. (2 marks)

The second term of a geometric series is 80 and the fifth term of the series is 5.12.

a Show that the common ratio of the series is 0.4. (2 marks)
Calculate:
b the first term of the series (2 marks)
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¢ the sum to infinity of the series, giving your answer as an exact fraction (1 mark)

d the difference between the sum to infinity of the series and the sum of the first
14 terms of the series, giving your answer in the form a x 10", where 1 < a < 10
and n 1s an integer. (2 marks)

The nth term of a sequence is u,, where u, = 95(%)n, RN B S .

a Find the values of u, and u,. (2 marks)
Giving your answers to 3 significant figures, calculate:
b the value of u,, (1 mark)
s

c > u, (2 marks)

n=1
d the sum to infinity of the series whose first term is #; and whose nth term is u,,. (1 mark)
A sequence of numbers u,, u,, ..., u,, ... is given by the formula u, = 3[%J” — 1 where n
is a positive integer.
a Find the values of u,, u, and us. (2 marks)

15
b Show that Y u, =-9.014 to 4 significant figures. (2 marks)
n=1
2u, - 1

¢ Provethatu,, = 3 (2 marks)
The third and fourth terms of a geometric series are 6.4 and 5.12 respectively. Find:
a the common ratio of the series, (2 marks)
b the first term of the series, (2 marks)
¢ the sum to infinity of the series. (2 marks)
d Calculate the difference between the sum to infinity of the series and the sum of

the first 25 terms of the series. (2 marks)
The price of a car depreciates by 15% per annum. Its price when new is £20 000.
a Find the value of the car after 5 years. (2 marks)
b Find when the value will be less than £4000. (3 marks)
The first three terms of a geometric series are p(3¢ + 1), p(2¢ + 2) and p(2¢g — 1),
where p and ¢ are non-zero constants.
a Show that one possible value of ¢ is 5 and find the other possible value. (2 marks)
b Given that ¢ = 5, and the sum to infinity of the series is 896, find the sum of the

first 12 terms of the series. Give your answer to 2 decimal places. (4 marks)
a Prove that the sum of the first #» terms in an arithmetic series is

§=5Q2a+(n-1)d)

where a = first term and d = common difference. (3 marks)
b Use this to find the sum of the first 100 natural numbers. (2 marks)
Find the least value of n for which ) _ (4r - 3) > 2000. (2 marks)

r=1
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The sum of the first two terms of an arithmetic series 1s 47.
The thirtieth term of this series 1s =62. Find:

a the first term of the series and the common difference (3 marks)
b the sum of the first 60 terms of the series. (2 marks)
a Find the sum of the integers which are divisible by 3 and lie between 1 and 400. (3 marks)
b Hence, or otherwise, find the sum of the integers, from 1 to 400 inclusive, which are

not divisible by 3. (2 marks)

A polygon has 10 sides. The lengths of the sides, starting with the shortest, form an arithmetic
series. The perimeter of the polygon 1s 675 cm and the length of the longest side is twice that of
the shortest side. Find the length of the shortest side of the polygon. (4 marks)

Prove that the sum of the first 2n multiples of 4 is 4n(2n + 1). (4 marks)

A sequence of numbers is defined, for n = 1, by the recurrence relation u,,,, = ku,, — 4, where k is
a constant. Given that u, = 2:

a find expressions, in terms of k, for u, and us.
b Given also that u; = 26, use algebra to find the possible values of k.

(2 marks)
(2 marks)

The fifth term of an arithmetic series 1s 14 and the sum of the first three terms of the series 1s —3.
a Use algebra to show that the first term of the series is —6 and calculate the common

difference of the series. (3 marks)
b Given that the nth term of the series is greater than 282, find the least possible
value of n. (3 marks)

The fourth term of an arithmetic series is 3k, where & is a constant, and the sum of the first six
terms of the series is 7k + 9.

a Show that the first term of the series is 9 — 8k. (3 marks)
b Find an expression for the common difference of the series in terms of k. (2 marks)
Given that the seventh term of the series is 12, calculate:

¢ the value of & (2 marks)
d the sum of the first 20 terms of the series. (2 marks)
A sequence is defined by the recurrence relation

dy 41 =a_ﬂeal =p
a Show that the sequence is periodic and state its order. (2 marks)
1000
b Find Y_a, in terms of p. (2 marks)

r=1
A sequence a, @, ds, ... 1s defined by
a, =k
a,,1=2a,+6,n=1

where k is an integer.
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a Given that the sequence is increasing for the first 3 terms, show that & > p,

where p is an integer to be found. (2 marks)
b Find a4in terms of k. (2 marks)
4
¢ Show that Y _g, is divisible by 3. (3 marks)
r=1

The first term of a geometric series is 130. The sum to infinity of the series is 650.

a Show that the common ratio, r, is % (3 marks)
b Find, to 2 decimal places, the difference between the 7th and 8th terms. (2 marks)
¢ Calculate the sum of the first 7 terms. (2 marks)
The sum of the first #» terms of the series is greater than 600.

-log 13
d Show thatn > log 0.8 (4 marks)
The adult population of a town is 25 000 at the beginning of 2012.
A model predicts that the adult population of the town will increase by 2% each year,
forming a geometric sequence.
a Show that the predicted population at the beginning of 2014 is 26 010. (1 mark)
The model predicts that after n years, the population will first exceed 50 000.
b Show that n > lol;g ;2 (3 marks)
¢ Find the year in which the population first exceeds 50 000. (2 marks)

d Every member of the adult population is modelled to visit the doctor once per year.
Calculate the number of appointments the doctor has from the beginning of 2012
to the end of 2019. (4 marks)

e Give a reason why this model for doctors’ appointments may not be appropriate. (1 mark)

Kyle is making some patterns out of squares. He has made 3 rows so far. &
. ) : Row 1 |
a Find an expression, in terms of n, for the number of squares
required to make a similar arrangement in the nth row. (3 marks) [l
b Kyle counts the number of squares used to make the pattern Row 2 1]
in the kth row. He counts 301 squares. Write down the value —
of k. (1 mark) m
¢ In the first ¢ rows, Kyle uses a total of p squares. Row 3 11
i Showthat ¢’ +2¢—-p=0. (3 marks)
ii Given that p > 1520, find the minimum number of rows
that Kyle makes. (3 marks)

A convergent geometric series has first term @ and common ratio r. The second term of the
series is —3 and the sum to infinity of the series i1s 6.75.

a Show that 27/2 - 27r - 12 =0. (4 marks)
b Given that the series is convergent, find the value of r. (2 marks)

¢ Find the sum of the first 5 terms of the series, giving your answer to
2 decimal places. (3 marks)
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Challenge

A sequence is defined by the recurrence relation u,,., = 5u, ., — 6u,,

a Prove that any sequence of the form u, = p x 3" + ¢ x 2", where p and
g are constants, satisfies this recurrence relation.

Given thatu, =5and u, = 12,

b find an expression for u, in terms of n only.

¢ Hence determine the number of digits in u;4,.

Summary of key points

1
2

10

90

In an arithmetic sequence, the difference between consecutive terms is constant.

The formula for the nth term of an arithmetic sequence isu, = a + (n — 1)d, where a is the
first term and d is the common difference.
An arithmetic series is the sum of the terms of an arithmetic sequence.

The sum of the first n terms of an arithmetic series is given by S, = g (2a + (n - 1)d), where
where a is the first term and d is the common difference.

You can also write this formula as S, = g (a + 1), where /is the last term.
A geometric sequence has a common ratio between consecutive terms.

The formula for the nth term of a geometric sequence is u, = ar"-1, where a is the first term
and r is the common ratio.

The sum of the first n terms of a geometric series is given by
Sn—_-M'r:l Or S"=M,r=1
1-r r-1

where a is the first term and r is the common ratio.

A geometric series is convergent if and only if |r| < 1, where r is the common ratio.

a
1-r

The sum to infinity of a convergent geometric series is given by S, =

The Greek capital letter ‘sigma’ is used to signify a sum. You write it as > _. You write limits on
the top and bottom to show which terms you are summing.

A recurrence relation of the form u, . , = f(u,) defines each term of a sequence as a function of
the previous term.

A sequence is increasing if u, ., > u, foralln € N.
A sequence is decreasing if u,, , < u, foralln e N.

A sequence is periodic if the terms repeat in a cycle. For a periodic sequence there is an
integer k such that u, , . = u, for all n € N. The value & is called the order of the sequence.



Binomial expansion

" Objectives

After completing this chapter you should be able to:

® Expand (1 + x)" for any rational constant n and determine the range
of values of x for which the expansion is valid - pages 92-97

® Expand (a + bx)" for any rational constant » and determine the range
of values of x for which the expansion is valid - pages 97-100

® Use partial fractions to expand fractional expressions -» pages 101-103

Prior knowledge check

1 Expand the following expressions in ascending
powers of x up to and including the term in x°.

a (1+5x)7 b (5-2x)1° ¢ (1-x)2+x)°
¢ Year 1, Chapter 8

Write each of the following using partial

The binomial expansion can _
fractions.

be used to find polynomial
approximations for expressions ~1l4x+ 1 2h4x —1

involving fractional and negative (1 +2x)(1 - 5x) (1+2x)°

indices. Medical physicists use - I L )

these approximations to analyse ¥ (14 x)(4-3x)2

magnetic fields in an MRI scanner. « Sections 1.3 and 1.4

F_______ | ' i =
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Q Expanding (1 + x)"

If n is a natural number you can find the binomial expansion for (@ + bx)" using the formula:

n n n - 1= 1=rLr M
(a+b) =d +(1)+a) 1b+(g)+a 2b2+...+(:)+6f b'+ ...+ b, (n € N) terms, so this formula
produces a finite

If n is a fraction or a negative number you need to use this version of number of terms.

the binomial expansion.

» This form of the binomial expansion can be applied to negative or fractional values of » to
obtain an infinite series.
n(n-1) 2, nin-1)(n-2) ,
2 31 %

n
(1+x)"=1+nx+ +...+(r)x’+..., (lx] <1,n € R)

» The expansion is valid when |x| < 1.

When # is not a natural number, none of the m Thifs expamsion ixvalid for amrent
factors in the CARIESSHIR nin=1) ... _(” =l 1) value of », but is only valid for values of x that
are equal to zero. This means that this version satisfy |x| < 1, or in other words, when =1 < x < 1.

of the binomial expansion produces an infinite
number of terms.

Find the first four terms in the binomial expansion of

I + x
1 e
i (1% %) - Write in index form.
+ X
-1)(=2)x?
2! Replace n by -1 in the expansion.
(—~I(—2)(~3)x3 J
+ 3) + ...
: As n is not a positive integer, no coefficient will
=1—=Ix+1x? = 1x3 + ... ever be equal to zero. Therefore, the expansion is
infinite.

=]l=Xx4+x2=x3+ ...

For the series to be convergent, |x| < 1.

= The expansion of (1 + hx)”, where n is negative or a fraction, is valid for |bx| < 1, or |x| < %
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Find the binomial expansions of
a (1-x)

1
b (1 +4x)

Binomial expansion

up to and including the term in x°. State the range of values of x for which each expansion is valid.

a (1-x)s

1
1+ (3)(=x)

Replace n by 3, x by (-x).

(

3
!
3.

)5 = 1(=x)?

—— Simplify brackets.

+

21
(25 = NG = 2) (=x)?

" 3]

(3)N=5)-x)?
2

—

1

1+ (%)(——.r) +

(D=2)(=2)(~x)?
————

Expansion is valid as long as |-x| < 1
= |x| <1

b — = (1 + 4x)2 .

(1 + 4x)?

=1+ (-2)(4x)

(=2)(=2 = 1)(4x)2
* 2l

(-2)(=2 - 1)(-2 - 2)(4x)?
+ - 30 + ...

=1+ (-2)(4x)

(-2)(-3)16x°
-+

2

(~2)(=3)(-4)64x
i+ C T

=1-=8x+48x2 - 256x3 + ...

(

Expansion is valid as long as |4x| < 1

1
= |x| < g

@ Use technology to explore

m Be careful working out whether each

term should be positive or negative:

- even number of negative signs means term is
positive

- odd number of negative signs means term is
negative

The x3 term here has 5 negative signs in total, so

it is negative.

Simplify coefficients.
Terms in expansion are (—=x), (=x)?, (=x)°.
Write in index form.

Replace n by -2, x by 4x.

Simplify brackets.

Simplify coefficients.

Terms in expansion are (4x), (4x)?, (4x)>.

OF

why the expansions are only valid
for certain values of x.
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Example o

a Find the expansion of v1 -

1-2

x up to and including the term in x?.

b By substituting in x = 0.01, find a decimal approximation to v2.

a J1-2x=(01-2x)z

Expansion is valid if |-2x| <1

1
=1+ ($)(-2X)

)G = N=2x)?
* 21

(203 = Nz = 2)-2x)
4 3 % s

=1+ (3)(-2x)

(L) (~1)(4x2)

X2 X 5 [

=1—.\'—?—?

= x| < é
2
b Vi—2x001 ~1-001- O'ST "
_ oot
2 -

94

[49 x 2

v0.98 = 1 - 0.01 = 0.00005

- 0.0000005 ‘

28 . 09899495 L

V100

e Bl 0.9899495

7!.’?

0 ~ 0.98699495

5 0.9899495 x 10

V2 ~ 1.414213571

Write in index form.

Replace n by 3, x by (~2x).

Simplify brackets.

Simplify coefficients.

Terms in expansion are (-=2x), (-2x)?, (-2x)>.

x = 0.01 satisfies the validity condition |x| <+

Substitute x = 0.01 into both sides of the
expansion.

Simplify both sides.
Note that the terms are getting smaller.

Write 0.98 as -

Use rules of surds.

This approximation is accurate to 7 decimal
places.



Binomial expansion

2+x
f Xy = ————
) v1+ 5x
a Find the x? term in the series expansion of f(x).

b State the range of values of x for which the expansion is valid.

Write in index form.

a f(x) = (2 + X0 + 5x)

(1 +503=14+ (_—%)(5.\3

T
)
L T . . —_— : g
3 (5x)> + Find the binomial expansion of (1 + 5x)~:
5 1D 62
=1=-Sx+ %" == 65 x3 Simplify coefficients.

5 75 , 625
fx) =2+ x)|1 - =x + —5x% - X3+ )
i ( 2 & 16 m Use your calculator to calculate 5

75 5 G5 the coefficients of the binomial expansion.

2XF+1X-§=?

x2 term is i—5,\-2 Problem-solving

There are two ways to make an x? term.

b The expansion is valid if |5x| < 1 e X
= |x] <1 Either 2 x —8-x3 Or X x SX. Add these together to
find the term in x2,

Example o

In the expansion of (1 + kx)~* the coefficient of x is 20.

a Find the value of k.
b Find the corresponding coefficient of the x? term.

a (1+kx) %=1+ (=4)kx) +(;42)E_ﬁ(k.t)2 + ... —— Find the binomial expansion of (1 + kx)*.

=14+ =4kx + 10k2x2 + ...

-4k = 20
T Solve to find k.
k=-5 |

b Coefficient of x2 = 10k2 = 10(-5)% = 250
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1 For each of the following,

i find the binomial expansion up to and including the x? term
ii state the range of values of x for which the expansion is valid.
a (1 +x)* b (1+x)* ¢ (1+x):

d (1+x) e (1+x)7 f (1+x)

2 For each of the following,
i find the binomial expansion up to and including the x* term
ii state the range of values of x for which the expansion is valid.

a (1+3x)7° b (1 +%x)_3 ¢ (1+2x)

5
=3

d (1-5x) e (1+6x)" f(1-3x)

3 For each of the following,
i find the binomial expansion up to and including the x* term

ii state the range of values of x for which the expansion is valid.
| 1

2 e b 1+ 32" ¢ vl-x A In part f, write
 — the fraction as a single
d V1-3x e I g 2 1 -2x power of (1 — 2x).
- f'l L 1 -2x
yil+3x

l +x
o=

a Show that the series expansion of f(x) up to and including the S First rewrite f(x)
x3termis 1 + 3x + 6x2 + 12x°. (4 marks) as (1 + )1 - 2.
b State the range of values of x for which the expansion is valid.
(1 mark)
—_— ] 1
® 5 f(x):vufl +3x,—§<x<§-
a Find the series expansion of f(x), in ascending powers of x, up to and including
the x* term. Simplify each term. (4 marks)
. V103
b Show that, when x = ﬁ the exact value of f(x) 1s Y 10 (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate
the value of f(0.01). Give your answer to 2 significant figures. (3 marks)

® 6 In the expansion of (1 + ax)'% the coefficient of x2 is 24.
a Find the possible values of a.
b Find the corresponding coefficient of the x* term.
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Binomial expansion

® 7 Show that if x is small, the expression | : v is small’ means we can assume
1 I=x the expansion is valid for the x values
is approximated by 1 + x + 5x°. being considered as, high powers become

insignificant compared to the first few terms.

| 6 4
8 b)) =1 5 To 3=

a Find the series expansion of h(x), in ascending powers of x, up to and including

the x? term. Simplify each term. (6 marks)
b Find the percentage error made in using the series expansion in part a to estimate

the value of h(0.01). Give your answer to 2 significant figures. (3 marks)
¢ Explain why it is not valid to use the expansion to find h(0.5). (1 mark)

9 a Find the binomial expansion of (1 — 3x): in ascending powers of x up to and including

the x?* term, simplifying each term. (4 marks)
I ;. 91V97
b Show that, when x = 100° the exact value of (1 — 3x):1s 1000 (2 marks)
¢ Substitute x = ﬁ into the binomial expansion in part a and hence obtain an approximation
to V97. Give your answer to 5 decimal places. (3 marks)
Challenge
_1
h(x) = (1 +§:—) z, x| >1
a Find the binomial expansion of h(x) in ascending powers of x up to m Replace x with ¢

and including the x? term, simplifying each term.
3/10
10

¢ Use the expansion in part a to find an approximate value of v10.
Write your answer to 2 decimal places.

b Show that, when x =9, the exact value of h(x) is

m Expanding (a + bx)"

The binomial expansion of (1 + x)" can be used to expand (a + hx)" for any constants @ and b.

You need to take a factor of a” out of the expression:

(@+ bx)" = (a(l + %-r)) - a"(l + %\) m Make sure you multiply ¢" by every

n

term in the expansion of (1 - g-x) .
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» The expansion of (a + bx)”, where n is negative or a fraction, is valid for |gx| <1lor|x| <%
ENTE o
Find the first four terms in the binomial expansionof a v4+x b m
State the range of values of x for which each of these expansions is valid.
a Vi +x=(4+Xx): Write in index form.
ST
= (4(1 * Z)) ~ Take out a factor of 4.
ol g XN
= 4.(1 + 4) —
Write 4: as 2.
Ll X\
=2(1+ Z)
1\(1 XX\ E
ol 16 :
B % 5)(74) ¥ 2! Expand (l + %) using the binomial expansion
AT THIEPATE A withn=2and x ==
(2)(2 1)(2 2)z) ) ’ 4
+ 3 + ..

Simplify coefficients.

x2 x3

X :
-‘f(”g'ma*mm*“-)_

Multiply every term in the expansion by 2.

The expansion is infinite, and converges when

Expansion is valid if |i‘ £ e |%| <1,0r |x| <4

= |x| <4
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-+

= ;((1 + (-2)(%)

.
(=2)(=2 = (=2 - 2)(%) )
- 3] s

Ix2
(-2}(-3}( 4 )

+

(1 - 3x +

]

27X B

27 x3
+

~ By
4 16

Expansion is valid if |%| <1

8

= | x| $E
3

Exercise @

@ 1 For each of the following,

Write in index form.

Take out a factor of 2-2.

Write 22 = 1.1

22~

2=

-2
Expand (1 + %) using the binomial

expansion withn =-2 and x = 3x

2

Simplify coefficients.

Multiply every term by +

The expansion is infinite, and converges

3x 2
when > |-<1,x<3

i find the binomial expansion up to and including the x* term

ii state the range of values of x for which the expansion is valid.

R P | |
a v4 + 2x 3+ x C @— )
e | 5 l +x
V2 + x 3+ 2x 24X

d V9+x

m Write part g 5
1 [2+X
#1372 g V1-x

Binomial expansion
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® 2

® 3

f(x)=(5+4x)2 [x| < %

Find the binomial expansion of f(x) in ascending powers of x, up to and including the
term in x*. Give each coefficient as a simplified fraction. (5 marks)

m(x) =v4-x, x| <4

a Find the series expansion of m(x), in ascending powers of x, up to and including

the »? term. Simplify each term. (4 marks)
;3—
b Show that, when x = % the exact value of m(x) 1s % (2 marks)
¢ Use your answer to part a to find an approximate value for v35, and calculate the percentage
erTor in your approximation. (4 marks)

The first three terms in the binomial expansion of ,l_ are 3 + lx + L_\J + ...
Va + bx 3718

a Find the values of the constants @ and b.
b Find the coefficient of the x* term in the expansion.

34+ 2x - x2

flx) = 4 -x

Prove that if x is sufficiently small, f(x) may be approximated by % + %x — %x?.

| 5 . , : ; ,
a Expand ————, where |x| < %, in ascending powers of x up to and including the term in x2,

V5 + 2x 2

giving each coefficient in simplified surd form. (5 marks)
b Hence or otherwise, find the first 3 terms in the expansion of ‘/2‘;' as a series in ascending

powers of x. S+ 2x (4 marks
a Use the binomial theorem to expand (16 — 3x)s, x| < % in ascending powers of x,

up to and including the term in x?, giving each term as a simplified fraction. (4 marks)
b Use your expansion, with a suitable value of x, to obtain an approximation to V15.7.

Give your answer to 3 decimal places. (2 marks)

3 2 1
8= o T3+ s M2
a Show that the first three terms in the series expansion of g(x) can be written
1 107 719 ,

as 75 + 75 X — 435X (5 marks)
b Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate

the value of g(0.01). Give your answer to 2 significant figures. (3 marks)
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m Using partial fractions

Partial fractions can be used to simplify the expansions of
more difficult expressions.

Example o

a Express as partial fractions.

— Sx
(1 +xH2-x)

Binomial expansion

You need to be confident

expressing algebraic fractions as
sums of partial fractions.
¢ Chapter 1

4 - 5x 11 25

b Hence show that the cubic approximation of

(

x2 = —x3,

isZ-Eat-—
1 +x)(2-x) 2 4 8

¢ State the range of values of x for which the expansion is valid.

__4-5x A B

The denominators must be (1 + x) and (2 - x).

@ M+x)(2-x) 1+x * 2= %

A2 - x)+ B(1 + x)

Add the fractions.

(1 + x)(2 - x)

4-5x=A@2 -x)+ B0l +x) -

Substitute x = 2:
4 -10=Ax0+Bx3

Set the numerators equal.

Set x =2 to find B.

-6 =3B
B=-2
Substitute x = -1:
44+5=4Ax3+Bx0

Set x = -1 to find A4.

=34
A=3
55 4 - 5x _ 3 __2
1+x)2-x) 1+x 2-x
b 4 - 5x = = [
M+x)(2-x) 1+x 2-x

—— Write in index form.

Problem-solving

=31 +x)"-22 -x)" —u-—r

The expansion of 3(1 + x)™

o

“

X-
1+ =)x+ (—1)(—2)5

Use headings to keep track of your working.
This will help you stay organised and check your
answers.

Expand 3(1 + x)~! using the binomial expansion

x3 )
+ (—1J(—2J(—3)~3—! + ...

—

=31 -x+x2-x3+..)

=3 =-3x4+3x°-3x3+ ...

withn = -1.
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The expansion of 2(2 — x)™

-1

-2(z(1-3)

=2 3-‘(1 = %) Take out a factor of 21,
-2)(-5) e
=12\ % (-1)(-5) + 51 ' Expand (1 _E) using the binomial expansion
: withn=-land x=2
X\ 2
+ -K-2K-3)(-5) +
g e v
=1x 1+_+?+§+"’
1 '\-2 3
=1+ E + E + —
Hence — o k- S
1+ x)(2 - x)

=31 +x)"-22-x)" -

= {3 = 3x 4+ 3" = 3x5)

2 4 &
B 254 & "

‘Add’ both expressions.

The expansion is infinite, and converges when

r x| <1.

i is valid if |x| <1
+ x

The expansion is infinite, and converges when

2 - X

OO0
O O
I I 1 1

-2 -1 O 1 2

. X )
is valid if ‘%‘ <1 = ]\| < ? |E|<lor|.x|<2.

m You need to find the range of values

of x that satisfy both inequalities.

The expansion is valid when |x| < 1.

Exercise @

8x +4 ; :
® 1 a Express -2+ as partial fractions.

b Hence or otherwise expand

8x +4

in ascending powers of x as far as the term in x2.
(1-x)2+x) &P

¢ State the set of values of x for which the expansion is valid.
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(2+x)?

b Hence prove that —

as partial fractions.

a Express —

o

2+ x)?
and C are to be determined.

: | 3
can be expressed in the form —3¥+ Bx? + Cx? where constants B

¢ State the set of values of x for which the expansion is valid.

6+ 7x + 5x2
(I +x)(1 =x)2+ x)

a Express as partial fractions.

6+ 7x + 5x2
(1+x)(1=x)2+x)

¢ State the set of values of x for which the expansion is valid.

b Hence or otherwise expand in ascending powers of x as far as the term in x°.

- 12x -1 P |
B =T 29 -3x M1 <3
Given that g(x) can be expressed in the form g(x) = = + =

T 1l+2x  1-3x
a Find the values of 4 and B. (3 marks)
b Hence, or otherwise, find the series expansion of f(.x), in ascending powers of x,
up to and including the x? term. Simplify each term. (6 marks)
a Express 2:1- : 7." =6 in partial fractions. m First divide the numerator
(x +5)(x - 4) .
by the denominator.

2x2+7x -6
(x+5)(x-4)
powers of x as far as the term in x°.

b Hence, or otherwise, expand in ascending

¢ State the set of values of x for which the expansion is valid.

3x2+4x-5 P C
(x+3)(x-2) x+3 x-=2
a Find the values of the constants A, B and C. (4 marks)
. 3x2+4x -5 . . .,
b Hence, or otherwise, expand G+ 3)x=2) in ascending powers of x, as far as the term in x°.
Give each coefficient as a simplified fraction. (7 marks)
2x2+ Sx + 11 1
)=~ e+ 1y M <2
; : A B &
f(x) can be expressed in the form f(x) = - 1 - Ox_ 1 - o
a Find the values of 4, Band C. (4 marks)
b Hence or otherwise, find the series expansion of f(x), in ascending powers of x,
up to and including the term in x2. Simplify each term. (6 marks)

¢ Find the percentage error made in using the series expansion in part b to estimate
the value of f(0.05). Give your answer to 2 significant figures. (4 marks)
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Mixed exercise °

® 1

104

For each of the following,
i find the binomial expansion up to and including the x? term
ii state the range of values of x for which the expansion is valid.

A 1 4
—4x)3 :
a (1-4x) b V16 + x ¢ 1oy d 37 3x
e 4 f | +x (1+x)2 h x=3
/A —x |+ 3x g =y (1= x)(1 = 2v)
Use the binomial expansion to expand (l - %x) [x] < 2 in ascending powers of x,
up to and including the term in x?, simplifying each term. (5 marks)
a Give the binomial expansion of (1 + x)z up to and including the term in x3.

b By substituting x = %, find an approximation to v5 as a fraction.

The binomial expansion of (1 + 9x)7 in ascending powers of x up to and including the term in
: I
Xis 1 +6x+cex?+dx, x| <35

a Find the value of ¢ and the value of d. (4 marks)
b Use this expansion with your va]ues‘ of ¢ and d together with an appropriate value

of x to obtain an estimate of (1.45). (2 marks)
¢ Obtain (1 .45)% from your calculator and hence make a comment on the accuracy

of the estimate you obtained in part b. (1 mark)

In the expansion of (1 + ax): the coefficient of x2 is —2.
a Find the possible values of a.

b Find the corresponding coefficients of the x* term.

fx) = (1 + 3%, x| < 3

a Expand f(x) in ascending powers of x up to and including the term in x°. (5 marks)
b Hence show that, for small x:

1+x e 5 to4

T b | = 2x + 6x% — 18x°. (4 marks)

¢ Taking a suitable value for x, which should be stated, use the series expansion in
part b to find an approximate value for % giving your answer to 5 decimal places. (3 marks)

When (1 + ax)" is expanded as a series in ascending powers of x, the coefficients of x and x? are
—6 and 27 respectively.

a Find the values of @ and n. (4 marks)
b Find the coefficient of x°. (3 marks)
¢ State the values of x for which the expansion is valid. (1 mark)
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EP) 13

EP) 14

Show that if x is sufficiently small then

Binomial expansion

can be approximated by —;- - 1—36.\‘ + %x?

V4 + x

Expand where |x| < 4, in ascending powers of x up to and including the term in x2.

e}
V4 - x

Simplify each term. (5 marks)

: . . 1 .
Hence, or otherwise, find the first 3 terms in the expansion of as a series in

v‘4—.-\'

ascending powers of x. (4 marks)

Find the first four terms of the expansion, in ascending powers of x, of
(2+3x)7", x| < % (4 marks)

Hence or otherwise, find the first four non-zero terms of the expansion, in ascending powers
of x, of:

Idx ..o 4
373y Ix] <3 (3 marks)

Use the binomial theorem to expand (4 + x)~2, |x| < 4, in ascending powers of x,

up to and including the x? term, giving each answer as a simplified fraction. (5 marks)
Use your expansion, together with a suitable value of x, to obtain an approximation

2 :
to \7 Give your answer to 4 decimal places. (3 marks)

q(x) = (3 +4x)73, |« <;3

Find the binomial expansion of f(x) in ascending powers of x, up to and including

the term in the x2. Give each coefficient as a simplified fraction. (5 marks)
. 39x + 12
BN = i+ -8y M <]
g(x) can be expressed in the form g(x) = 2 S + 2
) o x+1'x+4 x-8
a Find the values of A, Band C. (4 marks)
b Hence, or otherwise, find the series expansion of g(x), in ascending powers of x,
up to and including the x* term. Simplify each term. (7 marks)
12x + 5 1
f(x)=——, x| <=
(x) (1 + 4x7 <7
For x = L ks, ot £ where 4 and B are constants.

&1 +4axp 1+4x " (1+4x)2

a Find the values of 4 and B. (3 marks)
b Hence, or otherwise, find the series expansion of f(x), in ascending powers of x,

up to and including the term x2, simplifying each term. (6 marks)
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L 9x?+26x+20
15 40 =" e+ x M <!

a Show that the expansion of g(x) in ascending powers of x can be approximated
to 10 — 2x + Bx? + Cx? where B and C are constants to be found. (7 marks)

b Find the percentage error made in using the series expansion in part b to estimate
the value of q(0.1). Give your answer to 2 significant figures. (4 marks)

Challenge

Obtain the first four non-zero terms in the expansion, in ascending
x3xo< 1,

powers of x, of the function f(x) where f(x) =
14 3x?

Summary of key points

1 This form of the binomial expansion can be applied to negative or fractional values of n to
obtain an infinite series:

nin—10x2 nn-1)n-2)x3
TR 3! el

The expansion is valid when |x| < 1.

1+x)"=14+nx+ )x'+..., (x| <1, neR)

2 The expansion of (1 + bx)", where n is negative or a fraction, is valid for |bx| < 1, or | x| <%

3 The expansion of (a + bx)", where n is negative or a fraction, is valid for |%x| <1lor|x| <%
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Review exercise

!

@ 2

©

Prove by contradiction that there are
infinitely many prime numbers.

(C))

« Section 1.1

Prove that the equation x*> — 2 =0 has no
rational solutions.

You may assume that if »” is an even
integer then # is also an even integer.

(4)

« Section 1.1

Express —— . as a single
P X°=2x-3 Xx*+x &

4)

« Section 1.2

fraction in its simplest form.

Ak 3 3 N
fxy=1 x+2+(.\'+2)3”‘ 2
X+x+1
o e —7
a Show that f(x) o+ 27 s X =2

b Show that x>+ x + | > 0 for all values of
X, X # =2,
¢ Show that f(x) > 0 for all values of x.

« Section 1.2

2x -1 .
Show that x—1)(2x_3) " be written
in the form 4 + where A and
x=1 2x-3

B are constants to be found.

3)

« Section 1.3

Given that
3x+7 P ) R

(x+ D(x+2)(x+3) x4 +.x'+2 +Jc+ 3

where P, Q and R are constants, find the
values of P, Q and R. (4)

+ Section 1.3

® 7

® 1

(E/P) 12

2

xX)= xE-l,x#2.
() (2—x)(1+.\‘)3”\ Lx#2

Find the values of 4, B and C such that

A B C
f(x) = 3—x 1+x (1 4 x)?

C)

+ Section 1.4

14x> + 13x + 2
(x+ D2x + 1)
A % B % C
2x+1  (2x+ 1)
Find the values of the constants 4, B
and C.

Cox+ 1
+ Section 1.4

ex+f
x’+4

3x2+6x-2
x2+4
find the values of d, e and f.

d+

Given that

C))

« Section 1.5

9-3x-12x2
(1 =x)(1+2x)

Show that p(x) can be written in the form

B C
AT 3 T2

constants to be found.

p(x) =

o where 4, B and C are

4

« Sections 1.3, 1.5

Solve the inequality |[4x + 3| > 7-2x. (3)

« Section 2.1

The function p(x) is defined by

N dx+5 x <=2
P-Y 1 —x24 4, x = -2

a Sketch p(x), stating its range. 3)
b Find the exact values of a such that
p(a) = -20. 4)

« Section 2.2
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Review exercise 1

The functions p and q are defined by

p(x) =  XER, x#-4

|
x+4
g(x)=2x-5,x€R

a Find an expression for qp(x) in the

ax+b
form % o 3)
b Solve qp(x) = 15. 3)
Let r(x) = qp(x).
¢ Find r'(x), stating its domain. 3)

« Section 2.3

The functions f and g are defined by:

x+2
X % NXER, x=0

f:x—

gx—In2x-5),xeR, x> %

a Sketch the graph of f. 3)
prox . OXHL
b Show that f*(x) = | 3)
¢ Find the exact value of gf (%)
(2)
d Find g'(x), stating its domain. 3)

« Section 2.3, 2.4

The functions p and q are defined by:
p(x)=3x+b,xeER
gix)=1-2x,xeR

Given that pq(x) = qp(x),

a show that b = -% 3)

b find p~'(x) and g'(x) 3)

¢ show that o I
Plq(X)=q'p (X)) = «“ ¢ » Wherea,
b and ¢ are integers to be found. 4)

« Section 2.3, 2.4

(®) 16

@ 1

M(2,4)

5 0 \5 X
The figure shows the graph of
y=1(x),-5=sx=<S5
The point M (2, 4) is the maximum
turning point of the graph.

Sketch, on separate diagrams, the graphs
of:

a y=fx)+3 (2)
b y=If(x) (2)
¢ y=A1(x) (2)

Show on each graph the coordinates of
any maximum turning points.

« Sections 2.5, 2.6

The function h is defined by
h:x—2x+3°-8, xeR

a Draw a sketch of y = h(x), labelling
the turning points and the x- and

y-intercepts. (4)
b Write down the coordinates of the
turning points on the graphs with
equations:
i v=3h(x+2) (2)
ii y=h(-x) (2)
iii y = |h(x)| (2)

¢ Sketch the curve with equation
y = h(—|x]). On your sketch show the
coordinates of all turning points and
all x- and y-intercepts. 4)
< Sections 2.5, 2.6



The diagram shows a sketch of the graph
of y = f(x).

The curve has a minimum at the point
A (1, =1), passes through x-axis at

the origin, and the points B(2, 0) and
C (5, 0); the asymptotes have equations
x=3and y=2.

a Sketch, on separate axes, the graphs of:

iy=|f(x) (2)
iiy=-f(x+1) (2)
iii v = f(-2x) (2)

in each case, showing the images of the
points A, B and C.

b State the number of solutions to each

equation.
i 3lf(x)=2 (2)
i 2lf(x)| = 3. (2)

« Sections 2.6, 2.7

The diagram shows a sketch of part of
the graph y = q(x), where

q(x)=3lx+bl=3,b<0

Va

0N ' =y
0 \/3

A

Y

2|
——

The graph cuts the y-axis at (O. 2

a Find the value of b. (2)

EP) 21
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Review exercise 1

b Find the coordinates of 4 and B.
¢ Solve q(x) = —%x + 5.

3)
&)

« Section 2.7

The function f 1s defined by
f(x)=—3x+4+8, xeR

The diagram shows a sketch of the graph
y = f(x).
Va

A\ ;
X
\]‘ = f(x)
(1)

b Give a reason why f~'(x) does not exist.

(1)
¢ Solve the inequality f(x) > %x +4. (5
d State the range of values of & for which

/ 0

a State the range of f.

the equation f(x) = %x + k has no
solutions.

(2)

« Section 2.7

The 4th, 5th and 6th terms in an
arithmetic sequence are:

12 = 7k, 3k*,k* = 10k

a Find two possible values of £. 3)
Given that the sequence contains only
integer terms,

b find the first term and the common
difference.

2)

« Section 3.1

The 4th term of an arithmetic sequence
is 72. The 11th term is 51. The sum of the
first n terms is 1125.
a Show that 3n° — 165n + 2250 = 0.

4)
b Find the two possible values for n.

(2)

« Section 3.2
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Review exercise 1

a Find, in terms of p, the 30th term of
the arithmetic sequence
(19p = 18), (17p = 8), (15p + 2), ...
giving your answer in its simplest form.
(2)
b Given Sy, =0, find the value of p.  (3)

« Sections 3.1, 3.2

The second term of a geometric sequence
is 256. The eighth term of the same
sequence is 900. The common ratio is r,
r>0.

a Show that r satisfies the equation

ﬁ) _
61Inr + ln(225 = i) 3)
b Find the value of r correct to

3 significant figures. 3)

< Section 3.3

The first three terms of a geometric

50 250
sequence are 10, 7 and 5.

a Find the sum to infinity of the series. 29
)

3
Given that the sum to k& terms of the
series 1s greater than 55,

lo (L)
A\12
d
log( 5
¢ find the smallest possible value of 4. (1)

« Sections 3.4, 3.5

b show that k > 4)

A geometric series has first term 4 and
common ratio r. The sum of the first
three terms of the series is 7.

a Show that4r’+4r-3=0. 3)
b Find the two possible values of .  (2)

Given that r is positive,
¢ find the sum to infinity of the series. (2)

« Sections 3.4, 3.5

The fourth, fifth and sixth terms of a
geometric series are x, 3 and x + 8.

@» 28

a Find the two possible values of x
and the corresponding values of the
common ratio. 4)

Given that the sum to infinity of the
series exists,

b find the first term (1)
¢ find the sum to infinity of the series. (2)

« Sections 3.3, 3.5

A sequence a,, @, ds, ... 1s defined by
ay=K&;

a,,1=3a,+5,n=1

where k is a positive integer.

a Write down an expression for a, in

terms of k. (1)

b Show that a; =9k + 20. (2)
4

¢ i Find Zla,. in terms of k. (2)

fi Show'that) a, isdivisible by 10. (2)
r=1
« Sections 3.6, 3.7

At the end of year 1, a company employs
2400 people. A model predicts that the

number of employees will increase by 6%
each year, forming a geometric sequence.

a Find the predicted number of
employees after 4 years, giving your
answer to the nearest 10. 3)

The company expects to expand in this
way until the total number of employees
first exceeds 6000 at the end of a year, N.

b Show that (N — I)logl.06 > log 2.5 (3)
¢ Find the value of M. (2)

The company has a charity scheme
whereby they match any employee charity
contribution exactly.

d Given that the average employee
charity contribution is £5 each year,
find the total charity donation over
the 10-year period from the end of
year 1 to the end of year 10. Give your
answer to the nearest £1000. 3)

« Section 3.8



EP) 30

¢

A geometric series is given by
6 —24x +96x% — ....
The series is convergent.

a Write down a condition on x. (1)
i r=1

Given that Y 6 x (-4x) =%
r=1 =

b Calculate the value of x. (5)

« Sections 3.5, 3.6

g(x) =

VIi-x
a Show that the series expansion of g(x)

up to and including the x* term is

x . 3x*_ 5¥%°

1+5+T+ﬁ (5)

b State the range of values of x for which
the expansion is valid. (1)

« Section 4.1

When (1 + ax)" s expanded as a series in
ascending powers of x, the coefficients of
x and x? are —6 and 45 respectively.

a Find the value of @ and the value of n.
b Find the coefficient of x*.

¢ Find the set of values of x for which

the expansion is valid.
« Section 4.1

a Find the binomial expansion of
(1 +4x)® in ascending powers of
x up to and including the x* term,
simplifying each term.

“@

b Show that, when x = % the exact

.. 1127112
value of (1 +4x)71s 1000

¢ Substitute x = % into the binomial

expansion in part a and hence obtain

. - Fa 2 -
an approximation to v 112. Give your
answer to 5 decimal places. 3)

d Calculate the percentage error in your
estimate to 5 decimal places. (2)

« Section 4.1

Review exercise 1

(®) 34 () =(1+x)3+2x7, x| <3

® 35

EP) 36

@ 37

Find the binomial expansion of f(x)
in ascending powers of x, up to and
including the term in x°. Give each
coeflicient as a simplified fraction.

C)

« Section 4.2

h(x)=V4-9x, x| <3

a Find the series expansion of h(x),
in ascending powers of x, up to and
including the x? term. Simplify each
term.

(4)

1
the exact

b Show that, when x = 100’
»W
10

¢ Use the series expansion in part a

(2)

value of h(x) 1s

. 1)
to estimate the value of h( 100 and

state the degree of accuracy of your
approximation.

3

« Section 4.2

Given that (@ + hx)~2 has binomial
. 1 5
expansion % +3X+ex?+ ...

a Find the values of the constants
a, b and c.

4

b Find the coefficient of the x* term in
the expansion.

(2)

« Section 4.2

)= 3+ 5x |Y|<l
B =T 3000’ "

3

Given that g(x) can be expressed in the
B

1+3x 1-x

a find the values of 4 and B.

b Hence, or otherwise, find the series
expansion of f(x), in ascending powers
of x, up to and including the x* term.
Simplify each term. (6)

« Sections 4.1, 4.3

formg(x) =

(3)
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Review exercise 1

3x-1 _ 4 B .
38 (1-2x)2 l-2x+(_1-2x)2’|"|<2

a Find the values of 4 and B. 3)
3x-1
(1-2x)?
in ascending powers of x, as far as the
term in x*. Give each coefficient as a
simplified fraction. (6)

b Hence, or otherwise, expand

« Sections 4.1, 4.3

" 25 .
I ) =G Tgra—n M1

f(x) can be expressed in the form

A 4 B " C
3+42x (3+2x)* 1-x

a Find the values of 4, B and C. (4)

b Hence, or otherwise, find the series
expansion of f(x), in ascending powers
of x, up to and including the term in
x*. Simplify each term. (6)

« Sections 4.1, 4.2, 4.3

4x°+30x + 31 B C
W e hOxs 3 A et e
a Find the values of the constants 4, B
and C. (4)

b Hence, or otherwise, expand

4x*+31x +30 in ascending powers of
(x+4)(2x +3) Ep

x, as far as the term in x°. Give each
coefficient as a simplified fraction. (7)

« Sections 4.1, 4.2, 4.3

112

Challenge

1 The functions f and g are defined by

f(x) =-3|x+3|+15 xR
g)=-3x+3,xeR

The diagram shows a sketch of the graphs
»=f(x) and y = g(x), which intersect at points 4
and B. M is the midpoint of AB.

The circle C, with centre M, passes through
points A and B, and meets y = f(x) at point P as
shown in the diagram.

VA

a Find the equation of the circle.
b Find the area of the triangle 4 PB.
¢ Section 2.6

Giventhata,,,=a,+k,a,=nand ) a,= i;a,-,
;‘ 3

show that n =%k. « Section 3.6

The diagram shows a sketch of the functions
p(x) =|x? = 8x + 12| and q(x) = [x* = 11x + 28|.

VA

0 %

Find the exact values of the x-coordinates of
the points 4, B and C. « Section 2.5



Radians

After completing this unit you should be able to:

e (onvert between degrees and radians and apply
this to trigonometric graphs and their transformations
- pages 114-116

® Know exact values of angles measured in radians
= pages 117-118

Find an arc length using radians - pages 118-122

Find areas of sectors and segments using
radians -» pages 122-128

Solve trigonometric equations in radians - pages 128-132

Use approximate trigonometric values when 6 is small
-» pages 133-135

N

Prior knowledge check

: | 1 Write down the exact values of the
following trigonometric ratios.

a cos120° b sin225° ¢ tan(-300°)

d sin (-480°) « Year 1, Chapter 10
2 Simplify each of the following expressions.

a (tanfcos#)? + cos?d

1 [ sinf cosd
b 1- (1] ——mM8M—
c0s20 \ tanf
« Year 1, Chapter 10
Show that

a (sin26 +cos20)2 =1+ 2sin26 cos 26

2 . 2 cos?f
b — -2sinf=—
sin# sin@
& Year 1, Chapter 10

Solve the following equations for # in the
interval 0 = @ =< 360°, giving your answers
to 3 significant figures where they are not
exact.

Radians are units for measuring angles.
They are used in mechanics to describe
circular motion, and can be used to work out
the distances between the pods around the

edge of a Ferris wheel. -» Exercise 5B Q13 |

\ N\ LR Ry =& W

a 4cosf+2=3 b 2sin260=1
¢ 6tan?f + 10tanf — 4 =tan#

d 10+ 5cosf = 12sin%#d
¢« Year 1, Chapter 10




Chapter 5

@ Radian measure

So far you have probably only measured angles in degrees, with one degree representing % of a
complete revolution or circle.

You can also measure angles in units called radians. 1 radian is the angle subtended at the centre of
a circle by an arc whose length is equal to the radius of the circle.

If the arc AB has ;
lenoth r. then ZAOB 4 You always use radian measure when you
. lg d', are differentiating or integrating trigonometric
IS 1 radian. functions. - Sections 9.1, 11.1
]
B‘/ m You can write 1 radian as 1 rad.

The circumference of a circle of radius r is an 27
arc of length 27 r, so it subtends an angle of
2 radians at the centre of the circle.

" 27 radians = 360° m This means that

® 7 radians = 180° 1 radian = 57.295.. °
(o]

® 1radian= lfro

Convert the following angles into degrees.

Tr 4
q — &d b Y 'd
a 2 ra 5 ra
Vi 4m
rrd b = r‘."d 2 »
s 15 lradianzﬂ, so multiply by 150
7 - 180° i "
= — x 180° =4 X —_ 7w 180° 7 -
') 13 ?X T =§X 180
= 157.5° = 48°

Convert the following angles into radians. Leave your answers in terms of .

a 150° b 110°
a 150° = 150 X —— rad * i
180 1° = —— radians, ltiply by —
iz 1go radians, so multiply by -2
= c rad
b 110° = 110 x —— rad
180 , .
" Your calculator will often give you exact answers
=8.rad | interms of 7.
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You should learn these important angles in radians:

m 30°=" radians

B 45° = % radians

Find:

Give your answers correct to 2 decimal places where appropriate.

a

m 60° =" radians ® 180° = 7r radians

3

m 90° =% radians

6

m 360° = 27 radians

@ Use your

calculator to evaluate
trigonometric functions in
radians.

a sin(0.3rad) b cos(mrad) ¢ tan(2rad)

sin (0.3 rad) = 0.30 (2 d.p)
m You need to make sure your
b cos(mwrad) = -1 calculator is in radians mode.
¢ tan(2rad) = -2.19 (2 dp)

Example o

Sketch

14
1]

If the range includes values given in terms of «,
you can assume that the angle has been given in
radians.

I— sin(

the graph of y =sinx for ) < x = 27,

y=sinx T

2) =5in90° = 1

Example o

Sketch

VA
1.

the graph of y =cos(x + 7) for 0 = x = 27.

y=Ccos(x+m)

The graph of y = cos (x + a) is a translation of the
el

)

i graph y = cos x by the vector ( 0
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Exercise @

1 Convert the following angles in radians to degrees.
Sw Sm 3

T m A
120 s ‘1 o €2 ¥
2 Convert the following angles to degrees, giving your answer to 1 d.p.
a 0.46rad b 1rad ¢ 1.135rad d V3rad

3 Evaluate the following, giving your answers to 3 significant figures.
a sin(0.5rad) b cos(y2rad) ¢ tan(1.05rad) d sin(2rad) e sin(3.6rad)

4 Convert the following angles to radians, giving your answers as multiples of 7.
a 8° b 10° ¢ 22.5° d 30° e 112.5°
f 240° g 270° h 315° i 330°

5 Convert the following angles to radians, giving your answers to 3 significant figures.
a 50° b 75° ¢ 100° d 160° e 230° f 320°

6 Sketch the graphs of:
a y=tanxfor0=x=<2r b y=cosx for-t<x=nr

Mark any points where the graphs cut the coordinate axes.

7 Sketch the following graphs for the given ranges, marking any points where the graphs cut the
coordinate axes.

a y=sin(x-mfor-r=sx<=n7w b y=cos2xfor0=x=<2x

il -
¢ y=tan (.\‘ + ’;) for-r=sx=n7« d y=sinzx+1for0)=x=o6r

: ; . 2
8 The diagram shows the curve with equation y = cos (\ - —{) =27 < x < 2m.

YA

Problem-solving

Make sure you write down the coordinates of all
0 x four points of intersection with the x-axis and the
coordinates of the y-intercept.

Write down the coordinates of the points at which the curve meets the coordinate axes. (3 marks)

Challenge

Describe all the angles, #, in radians, that satisfy: m You can use nr, where n is an integer, to
a cosfl=1 describe any integer multiple of 7.
b sind=-1

¢ tan#is undefined.
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Radians

You need to learn the exact values of the trigonometric ratios of these angles measured in radians:

. 1 T V3
. —— . —_———
5["6 5 (:056 5
. 7r \'Illin Tr 1
. — e — . —
sin 3 > cos 3 >
.1 V2 L |
BsSin—=—=— BCOoS— =——=
4 /2 2 & /2

You can use these rules to find sin, cos or tan of any VA
positive or negative angle measured in radians using
the corresponding acute angle made with the x-axis, 6.

® sin(w—0) =sinf

® sin (7 + 0) = —sin#

® sin (27 - 0) = -sin@
® cos(m —6) = —-cosf
® cos(m + 0) =—cosf
® cos (27— 0) =cosO
® tan(w - 0) = -tané
® tan(w + 60) =tanf

® tan (27— 0) = -tanf

Find the exact values of:

n 1;;-,mE = i_ = j—3-
6 /3 3
% tan% =/3
\i ™
— ®tan—=1
4
-0 5 A 0
[ 6 o
| 0 D 0 X
T+ f T C 2?\- — H

m The CAST diagram shows you which trigonometric

ratios are positive in which quadrant. You can also use the
symmetry properties and periods of the graphs of sin, cos
and tan to find these results. ¢ Year 1, Chapter 10

Problem-solving

You can also use the symmetry properties of

_ } = COS X'
47 . (=T :
a Ccos—- b sin & P4
- P=C0SX
1_
a Jp-;?'-
2
4
3/”\
T [ = T » X
' - —U O ZJT
A
_;__}_. _1_
P
cos X = cr*n(r' # 1] = —cos5—
Rl 3/ =8
A T
4n 1 — —is — bigger than .
Socos3-=-7 3 3

— Use cos (7 + ) = —cos .
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b 1\_‘—‘_"
5
27
.E‘
XN
m . >()
A
_'r"_ﬂ\\_/
| 7w\ _ . 5w _ . =« ; .
:»:n{— > ) = sin~- = sin- Use sin(m — ) = siné.
| . o k
o 7wy 1
L | [ i

1

Express the following as trigonometric ratios of either % % or % and hence find their exact values.
. 3 , 0§ . 1=
a sin~y b sin (— 3) ¢ sin—¢
d cos 2% e r:oss—}rr f cossi
3 3 4
3m Sw lks
tan—— h tan (——) i tan—
& Hny 4 6

Without using a calculator, find the exact values of the following trigonometric ratios.

. Tn b sinf-5) on 2]
a sin—3 sin | =3 ¢ cos| -
lix 51 (-2}
d cos 4 etan3 ftan—3
The diagram shows a right-angled triangle ACD on another -
. . : 2V6
right-angled triangle ABC with AD = \T and BC = 2.

) - D
Show that DC = kv2. where k 1s a constant to be determined.

(]

W6
3

A ] B

@ Arc length

Using radians greatly simplifies the formula for arc length.

® To find the arc length / of a circle use the formula / = 16,

where ris the radius of the circle and 0 is the angle,
in radians, contained by the sector.

e g
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Radians

Example o
Find the length of the arc of a circle of radius 5.2cm, m Explore the ate sfiath O

given that the arc subtends an angle of 0.8rad at the

] of a sector using GeoGebra.
centre of the circle.

Arc length = 5.2 x 0.6 = 4.16cm Use /=r@, withr=52and € =0.8.

An arc AB of a circle with radius 7cm and centre O has a length of 2.45cm. Find the angle ZAOB
subtended by the arc at the centre of the circle.

2.45em

[=r0 Use /=rf, with[=245and r=1.
245 =70
245
=g
'?
0 =0.35rad Using this formula gives the angle in radians.

An arc AB of a circle, with centre O and radius rcm, subtends an angle of ¢ radians at O.
The perimeter of the sector AOB is P cm. Express r in terms of P and 6.

Problem-solving

When given a problem in words, it is often a good
idea to sketch and label a diagram to help you to
visualise the information you have and what you

need to find.
P=rl+2r L
=r(2 + 0) The perimeter = arc AB + OA + OB, where
i P arc AB = r0.
S0 r =
(2 + 6) L— Factorise.
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The border of a garden pond consists of a straight edge 4B of length
2.4m, and a curved part C, as shown in the diagram.

The curved part is an arc of a circle, centre O and radius 2 m.

Find the length of C.

A 24m B

0
@ Explore the area of a sector

using GeoGebra.

pde g Problem-solving

Look for opportunities to use the basic
Sin X = trigonometric ratios rather than the more
complicated cosine rule or sine rule. AOB is

N

x =0.6435...rad
Acute ZAOB = 2 y an isosceles triangle, so you can divide it into
CULE LA =X ra . .
| ,) g - 435 congruent right-angled triangles. Make sure your
= A AR e calculator is in radians mode.
= 1.2870...rad
So 0 = (27 - 1.2870...) rad
O 1 , e L C subtends the reflex angle 6 at O,
= 4,996]... rad

so length of C = 26.

So length of C = 9.99m (3 s.f)
6 + acute LZAOB = 2x rad

— e

1

An arc AB of a circle, centre O and radius rcm, subtends an angle 6 radians at O.
The length of AB is /cm. .
a Find /when: i r=6,0=045 il r=4.5,0=045 i r =20, H:'grr

5

b Find rwhen: i /=10,0=0.6 ii /=1.26,0=0.7 ili /=157, 0=1757

—

¢ Find #when: i /=10,r=75 ii /=45 r=5.625 iii /=/12,r=V3

A minor arc AB of a circle, centre O and radius

10cm, subtends an angle x at O. The major arc m The minor arc 4 B is the shorter
AB subtends an angle 5x at O. Find, in terms arc between points 4 and B on a circle.

of , the length of the minor arc 4B.

An arc AB of a circle, centre O and radius 6cm, has length /cm. Given that the chord AB has
length 6cm, find the value of /, giving your answer in terms of .

The sector of a circle of radius v'10 cm contains an angle of V5 radians,
as shown in the diagram. Find the length of the arc, giving your answer

in the form p,/q cm, where p and ¢ are integers.
\/TITCm '\[r{jClTl
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Radians

Referring to the diagram, find:

Problem-solving

The radius of the larger
arcis3+2=>5cm.

a the perimeter of the shaded region
when 6 = 0.8 radians. 0

b the value of # when the perimeter of

the shaded region is 14cm. A o

A sector of a circle of radius rcm contains an angle of 1.2 radians. Given that the sector has
the same perimeter as a square of area 36cm?, find the value of r.

A sector of a circle of radius 15c¢m contains an angle of f radians. Given that the perimeter of
the sector 1s 42 cm, find the value of 6.

In the diagram 4B is the diameter of a circle,
centre O and radius 2cm.
The point C 1s on the circumference such that

£LCOB= %:rr radians. p \ E‘;’ — #

a State the value, in radians, of ZCOA. ) (1 mark)
The shaded region enclosed by the chord AC, arc CB and AB is the template for a brooch.

b Find the exact value of the perimeter of the brooch. (5 marks)

The points A and B lie on the circumference of a circle with centre O and radius 8.5cm.

The point C lies on the major arc 4AB. Given that ZACB = 0.4 radians, calculate the length of
the minor arc AB.

In the diagram OAB is a sector of a circle, centre O and radius Rcm, and
ZAOB = 260 radians. A circle, centre C and radius rcm, touches the arc
AB at T, and touches OA and OB at D and E respectively, as shown.

a Write down, in terms of R and r, the length of OC. (1 mark) Rem
b Using AOCE, show that Rsinf = r (1 + sin#). (3 marks) D £
¢ Given that sinf = % and that the perimeter of the sector OAB is L )
21 cm, find r, giving your answer to 3 significant figures. (7 marks) . - b
A

The diagram shows a sector AOB.
The perimeter of the sector is twice the length of the arc 4B.

Find the size of angle AOB. -

A circular Ferris wheel has 24 pods equally spaced on its circumference.

Given the arc length between each pod is 3Tﬂ-m. and modelling each pod as a particle,

—

a calculate the diameter of the Ferris wheel.
Given that it takes approximately 30 seconds for a pod to complete one revolution,

b estimate the speed of the pod in km/h.
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13 The diagram above shows a triangular garden, POR, with
PO=12m, PR=Tmand £QPR = 0.5 radians. The curve SR is
a small path separating the shaded patio area and the lawn, and
1s an arc of a circle with centre at P and radius 7m.

Find:
a the length of the path SR (2 marks)
b the perimeter of the shaded patio, giving your answer

to 3 significant figures. (4 marks)

14 The shape XYZ shown is a design for an earrin

g.
X

Smm Smm

The straight lines X'Y and XZ are equal in length. The curve YZ is an arc of a circle with centre
O and radius Smm. The size of £ZYOZ is 1.1 radians and XO = 15Smm.

a Find the size of £ZX0OZ, in radians, to 3 significant figures. (2 marks)

b Find the total perimeter of the earring, to the nearest mm. (6 marks)

@ Areas of sectors and segments

Using radians also greatly simplifies the

formula for the area of a sector. A sector of a circle is the
B To find the.area A of a:sector of a portion of a circle enclosed by two
. 1 <0, radii and an arc. The smaller area is
circle use the formula 4 = El'z 0, known as the minor sector and the

where r is the radius of the circle larger is known as the major sector.
and 0 is the angle, in radians,
contained by the sector.

Find the area of the sector of a circle of radius 2.44 cm, given that the sector subtends an angle of
1.4 radians at the centre of the circle.

N —

Aied SE SEEr = % DAL % 14 Use A =%r36with r=24kand =14

17

»

m< (3 s.1t)

0
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Radians

Example @

A

In the diagram, the area of the minor sector AOB is 28.9cm?.,

Given that ZAOB = 0.8 radians, calculate the value of r.
B
289 = é; x 0.8 = 0.4r2
So 12 = _ZOQE = 72.25 L Let area of sector be 4cm? and use 4 = %rz(;_
4
reyicees =85
1 Use the positive square root in this case as a

length cannot be negative.

A plot of land is in the shape of a sector of a circle of radius 55m. The length of fencing that is
erected along the edge of the plot to enclose the land is 176 m. Calculate the area of the plot of land.

A : @ Explore the area of a segment 0

= =
2om using GeoGebra.

Draw a diagram including all the data and let the

55m angle of the sector be 6.

B
Problem-solving

Arc AB =176 = (55 + 55)
=66m In order to find the area of the sector, you
5 oA need to know . Use the information about the
66 = 550 :
_ i , perimeter to find the arc length 4B.
So 0 =12 radians
Area of plot = é % 55F x 1.2 As the perimeter is given, first find length of arc 4B.

= 1815 m*

— Use the formula for arc length, /= r6.

—— Use the formula for area of a sector, 4 = %r"—f?.

You can find the area of a segment by subtracting the area of triangle OPQ from the area of sector OPQ.

P
Using %rz(i for the area of the sector and -;-ub sin# for the area of a triangle:
A=3r% - 5 sin 6

= %;—2(0 —sin6)

Q

® The area of a segment in a circle of radius ris 4 = %,.z (60 —sin6)
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The diagram shows a sector of a circle. Find the area of the shaded segment.

7em

7ecm

Area of segment =

x 79(1.2 = sin1.2)

e I\_)| —

2
6.57cm? (3 st)

I

S ETTHE @
0

In the diagram above, OAB is a sector of a
circle, radius 4m. The chord 4B is S5m long.

Find the area of the shaded segment.

Calculate angle AOB first:

cos£ZAOB =

Use 4 = -;-rE(H - sin@) with r =7 and € = 1.2 radians.

x 49 x 0.26796..

Make sure your calculator is in radians mode
when calculating sin .

Problem-solving

In order to find the area of the segment you need
to know angle AOB. You can use the cosine rule
in triangle AOB, or divide the triangle into two

right-angled triangles and use the trigonometric
ratios.

42 4 42 - 52
2x4 x4
-2
- 32

So £LAOB = 1.3502..

Area

124

of shaded segment

I

;- x 42(1.3502.. - sin1.3502..)

;_— X 16 x 0.37448..

3.00m? (3 s.f)

Use the cosine rule for a non-right-angled
triangle.

m Use unrounded values in your

calculations wherever possible to avoid rounding
errors. You can use the memory function or
answer button on your calculator.



Radians

In the diagram, 4B is the diameter of a circle of radius rcm, and ZBOC = 0 radians. Given that the
area of AAOC is three times that of the shaded segment, show that 36 — 4sinf = 0.

— Area of segment = area of sector — area of triangle.

r2(0 — sin@)

Area of segment =

1
e —— — ZAOB=rradians.
Area of AAOC = %r' f__)ir‘(;' -0
1 Area of AAOC =3 X area of shaded segment.
= —1r?sinf ’
? -
. I Problem-solving
So —1r?sinf = 3 x =—r(6@ — sinf ! )
' g Dsge i) You might need to use circle theorems or
sinfl = 3(f — sinf) properties when solving problems. The angle in a
So 30-4sinf=0 semicircle is a right angle so zACB =%

Exercise

;

1 Find the shaded area in each of the following circles. Leave your answers in terms of = where

appropriate.

@) @
(¥

2 Find the shaded area in each of the following circles with centre C.
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For the following circles with centre C, the area A4 of the shaded sector is given. Find the value
of x in each case.

a b ¢

A=12¢cm?

The arc AB of a circle, centre O and radius 6¢m, has length 4cm.
Find the area of the minor sector AOB.

The chord AB of a circle, centre O and radius 10cm, has length 18.65c¢m and subtends an angle
of # radians at O.

a Show that # = 0.739 radians (to 3 significant figures).
b Find the area of the minor sector AOB.

The area of a sector of a circle of radius 12cm is 100cm?. Find the perimeter of the sector.

The arc AB of a circle, centre O and radius rcm, 1s such that ZAO0B = (.5 radians.
Given that the perimeter of the minor sector AOB 1s 30cm,

a calculate the value of r
b show that the area of the minor sector AOB is 36 cm?
¢ calculate the area of the segment enclosed by the chord 4B and the minor arc 4B.

— : . m .
The arc AB of a circle, centre O and radius xcm, is such that angle AOB = 1 radians.

Given that the arc length AB is /cm, .

-

a show that the area of the sector can be written as

m
The area of the full circle is 36007 cm?.
b Find the arc length of AB.

¢ Calculate the value of x.

In the diagram, A B 1s the diameter of a circle of
radius rcm and ZBOC = 6 radians.

Given that the area of ACOB is equal to that of the
shaded segment, show that § + 2sinf) = 7.

In the diagram, BC is the arc of a circle, centre O
and radius 8cm. The points 4 and D are such that
0OA = OD = 5cm. Given that ZBOC = 1.6 radians,
calculate the area of the shaded region.




Radians

In the diagram, 4B and AC are tangents to a circle, centre O B
and radius 3.6cm. Calculate the area of the shaded region, 4
given that ZBOC = 2T’Tradians. 000
0
p
In the diagram, AD and BC are arcs of circles with centre O, such that B
OA=0D=rcm, AB=DC =8cm and ZBOC = ¢ radians. M Som
a Given that the area of the shaded region is 48 cm?, show that g
6 0

= 5’ i (4 marks)
b Given also that r = 100, calculate the perimeter of the shaded b

region. (6 marks) c

A sector of a circle of radius 28 cm has perimeter Pcm and area A cm?.
Given that 4 = 4P, find the value of P.

The diagram shows a triangular plot of land. The sides AB, BC
and CA have lengths 12m, 14m and 10 m respectively. The lawn
1s a sector of a circle, centre 4 and radius 6 m.

a Show that ZBAC = 1.37 radians, correct to 3 significant figures.

b Calculate the area of the flowerbed.

The diagram shows OPQ, a sector of a circle with centre O,
radius 10cm, with ZPOQ = 0.3 radians.

The point R is on OQ such that the ratio OR: RQis 1:3.
The region S, shown shaded in the diagram, is bounded by
OR, RP and the arc PQ.

Find:
a the perimeter of S, giving your answer to 3 significant figures (6 marks)

b the area of S, giving your answer to 3 significant figures. (6 marks)

The diagram shows the sector OAB of a circle with centre O,
radius 12cm and angle 1.2 radians.

The line AC'is a tangent to the circle with centre O, and OBC'is a
straight line.

The region R is bounded by the arc 4B and the lines AC and CB.

a Find the area of R, giving your answer to 2 decimal places. (8 marks)
The line BD is parallel to AC.

b Find the perimeter of DAB. (5 marks)
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The diagram shows two intersecting sectors: ABD, with radius 5cm and angle 1.2 radians,
and CBD, with radius 12c¢m and angle 0.3 radians.
Find the area of the overlapping section.

Challenge

Find an expression for the area of a sector of a
circle with radius r and arc length /.

m Solving trigonometric equations

In Year 1, you learned how to solve trigonometric equations in degrees. You can solve trigonometric
equations in radians in the same way.

Example 0

Find the solutions of these equations in the interval 0 < 0 < 27

a sinf=0.3 b 4cosf=2 ¢ Stanf+3=1
a sinff=03
S0 0 = 0.304692654...
V4 Draw the graph of y = sin @ for the given
y=Sine ‘ interval.
y=0.3

O

IS ER

Find the first value using your calculator in
radians mode.

sinf = 0.3 where the line y = 0.3 cuts the curve. —— Since the sine curve is symmetrical in
Hence @ = 0.305rad or 2.64rad (3 o.f) the interval 0 < # < 7, the second value is
obtained by 7 — 0.30469...
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b 4cos0 =2
- 1
cosf =5 m When the interval is given in
Su b= | radians, make sure you answer in radians.
3
3 — First rewrite in the form cosf = ...
- Use exact values where possible.
3 Putting — in the four positions shown gives
_ - S w 2w 4T 5w Dol
S0 0 = ; s = O - SI = 53n ) || the angles 3 373 and 5 but cosine is only

positive in the 1st and 4th quadrants.

¢ S5tang + 3 =1

Stang = =2
taiif = —04 ___ For the 2nd value, since we are working in
s radians, we use 2 — @ instead of 360° - ¢.
i ! Draw the graph of y = tan @ for the interval
: y=tanf — —g < f < 27 since the principal value given
/ by tan-1(—0.4) is negative.
“_L__ _1'“1'_ . 3:*. am 0
2 2 5
i y=-04
cosf = — where the line y = — cuts the curve.

tan—2(-0.4) = -0.3805... rad

S0 08 =276108... rad (2.76rad to 3 s.f) _
g B - e Use the symmetry and period of the tangent
or ¢=590267... rad (5.90rad to 3 si) graph to find the required values.

m Always check that your final

values are within the given range; in this case
0< f < 2r (remember 27 =~ 6.283...)
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Solve the equation 17cos# + 2sin*# = 13 in the interval 0 < 0 < 2.,

Problem-solving

17 cosf + 3 sin®f = 131
17 cosf + 3(1 = cos*®) =13 |

17 cos8 + 3 — 3cos?0 = 13J

O=3cos?0 —17cos0 + 10 «

O0=3Y2-17Y+ 10

O=((3Y-2)(Y-5) _‘
S0 3Y~-2=0 o ¥Y-5=0]

2
1= or Y=5
3
2
ie.cos@=— or cosf@=5
=
cosf =%

So 0 = 0.8641066...rad

Va

y=cosé

—T—-I

Second solution is 27 — 0.8641068...

= 5.442116...
0 = 0641 or 544 (3 s.f)

130

Use the trigonometric identity
sin?f + cos?d = 1. Trigonometric identities
work the same in radians as in degrees.

This is a quadratic so rearrange to make one
side 0.

If Y =cosé, then Y2 = cos?6.

Solve the quadratic equation.

The value of cos# is between -1 and 1, so
reject cosf = 5.

Solve this equation to find ¢.

Since the interval is given in radians, answer
in radians.



Radians

. 3
Solve the equation sin 30 = \

ER in the interval 0 =< 0 =< 2.

Let X = 30 Replace 36 by X and solve as normal.
So sinX = %
Remember to transform the interval:

As X = 30, t“|'1€ﬁ the interval for Xis O == X =€
e ’ = 0 <6< 2rbecomes0 =< 36 < 67

VA

0
p=sin X
r /m &r 13w 147 i
X=I —ET —— 69 L —i— —— Remember X = 36 so divide each value by 3.

3" 3 e o 3 o

o 3go T 2m 7m 8m 137 14w
3 33" 3" 8 3 Always check that your solutions for # are in

5 :;—E 2r 77 &m 13w 14w the given interval for 6, in this case 0 < 6 < 2.
¢ YT9 9" 99 9" 9

Exercise @

1 Solve the following equations for €, in the interval 0 < # < 2, giving your answers to
3 significant figures where they are not exact.

a cosf=0.7 b sinff =-0.2 ¢ tanf@=>5 d cosf =-1

2 Solve the following equations for @, in the interval 0 < @ =< 27, giving your answers to
3 significant figures where they are not exact.

a 4sinf =3 b 7tanf =1 ¢ 8tanf=15 d /Scosf =12

W

Solve the following equations for @, in the interval 0 = # < 27, giving your answers to
3 significant figures where they are not exact.

a Scosf+1=3 b /5sinf+2=1 ¢ 8tanf-5=5 d V7cosf-1=V2

4 Solve the following equations for #, giving your answers to 3 significant figures where
appropriate, in the intervals indicated:

a Ftanf-1=0,-r<0<r b Ssinf=1,-7<0<2r
¢ 8cosf=5,-2ns0=<2nm d 3cos0-1=0.02,-r<s0=<3n
e 04tanf—5=-7,0<0<4r f cosf-1=-082.2<0<'T
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Solve the following equations for #, in the interval 0 < # < 27, giving your answers to
3 significant figures where they are not exact.

a Scos20=4 b Ssin3f+3=1

¢ V3tan40-5=-4 d V10cos20 + V2 =32

Solve the following equations for 6, giving your answers to 3 significant figures where
appropriate, in the intervals indicated.

a V2sin30-1=0, -7 <sf@<n b 2cosd4f = -1, -r<0<2n
¢ 8tan20 =17, “2r=0<2m d 6cos20-1=0.2, -r=0=<3m

Solve the following equations for 6, in the interval 0 < 6 < 27, giving your answers to
3 significant figures where they are not exact.

a 4cos?f=2 b 3tan’éd + tanf =0
¢ cos’f —2cosf=3 d 2sin?20 — 5cos26 = -2

Solve the following equations for 6, in the interval 0 < 6 < 2, giving your answers to
3 significant figures where they are not exact.

a cosf@+2sin’60+1=0 b 10sin2# = 3cos?d
¢ 4cos’0 + 8sin’f = 2sin’0 - 2cos’ 0 d 2sin’fd -7+ 12cosf@ =0

Solve, for 0 < x < 2m,

m |
a cos (.\ -1 ) = (4 marks)
b sin3x = —% (6 marks)
a Solve, for-r<0<m, (1 +tand )(5sinf - 2)=0. (4 marks)
b Solve, for 0 = x <27, 4tanx = Ssin.x. (6 marks)
Find all the solutions, in the interval 0 =< x < 27, to the equation 8cos’x + 6sinx — 6 =3
giving each solution to one decimal place. (6 marks)
Find, for 0 = x =< 2, all the solutions of cos?x — 1 = %sinf.r — 2 giving each solution to
one decimal place. N (6 marks)
Show that the equation 8sin®x + 4sin x — 20 = 4 has no solutions. (3 marks)

a Show that the equation tan?x — 2tan.x — 6 = 0 can be written as tan x = p + /¢ where
p and ¢ are numbers to be found. (3 marks)

b Hence solve, for 0 =< x =< 3, the equation tan’x — 2tan x — 6 = 0 giving your answers to

| decimal place where appropriate. (5 marks)
In the triangle ABC, AB=5cm, AC=12¢m, ZABC = 0.5 radians and ZACB = x radians.
a Use the sine rule to find the value of sin x, giving your answer to 3 decimal places. (3 marks)

Given that there are two possible values of x,

b find these values of x. giving your answers to 2 decimal places. (3 marks)

2
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@ Small angle approximations

You can use radians to find approximations for m T —

the values of sinf, cos# and tané. concept. Consequently, there is not a fixed set of

® When @ is small and measured in radians: numbers which are small and a fixed set which
. are not. In this case, it is useful to think of small
* sinf0=0 .
as being really close to 0.
« tanf=0
62
* cosO=1-—

A %
. @ Use technology to O

You can see why these approximations work by looking explore approximate values
at the graphs of y =sinf, y = cos# and y = tan# for of sin 6, cos @ and tan @ for values
values of # close to 0. of @ close to 0.

y=tant
VA VA VA

y=sinf

v

B 0

_l‘ = COSH J, - ()

y=40

When @ 1s small, find the approximate value of:

a sin26f + tan# cos4d - 1
20 fsin26

a sin2f + tant » 20 + 0

If sind = @ then sin 26 = 26

26 Y’
o
29 2
When 8 is small sin26 + tanf _ 3 Note that this approximation is only valid when @
' 20 2 is small and measured in radians.
540 -1 1 Hg}-l =1 2
b CZZi;EQ * 0 x 20 cosf):l—%zsocoséﬁxl—(a?
=
166 _
_ 2 _ &
202 ~ 202
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a Show that, when @ is small, sin 50 + tan 26 — cos 260 = 202+ 760 - 1.

b Hence state the approximate value of sin 56 + tan 26 — cos 26 for small values of 6.

a For small values of #: _ (26) ) ) .
4in50 + tan 20 — cos 20 = 50 + 20 — (1 . -9; ] Use the small angle approximations for sin,
e | cos and tan.
. 40<
=70-1+ f
=70-1+ 26°

When 6 is small,
sin5@ + tan 260 — cos 20 = 20+ 760 - 1
When @ is small, terms in #2and @ will also be
b So, for small 6, sin560 + tan 26 — cos 20 = -1 —————— small, so you can disregard the terms 262 and

76.
1 When 6 is small, find the approximate values of:
. sin4f — tan260 1 —cos26 " Jtanf — 0
30 tan26 siné sin20

2 When 6 1s small, show that:
sin3¢ 3 cosf =1 B

a - b tandd + 0
fsindd ~ 460 tan20

€ 30-sin20"

4+60

Al

Find cos(0.244 rad) correct to 6 decimal places.
Use the approximation for cos# to find an approximate value for cos(0.244 rad).
Calculate the percentage error in your approximation.

Calculate the percentage error in the approximation for cos (.75 rad.

c Qa6 T o

Explain the difference between your answers to parts ¢ and d.

® 4 The percentage error for sinf for a given value of 6 is 1%. Show that 1006 = 101 sin 6.

: . 4cos360 -2+ 5sinfd .
5 a When # 1s small, show that the equation can be written as 99 + 2. (3 marks)

1 —sin2¢

. 3360 — 2 + Ssi .
b Hence write down the value of 4C05] - singﬁs fing when # 1s small. (1 mark)
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Challenge

1 The diagram shows a right-angled triangle ABC. ZBAC = 6. An arc, CD, of
the circle with centre 4 and radius AC has been drawn on the diagram in

blue.

AM

a Write an expression for the arc length CD in terms of AC and 4.
Given that # is small so that, AC= AD ~ ABand CD =~ BC,
b deduce that sinf ~ f/ and tan# ~ 6.

2 a Using the binomial expansion and ignoring terms in x* and higher
powers of x, find an approximation for v1 — x?, |x| < 1.

2
b Hence show that for small #, cos# ~ 1 - % You may assume that
sinf ~ 6.

Mixed exercise o

® 1 Triangle ABC'is such that AB=5cm, AC=10cm and ZABC = 90°.

@ 2

An arc of a circle, centre 4 and radius Scm. cuts AC at D.
a State, in radians, the value of ZBAC.

Radians

b Calculate the area of the region enclosed by BC, DC and the arc BD.

The diagram shows the triangle OCD with OC = OD = 17cm
and CD = 30cm. The midpoint of CD is M. A semicircular
arc A,, with centre M is drawn, with CD as diameter.

A circular arc A, with centre O and radius 17cm, i1s drawn

| 7cm

from C to D. The shaded region R is bounded by the arcs

A, and A,. Calculate, giving answers to 2 decimal places:

a the area of the triangle OCD (4 marks)
b the area of the shaded region R. (5 marks)

The diagram shows a circle, centre O, of radius 6cm.

The points A and B are on the circumference of the circle.
The area of the shaded major sector is 80 cm?,

Given that ZAOB = 6 radians, where 0 < # < 7, calculate:

a the value, to 3 decimal places, of ¢ (3 marks)

b the length in cm, to 2 decimal places, of the minor
arc AB. (2 marks)
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4 The diagram shows a sector OA4B of a circle, centre O and radius rcm.
The length of the arc AB1s pcm and ZAOB 1s # radians.
a Find @ in terms of p and r. (2 marks)
b Deduce that the area of the sector is %prcm:. (2 marks)
Given that r = 4.7 and p = 5.3, where each has been measured to
| decimal place, find, giving your anwer to 3 decimal places:
¢ the least possible value of the area of the sector (2 marks)

d the range of possible values of 6. (3 marks)

@ 5 The diagram shows a circle centre O and radius Scm.
The length of the minor arc AB is 6.4cm.

a Calculate, in radians, the size of the acute angle AOB. (2 marks)

The area of the minor sector AOB is R, cm? and the area of the
shaded major sector is R,cm?.

b Calculate the value of R,. (2 marks)

¢ Calculate R;: R, in the form 1:p, giving the value of p to
3 significant figures. (3 marks)

6 The diagrams show the cross-sections of two
drawer handles. Shape X'is a rectangle ABCD 4 _d B
joined to a semicircle with BC as diameter.
The length AB =dcm and BC = 2d cm. .
Shape Yis a sector OPQ of a circle with 2d : 0
centre O and radius 2dcm. Angle POQ is
f radians.

Given that the areas of shapes X and Y are equal,

m
i 5
4 (5 marks)

Using this value of #, and given that d = 3, Shape X
find in terms of :

D 4
a provethatf =1+

b the perimeter of shape X
¢ the perimeter of shape Y.

d Hence find the difference, in mm, between the perimeters of shapes X and Y.

7 The diagram shows a circle centre O and radius 6.cm.
The chord PQ divides the circle into a minor segment R, of area
A,cm? and a major segment R, of area 4,cm?®. The chord PQ
subtends an angle # radians at O.
a Show that 4; = 18(# — sin #). (2 marks)
Given that 4, = 34,,

b show that sin @ =6 — (4 marks)

oy
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Triangle ABC has AB=9cm, BC=10cm and C4 = S5cm. A
A circle, centre 4 and radius 3 cm, intersects 4B and / \

AC at P and Q respectively, as shown in the diagram.

a Show that, to 3 decimal places, Sem
ZBAC = 1.504 radians. (2 marks)
b Calculate: ' \
i the area, in cm?, of the sector APQ C T B

ii the area, in cm?, of the shaded region BPQC
ili the perimeter, in cm, of the shaded region BPQOC.

The diagram shows the sector OAB of a circle of radius rcm.
The area of the sector is 15¢cm? and Z4AO0B = 1.5 radians.

a Prove that r = 2/5. (2 marks)

b Find, in cm, the perimeter of the sector OA4B. (3 marks)

The segment R, shaded in the diagram, is enclosed by the
arc AB and the straight line 4B.

¢ Calculate, to 3 decimal places, the area of R. (2 marks)

The shape of a badge is a sector ABC of a circle with centre 4
and radius 4B, as shown in the diagram. The triangle ABC is
equilateral and has perpendicular height 3cm.

a Find, in surd form, the length of AB. (2 marks)
b Find, in terms of 7, the area of the badge. (2 marks)
. . 2V/3
¢ Prove that the perimeter of the badge is \T(rr + 6)cm. (4 marks)
There is a straight path of length 70 m from the point 4 Railway track

to the point B. The points are joined also by a railway
track in the form of an arc of the circle whose centre 1s

)

C and whose radius 1s 44m, as shown in the diagram. Y Path B
a Show that the size, to 2 decimal places, of ZACB L

is 1.84 radians. (2 marks) 44 4m
b Calculate:

i the length of the railway track

. . C
ii the shortest distance from C to the path
iii the area of the region bounded by the railway track and the path. (6 marks)
The diagram shows the cross-section ABCD of a glass prism. 4 dem D
AD = BC =4cm and both are at right angles to DC. S . ’

AB 1s the arc of a circle, centre O and radius 6cm. g
Given that ZAOB = 20 radians, and that the perimeter of the 0.,-',;6
cross-section is 2(7 + m)cm, R,

a show that (26 + 2sinf - 1) = % 6em .
: T :
b verify that § = — *
6 B 4cm C

¢ find the area of the cross-section.
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® 13 Two circles C; and Cs, both of radius 12cm have centres O, and O, respectively. O, lies on the

16

EP) 17

19

138

circumference of C,; O, lies on the circumference of C,. The circles intersect at 4 and
enclose the region R.

p)
a Show that Z40,B =—

3
b Hence write down, in terms of =, the perimeter of R.

¢ Find the area of R, giving your answer to 3 significant figures.

A teacher asks a student to find the area of the following sector.
The attempt 1s shown below.

Area = %1‘29
=5 %32 x 50
= 225 cm?

a Identify the mistake made by the student.
b Calculate the correct area of the sector.

When € 1s small. find the approximate values of:
cosf — 1 " 2(1 —cosfl) -1
1 9 tan20 tanf - 1

. . T+ 2cos2d .
a When 6 1s small, show that the equation L=a e can be written as 3 — 26.
tan26 + 3

b Hence write down the value of 7+ 2 cos20 when € 1s small.

tan20 + 3

a When # is small, show that the equation
32cos 56 + 203 tan 100 = 182
can be written as
4002 - 2030+ 15=0
b Hence, find the solutions of the equation
32cos 560 + 203 tan 106 = 182

¢ Comment on the validity of your solutions.
When ¢ is small. find the approximate value of cos*f — sin*#.

Solve the following equations for @, giving your answers to 3 significant figures where
appropriate, in the intervals indicated.

a 3smf=2,0=s0=nr b sinf=-cosl,-r<fO<nr
c t3119+$=2,059£2ﬂ d 2sin’f —-sinf —1=sin?f, -7 <0<

B, and

(1 mark)
(2 marks)

(3 marks)

(1 mark)

(4 marks)

(3 marks)
(1 mark)

m
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Radians

a Sketch the graphs of y = Ssinx and y = 3cosx on the same axes (0 = x = 27), marking on all
the points where the graphs cross the axes.

b Write down how many solutions there are in the given range for the equation 5sin.x = 3cos x.
¢ Solve the equation Ssinx = 3cosx algebraically, giving your answers to 3 significant figures.

m

2

- ™ . 3 .
b Hence solve 4sin# — cos (; — 9) = 1 in the interval 0 < # < 2. Give your answers to

a Express 4sinf - cos( - 9) as a single trigonometric function. (1 mark)

s

3 significant figures. (3 marks)
Find the values of x in the interval 0 < x < 7?{- which satisfy the equation
sin2x + 0.5
i 6 marks
1 —sin2x ( )
A teacher asks two students to solve the equation 2cos’x =1 for-m = x = 7.
The attempts are shown below.
Student A: Student B:
cos® X = e 2cos?x = +1
Ve
1
Reject - 1: as cosine cannot be negative com = 15
g
T L v=F _® 2 2m
.\‘=4-or.\‘=-—‘-4 ‘_3' 3" 3° 3
a Identify the mistake made by Student A. (1 mark)
b Identify the mistake made by Student B. (1 mark)
¢ Calculate the correct solutions to the equation. (4 marks)
A teacher asks two students to solve the equation 2tan2x = 5 for 0 < x =< 27.

The attempt is shown below.

2tan2x =5 Problem-solving
tan2x = 2.5 Solve the equation yourself then compare your
2x=119. 4.33

working with the student's answer.
X =0595rad or 2.17 rad (3 s.f)

a Identify the mistake made by the student. (1 mark)
b Calculate the correct solutions to the equation. (4 marks)
a Show that the equation

S5sinx =1+ 2cos’*x

can be written in the form

2sin’x + Ssinx —=3=0 (2 marks)
b Solve, for 0 = x <2,

2sin’x + 5sinx -3 =0 (4 marks)
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263

(E/P) 27 a

Show that the equation

4sin’x +9cosx—-6=0
can be written as

4cos’x-9cosx+2=0
Hence solve, for 0 = x < 4,

4sin’x +9cosx-6=0

giving your answers to |1 decimal place.

Show that the equation
tan2x = Ssin 2x

can be written in the form
(1 =5cos2x)sin2x =0

Hence solve, for 0 = x = m,

tan2x = S5sin2x

giving your answers to 1 decimal place where appropriate. You must show clearly

how you obtained your answers.

Sketch, for 0 = x =< 2x, the graph of y = cos (.\' + %)

Write down the exact coordinates of the points where the graph meets the

coordinate axes.
Solve, for 0 =< x =< 2, the equation

y = COS (.\' - %) =0.65,

giving your answers in radians to 2 decimal places.

Challenge

Use the small angle approximations to determine whether the following
equations have any solutions close to # = 0. In each case, state whether
each root of the resulting quadratic equation is likely to correspond to a

solution of the original equation.
a 9sinftanf +25tanf =6

b 2tanf + 3 =5cos4f

c sin4fl =37 — 2cos 20
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Radians

Summary of key points

1

: = . - : 180°
- 27 radians = 360 - mradians = 180 « 1 radian =
m m ™
« 30° =— radians « 45° = = radians « 60° =— radians
6 4 3
« 9Q° =g radians « 180° = 7 radians « 360° = 27 radians
You need to learn the exact values of the trigonometric ratios of these angles measured in radians.
in™ 1 m_V3 T_1_43
sm6—2 cosﬁ-2 1:ar16-\:,_3_—3
.7 V3 r 1 T
Sin—=— * COS—=— s tan—=+3
T 3 2 3
as]nl—i—g ‘COSE—L_‘E .tanz—-l
4 72 2 4-;“—2 4~

You can use these rules to find sin, cos or tan of any positive or negative angle measured in
radians using the corresponding acute angle made with the x-axis, 0.

* sin(m —6) =sind

« sin(m + 6) = —sinf
+ sin(2m = 6) = =sind
« oS (m—60) =—cosb
» cos (m + 6) = —cosfh 0 4
« cos(2m —6) =cost
« tan(wr —60) = -tand
« tan(r + 60) =tand

» tan (27 - 6) = -tand

To find the arc length / of a circle use the formula /= r#6,

where r is the radius of the circle and @ is the angle, in radians,

contained by the sector. q
To find the area A of a sector of a circle use the formula 4 = %:-28,

where r is the radius of the circle and @ is the angle, in radians,

contained by the sector.

The area of a segment in a circle of radius r is

A =310 - sin6)

.-—-"'/’

—

W

When @ is small and measured in radians:
2

+ sinf=§@ « tané =60 » cosfl=1—-—
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Trigonometric functions

After completing this chapter you should be able to:

® Understand the definitions of secant, cosecant and cotangent and
their relationship to cosine, sine and tangent - pages 143-145

e Understand the graphs of secant, cosecant and cotangent and their
domain and range - pages 145-149

e Simplify expressions, prove simple identities and solve equations
involving secant, cosecant and cotangent -» pages 149-153

® Prove and use sec?x = 1 + tan®x and cosec?x = 1 + cot®xy
- pages 153-157

e Understand and use inverse trigonometric functions and their
domain and ranges. -» pages 158-161

Prior knowledge check

1 Sketch the graph of y = sin x for
—180° = x = 180°. Use your sketch to
solve, for the given interval, the equations:
a sinx=038 b sinx=-0.4

¢« Year 1, Chapter 10

1 1

2 Prove that — -
sinx cosx tanx

=tan x

Trigonometric functions can be used to

¢ Year 1, Chapter 10 o _ : E
model oscillations and resonance in bridges. .

3 Find all the solutions in the interval You will use the functions in this chapter e
0 =< x = 27 to the equation 3 sin¢(2x) = 1. together with differentiation and integration 3::.::.._._.3

« Section 5.5 in chapters 9 and 12. m



Trigonometric functions

m Secant, cosecant and cotangent

Secant (sec), cosecant (cosec) and cotangent (cot) are known as the reciprocal trigonometric

functions.

™ secx=_ 01 T (undefined for values of x for which cos x =0)
m cosecx = # (undefined for values of x for which sin x = 0)
®mcoty= - (undefined for values of x for which tan x = 0)

You can also write cot x in terms of sin x and cos x.
€os x

sin x

Use your calculator to write down the values of:

mcoty=

a sec 280° b cot 115°
a sec 260° = S E—— 5.76 (3 s.) Make sure your calculator is in degrees mode.
cos 2860°
1
15° = = -0. K
b cot 115 an 115° 0.466 (3 s.t)

Work out the exact values of:

a sec 210° b cosec 2:4_W Exact here means give in surd form.
a sec 210° = —
" cos 210°
¥Ya
S A
30° b
302 0 X

I 210° is in 3rd quadrant, so cos 210° = —cos 30°.
cos 30° = —— 50 —cos 30° = s
£ 2 23 . -
5 210° 2 Orsec210° = — if you rationalise the
O 5€C = mm—
v3 denominator.
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—3275 is in the 2nd quadrant, so sin ;’f = +sin—:’I

=¥

3=
S0 costc— =
4 ‘.’:En(

. {1 1
sin(3) = 7=

So cosec (%—F) = 1

Exercise @

1 Without using your calculator, write down the sign of the following trigonometric ratios.
a sec 300° b cosec 190° ¢ cot110°
d cot 200° e sec 95°

2 Use your calculator to find, to 3 significant figures, the values of:

a sec 100° b cosec 260° ¢ cosec 280°
d cot 550° e cott—ﬂ f sec24rad
g Cose(rl-il-O:irE h sec 6rad

3 Find the exact values (in surd form where appropriate) of the following:

a cosec 90° b cot 135° ¢ sec 180°

d sec 240° e cosec 300° f cot(—-45°)

g sec 60° h cosec (=210°) i sec225°

. 4 117w 37
i cotT k Sec = I cosec (_T)

® 4 Prove that cosec(m — x) = cosec Xx.

® 5 Show that cot 30° sec 30° = 2.

® 6 Show that cosec%TE + sec*z-.i11 = a + by/3 where a and b are real numbers to be found.
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Challenge

The point P lies on the unit circle, centre Q. The radius OP makes an
acute angle of ¢ with the positive x-axis. The tangent to the circle at P
intersects the coordinate axes at points 4 and B.

Prove that

a OB=secl

b 0OA = cosect
¢ AP=cotf

@ Graphs of sec x, cosec x and cot x

You can use the graphs of y = cos x, y = sin x and y = tan x to sketch the graphs of their reciprocal
functions.

Sketch, in the interval —180° =< 6 =< 180°, the graph of y = sec 6.

y=sech First draw the graph y = cos 6.

For each value of #, the value of sec @ is the
— reciprocal of the corresponding value of cos 6.

In particular: cos 0°=1,so0sec0°=1;
and cos 180° = -1, so sec 180° = ~1.

As # approaches 90° from the left, cos @ is +ve but
— approaches zero, and so sec # is +ve but becomes
increasingly large.

At 8 = 90°, sec § is undefined and there is a
vertical asymptote. This is also true for # = =90°.

L As 6 approaches 90° from the right, cos 6 is —ve
but approaches zero, and so sec  is —ve but
becomes increasingly large negative.
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Chapter 6

® The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cos x = 0.

Vi
L) 1] ] v ) i 1
i 1 L] L] 1 L]
[} i L} L} i 1
[} 1 L} L} 1 1
[ 1 L] [} 1 1
L3 1 L] L] 1 1
L] ] ] L] | i
L] 1 L) (] 1 ]
: I ' ' | 1
] 1 i L] 1 1
] i i " i 1
] i I

—450°  -270°  —90°

y=5ecx
L

m The domain can also be given as

90° 270°  450° 2n+ 1w
i —> xER,x:!,neZ

51
2

x O

3n 57 X 2

! : ; Z is the symbol used for integers, i.e.
: ‘. i positive and negative whole numbers
: 5 5 including 0.

- qu 4+

* The domainof y =sec xis x € R, x # 90°, 270°, 450°,... or any odd multiple of 90°

* Inradians thedomainisx € R, x # —

T 3w 5w " ™
51 3t g e OFany odd multiple of >

* Therangeof y=secxisy=-lory=1

® The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at
all the values of x for which sin x = 0.

—3§0° —1{30‘*

¥ = COSec x

/N

1$0° 3§0°

2

\

™
i
1
1
1
1
i
i
i

T 2w X

m The domain can also be given as

XER x#nm,nel.

T (0]
2/\1-

» The domain of y = cosec xis x € R, x # 0°, 180°, 360°,... or any multiple of 180°
* Inradians the domainis x € R, x # 0, m, 27,... or any multiple of
« Therangeof y=cosecxisy=-lory=1

® The graph of y = cot x, x € R, has period 180° or 7 radians. It has vertical asymptotes at all
the values of x for which tan x = 0.

y=cotx
J'n
‘ : 1F : :
-360° \ -180° 180° 360°
' L2 0 T 2r X
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Trigonometric functions

* Dadompinat p=cotxinie < Ry 000 m The domain can also be given as

360°,... or any multiple of 180°

* Inradians thedomainisx € R, x 20, m, 27,...
or any multiple of 7

» Therangeof y=cotxisy €R

a Sketch the graph of y =4cosec x, -1 = x = 7.

xXeER xztnm,nel.

b On the same axes, sketch the line y = x.
¢ State the number of solutions to the equation 4cosec x —x =0, -t = x = 7.

b .
" - vy =4 cosec x is a stretch of the graph of
8 y=Rronecs y = cosec x, scale factor 2 in the y-direction.
(= You only need to draw the graph for -7 = x = w.
4
2_ V=X
- ;f' 0 i f.‘ {;
s & 2
44
_6_
E)-
c 4cosecx —x=0
A CESEE R R Problem-solving
y =4 cosec x and y = x do not intersect The solutions to the equation f(x) = g(x)
for =x = x < 7 so the equation has no correspond to the points of intersection of the
solutions in the given range. graphs of y = f(x) and y = g(x).

Sketch, in the interval 0 =< 6 =< 360°, the graph of y =1 + sec 26.

N
m Explore transformations

ra : ' \y=sech :
5 b\ of the graphs of reciprocal
| 5 trigonometric functions using technology.
14 : :

S .o=‘_5tep1
90 160 270 gl % Draw the graph of y = sec 4.

T
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y =sec 20

T o :’ i | Step 2
/ : : \/ E ] \ Stretch in the @-direction with scale factor%

b 4

Ty

45° 90° 135° 180° 225°270° 315° 360°

y=1+sec 20

1
!
'
1
!
i
1

|
|
!

vk s 5 i Step 3
/ \/ | Translate by the vector ({1})

0

Ty

45° AONI35° 180° 225°%870R 315° 360°

Exercise @

1 a Sketch, in the interval =540° < @ =< 540°, the graphs of:

148

b

i y=sect ii y=cosecl iii y=cotf

Sketch, on the same set of axes, in the interval - =< x < 7, the graphs of y = cot x and

y=—X.

Deduce the number of solutions of the equation cot x + x = 0 in the interval -7 < x < 7.

Sketch, on the same set of axes, in the interval 0 < # =< 360°, the graphs of y = secf and
y =—cosf.

Explain how your graphs show that sec # = —cos # has no solutions.

Sketch, on the same set of axes, in the interval 0 < ¢ < 360°, the graphs of y = cot# and
y = sin 26.

Deduce the number of solutions of the equation cot # = sin 26 in the interval 0 < 6 < 360°.

Sketch on separate axes, in the interval 0 < ¢ < 360°, the graphs of y = tan# and
y = cot(f + 90°).

Hence, state a relationship between tan @ and cot(# + 90°).



Trigonometric functions

® 6 a Describe the relationships between the graphs of:

iy= tan((—') - %) and y = tan ¥ ii y=cot(-f)andy=cotf
G o T . T _ T, L
il y= cosec(() + 4) and y = cosecf iv y= sec(f? 4) and y = secf

b By considering the graphs of y = tan(ﬁ + g) y=cot(-0), y= cosec(é) - %) and y = sec(é‘ - g)

state which pairs of functions are equal.

® 7 Sketch on separate axes, in the interval 0 = 6 = 360°, the graphs of:

a y=sec2l b y=—cosect ¢ y=1+sech
d y = cosec(f - 30°) e y=2sec(f-60° f y=cosec(20 + 60°)
g y=-—cot(20) h y=1-2sect

In each case show the coordinates of any maximum and minimum points, and of any points at
which the curve meets the axes.

8 Write down the periods of the following functions. Give your answers in terms of .

a sec 36 b cosec %—9 ¢ 2cotd d sec(-0)
9 a Sketch, in the interval =27 =< x =< 2, the graph of y = 3 + 5 cosec x. (3 marks)
b Hence deduce the range of values of k for which the equation 3 + Scosecx = k
has no solutions. (2 marks)
10 a Sketch the graph of y = 1 + 2 sec# in the interval -7 < 6 < 2. (3 marks)
b Write down the #-coordinates of points at which the gradient is zero. (2 marks)
¢ Deduce the maximum and minimum values of m and give the smallest
positive values of # at which they occur. (4 marks)

@ Using sec x, cosec x and cot x

You need to be able to simplify expressions, prove identities and solve equations involving sec x,
cosec x and cot .x,

m secx = k and cosec x = k have no solutions for-1< k < 1.

Simplify:
a sind cotd sect
b siné cosf(sect + cosec)

149



Chapter 6

a sinfl cotf secl Write the expression in terms of sin and cos,
1 . l cos @ 1
) cost 1 using cot# = ——and sec = ——
= sin# x — { , l & sinf@ | cosf
M costl
=1
1 1 Write the expression in terms of sin and cos,
b secl + cosech = + — . 1 1
cosf  sinf using sec) = —— and cosecf = —
cosf sinf

So

sinfl + cosf

I

s5in@ cosl
— Put over common denominator.

sinf cos f@(secl + cosech) *
= sin@ + cos b

— Multiply both sides by sin # cos 6.

cot @ cosect

a Prove that = cos’ 6.

sec2f + cosec?f
cot 6 cosect

b Hence explain why the equation = 8 has no solutions.

sec? @ + cosec?

a Consider LHS:

The

The

So

numerator cot @ cosec
) Write the expression in terms of sin and cos,
:coeﬂx 1 _ coséb 0 ]
" sinf  sinf T sin?é using cotd = £95% and cosec§ = ——
; sin @ sind
denominator sec?f + cosec?f
] 1 . i s -
= Tl Write the expression in terms of sin and cos,
cos“f sin“f 1 2 1
i 2 = =
_ sin’f + cos®f | using sec*fl = (cosﬁ) - COSZGand
— cos?f sin?é
cosec?d = ,1
PR R sin? @
" cos?f sin? 0
cot @ cosec — Remember that sin? @ + cos?# = 1.
sec? § + cosec?
_ (cos 0) " ( 1
" \sin2@) " \cos?0 sinZ
_ cosf  cos?f sin®f Remember to invert the fraction when changing
~ sin?@ 1 from =+ sign to x.
= cos 0

cot 8 cosect

b Since = cos° 0 we are

sec?f + cosec? @ .
, , . Problem-solving
required to solve the equation cos® 60 = &.

COS

solutions since =1 < cosfl = 1.
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Example o

Solve the equations
a secf=-2.5

in the interval 0 < 0 < 360°.

b cot20=0.6

P=CO05X

113.6° 24@.4/

0 a0° 180°

6 = 113.6° 246.4° = 114°, 24¢G° (3 s.f)

L__oe

D70° 3G0° §

tan 26 =

1
tan20 = — =
Aan OG

|

Let X = 26, so that you are solving

=

tan X = % in the interval O = X =< 720°

F 3

Y

X = 59.0° 239.0° 419.0° 599.0° -

S0 0= 28.5° 120° 210% 300° (3 sif)

Trigonometric functions

Substitute Flsﬂ for sec# and then simplify to get

an equation in the form cosé = k.

Sketch the graph of v = cos x for the given
interval. The graph is symmetrical about ¢ = 180°.
Find the principal value using your calculator
then subtract this from 360° to find the second
solution.

You could also find all the solutions using a CAST
diagram. This method is shown for part b below.

Calculate angles from the diagram.

1
tan2é
get an equation in the form tan26 = k.

Substitute for cot 26 and then simplify to

Draw the CAST diagram, with the acute angle
X =tan! % drawn to the horizontal in the 1st and
3rd quadrants.

Remember that X = 24.
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1

152

Rewrite the following as powers of sec #, cosec @ or cot 6.

a 1 4 . 1 d 1 —sin?6
sin® @ tan®# 2 cos?f sin?f
| 20 taind
sec‘t‘i f Vcosec? cot b sect g - 2 SoReC o tan g
cos*o Vtan 0 cos

Write down the value(s) of cot x in each of the following equations.

SINX _ COSX
cCosXx Ssinx

a Ssinx=4cosx b tanx=-2

Using the definitions of sec, cosec, cot and tan simplify the following expressions.

a sinf cotf b tanéfcot@
¢ tan 26 cosec 26 d cosfsinf (cotf + tanf)
e sin’ x cosec x + cos? x sec x f secA-secAsin?A

g sec’ x cos’ x + cot x cosec x sin? x

Prove that:
a cosf +sinftanf = secé b cotf + tanf = cosect sec
¢ cosecf —smé =cosfcott d (I —=cosx)(] +secx)=sinxtanx
COS X I —sinx s B cos - sin 6
| —sinx cos x l+cotf 1+tané

Solve, for values of @ in the interval 0 = 6 < 360°, the following equations.
Give your answers to 3 significant figures where necessary.

a secl=y2 b cosecf =-3 ¢ Scotf=-2 d cosecf =2
e 3sec’l-4=0 f 5cosf=3cotd g cot?’f—8tanf=0 h 2sinf = cosecf

Solve, for values of @ in the interval —180° < 6 < 180°, the following equations:

a cosecf =1 b secfl =-3 ¢ cotf =345
d 2cosec?f — 3 cosec =0 e sect =2cosf f 3cotf=2sind
g cosec20=4 h 2cot?d —cotf-5=0

Solve the following equations for values of @ in the interval 0 =< 6 < 2n. Give your answers in
terms of .

a secl=-1 b cotfl =—-vV3

2\-’?
3

= 3
¢ cosec%9= d secf?=v‘2tan6‘(97é§,97é7ﬁ



Trigonometric functions

8 In the diagram AB = 6 cm is the diameter of the circle and BT is the r
tangent to the circle at B. The chord AC is extended to meet this D
tangent at D and ZDAB = 6.
a Show that CD = 6(secf — cos #) cm. (4 marks)
b Given that CD = 16 cm, calculate the length of the
chord AC. (3 marks) C

Problem-solving P
A B
AB is the diameter of the circle, 6 cm
so ZACB =90°,

cosec x — cot x
9 a Prove that | —cosx = cosec. (4 marks)

cosecx —cotx

b Hence solve, in the interval -7 =< x = 7, the equation P 2. (3 marks)
10 a Prove that % - 1 =secux. (4 marks)
b Hence explain why the equation %ﬁ:j -1= —% has no solutions. (1 mark)
11 Solve, in the interval 0 =< x < 360°, the equation lli-t;z?rtll = (8 marks)
Problem-solving
Use the relationship cot x = T to form a quadratic

equation in tan x. + Year 1, Section 10.5

m Trigonometric identities

You can use the identity sin® x + cos? x = 1 to prove the following identities.

2 — 2 i e «
® 1+tan®x=sec’x m You can use the unit circle definitions of sin and cos to
m 1+ cot?x =cosec’x prove the identity sin?x + cos?x=1. <« Year 1, Section 10.5

Example o

a Prove that 1 + tan? x = sec? x.

b Prove that 1 + cot? x = cosec? x.
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1]

Unless otherwise stated, you can assume the

a sinXx+cos°x

sin? x P CO5° X 1

L identity sin? x + cos? x = 1 in proofs involving

CO5°X CO5°X COS°X

cosec, sec and cot in your exam.

) +1=

50 1+ tan?x = sec?x

b sinfx + cos?x =1
sin x i cO5° X 1
sinfx  sinx  sinx

Divide both sides of the identity by cos? x.

inx
2 and secx = 1

— Usetanx =0 oS x

Divide both sides of the identity by sin? x.

cosx\? _ (1 )F COS X 1
( 3in X ) - (5-m X Use cotx = G and cosecx = e
s0 1+ cot?x = cosec?x
Example @
. 5 .
Given that tan A = =3, and that angle 4 is obtuse, find the exact values of:
a secA b sinA
a Using 1 +tan°4 = sec?4
sec?A =1+ ;4; =
sec A = i% tan2A=%
A
S / A
Problem-solving
" You are told that A4 is obtuse. This means it lies
in the second quadrant, so cos 4 is negative, and
T C sec A is also negative.
sec A = —j
_ sin A
b Using tan 4 = ———
E cos A

sind =tanAd cos A

So sind = 1__5'] x (—12)
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Prove the identities:

1 + cos’@

a cosec*f —cottf = -
1 —cos*@

b sec?f — cos’f = sin?0(1 + sec’0)

Trigonometric functions

This is the difference of two squares, so factorise.

a LHS = cosec? - cot?

= (cosec?® f + cot? B)(cosec? ) — cot? f)

= cosec 0 + cotc

1, cos*l

sin< @ sin< @

L Using cosecf =

As 1 + cot? @ = cosec? ), so cosec?f — cot?f = 1.

_cosé#
sin 6’ ~sind

— 1+ cos?b
~ sin?f
; 20 — Using sinf + cos®0 = 1.
=192 _ RHS
1 —cos=#f
b RHS = sin?6 + sin?@ sec? Write in terms of sin # and cos 6.
= sin®f + "Sinﬁ;ﬂ Use secf = ——.
cos? cosfd
= sin?f + tan®@ -
_ ) ‘2 : 2
=1 —cos?l) + (sec? — 1) | 0 = (smt?) = tané.
cos?f cos @

=sec’l - cos
= LHS

Look at LHS. It is in terms of cos?# and sec?é,
so use sin?f + cos?f = 1 and 1 + tan? 6 = sec?f.

Problem-solving

You can start from either the LHS or the RHS when
proving an identity. Try starting with the LHS using
cos?f=1-sin?f and sec2f =1 + tan?4.

Solve the equation 4 cosec’ ) — 9 = cot €, in the interval 0 < 6 =< 360°.

[

The equation can be rewritten as
4(1 + cot?0) — © = cotl
So 4 cot?f — cotf - 5=0
(4cotf — S)lcotf + 1) =0

This is a quadratic equation. You need to write it
in terms of one trigonometrical function only,
so use 1 + cot?f = cosec?f.

Factorise, or solve using the quadratic formula.

So cotf =2 or cotf = —1
tan# = ; or tanfl = -1

For tan@ = ‘
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9 A
- 38.7 > As tanf is +ve, # is in the 1st and 3rd quadrants.
38.7 The acute angle to the horizontal is
tan-' £ =38.7°
T C

If a is the value the calculator gives for tan-! %,
then the solutions are « and (180° + a).

0 = 38.7° 210° (3 s.f)

For tanf = -1
As tan @ is —ve, f is in the 2nd and 4th quadrants.
S A " The acute angle to the horizontal is tan-! 1 = 45°,
45° R
45° 2 If a is the value the calculator gives for tan! (-1),
— then the solutions are (180° + a) and (360° + a),
T C as « is not in the given interval.
?.= 135°% 31%° @ Solve this equation

numerically using your calculator.

i

Exercise @

Give answers to 3 significant figures where necessary.

1 Simplify each of the following expressions.

a |+ tan? %6 b (sect — I)(sect + 1) ¢ tan?6(cosec’f - 1)

d (sec’d—1)cotf e (cosec?d —cot?h)? f 2—tan’f + sec*d
tan # sec ; cosecf cot @
— h (1 —sin?8)(1 + tan26 i
1 +tan?d (3= BRtE £ 1ame) 1 + cot?d

j (sec*® —2sec?d tan’f + tan*6) k 4cosec?26 + 4 cosec? 26 cot? 20

® 2 Given that cosec x = where k& > 1, find, in terms of k, possible values of cot x.

cosec x’

3 Given that cot # = =3, and that 90° < # < 180°, find the exact values of:

a sind b cos®

4 Given that tan# = 5, and that 180° < # < 270°, find the exact values of:

a sect b cosét ¢ sinf

Bjw

5 Given that cos = %‘%, and that 0 1s a reflex angle, find the exact values of:
a tané b cosecf
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Prove the following identities.

a sectd — tan*f = sec?f + tan2 6

¢ sec? A(cot? A — cos? A) = cot* 4
| —tan® A4 :

e ————=1-2sin24
1 +tan? A4

g cosec A sec® A = cosec 4 + tan 4 sec A

Trigonometric functions

b cosec?x —sin?x = cot?x + cos’ x
d 1 -cos?f = (sec’f — 1)(1 - sin?#)

f sec’f + cosec? 8 = sec? f cosec>

h (secf — sinf)(sect + sinf) = tan? € + cos> 6

Given that 3tan’f + 4sec’ 8 = 5, and that @ is obtuse, find the exact value of sin 6.

Solve the following equations in the given intervals.

a sec’f=3tand, 0 =< 0 =< 360°

¢ cosec’f+1=3coth,—180° < ¢ < 180°
e 3secsy = 2tan’36, 0 < 6 < 360°

g tan’20 =sec20-1,0 <6 = 180°

Given that tan’k = 2seck,

b tan2d -2secl+1=0,-rsf=n

d cotf=1-cosec’d,0<0=<2m

f (secl —cosf) =tanf —sin*0,0<0<n
h sec2— (1 +V3)tanf@+V3=1,0<6<2x

a find the value of seck (4 marks)
b deduce that cosk =v2 - 1. (2 marks)
¢ Hence solve, in the interval 0 < k =< 360°, tan® k = 2 sec k, giving your answers to

1 decimal place. (3 marks)
Given that a =4 sec x, b =cos x and ¢ = cot x,
a express b in terms of a (2 marks)

5 16

b show that ¢° = 16 (3 marks)
Given that x = sec# + tan 6,
a show that % =secf — tan 6. (3 marks)
b Hence express x* + % + 2 in terms of 6, in its simplest form. (5 marks)
Given that 2 sec? ) — tan’ # = p show that cosec®f = — p#2 (5 marks)

p-2
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m Inverse trigonometric functions

You need to understand and use the inverse trigonometric functions arcsin x, arccos x and arctan x
and their graphs.

m The inverse function of sin x is called arcsin x.

o

y=arcsinx

e Thedomainof y =arcsinxis-1sx=<1.

e Therangeof y=

EE §

Sketch the graph of y = arcsin x.

y=sinx, -5 =X =
: 2 2
| A
14 ¥y = sinx
T T e
Iz 0 X
2 2
.
y = arcsinx
Va
L8
2 y = arcsinx

158

@ The sin-! function on your

calculator will give principal
values in the same range as
arcsin.

arcsinx is —% < arcsinxy < T or -90° < arcsin X < 90°,

Step 1
Draw the graph of y = sin x, with the restricted

: mw m
domainof —— = x = —
s 2

Restricting the domain ensures that the inverse
function exists since y = sin x is a one-to-one
function for the restricted domain. Only one-to-
one functions have inverses. « Section 2.3

Step 2
Reflect in the line y = x.

The domain of arcsin x is =1 = x = 1; the range is
'y . s

- =arcsinx = -
2 2

Remember that the x and y coordinates of points
interchange when reflecting in y = x. For example:

5903



m The inverse function of cos x is called arccos x.

1A

S ES)

y =arccosx

1 O 1 X

e Thedomainof y=arccosxis-1=sx=<1.

e The range of y = arccos x is 0 < arccos x < 7 or 0° < arccos x < 180°,

m The inverse function of tan x is called arctan x.

A

I & Ry y = arctanx ’ '
Unlike arcsin x and

arccos x, the function arctan x is
defined for all real values of x.

Q
“y

e The domain of y =arctanxis x € R.

e The range of y = arctan x is —% <arctanx < gor —-90° < arctan x < 90°.

Example @

Work out, in radians, the values of:

Trigonometric functions

. V2 =
a arcsm(—a—) b arccos(-1) ¢ arctan(v3)
a A
2
5 A You need to solve, in the interval —g
L the equation sin x = —%.
4 — The angle to the horizontal is 2 and, as sin is —ve,
it is in the 4th quadrant.
¥ © ;
I
2
> - @ Use your calculator to evaluate
arcsm(—\?) = —’Z‘ inverse trigonometric functions in radians.
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b
L& y = cosx
R You need to solve, in the interval 0 < x < 7, the
o b8 T X equation cos.x = -1.
2
1] Draw the graph of y = cos x.
arccos(-1)=m
C A
2 v . . T T
5 @ ou need to solve, in the interval = <x< >
> the equation tan x = V3.
5 > The angle to the horizontal is % and, as tan is +ve,
it is in the 1st quadrant.
T C
s
2

arctan(/3) = 1 You can verify these results using the sin~?, cos™
rcu / - .
' and tan~! functions on your calculator.

Exercise @

In this exercise, all angles are given in radians.

1

W

1 Without using a calculator, work out, giving your answer in terms of 7:

a arccos(0) b arcsin(l) ¢ arctan(-1) d arcsin{-%)
p)
e arccos(—%) f arctan(—é) g arcsin(sini) h arcsin(sinﬂ)
v V3 3 3
2 Find:
a arcsin(—lf) +arcsin(:—%) b arccos(%) —arccos(—%) ¢ arctan(l) - arctan(-1)

® 3 Without using a calculator, work out the values of:
a sin(arcsin %) b sin(arcsin (—%))

¢ tan(arctan(-1)) d cos(arccos ()

® 4 Without using a calculator, work out the exact values of:

anarecs(~7)
anj arccos 7

d sec(arctan(v3)) e cosec(arcsin(-1)) f sin (2arcsin(%))

-

a sin(arccos(%)) b cos(arcsin(—%))
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9

Trigonometric functions

Given that arcsin k = o, where 0 < k < 1 and o 1s in radians, write down, 1in terms of «, the first
two positive values of x satisfying the equation sin x = k.

. . . T
Given that x satisfies arcsin x = k., where 0 < k < —,

2

a state the range of possible values of x (1 mark)
b express, in terms of x,

i cosk ii tank (4 marks)
Given, instead, that —% <k<0,
¢ how, if at all, are your answers to part b affected? (2 marks)
Sketch the graphs of:
ay= % + 2 arcsin x b y=m-arctanx
¢ y=arccos(2x+ 1) d y=-2arcsin(-x)

The function f is defined as f : x — arcsin x, =1 = x =< |, and the function g is such that
g(x) = f(2x).

a Sketch the graph of y = f(.x) and state the range of f. (3 marks)
b Sketch the graph of y = g(x). (2 marks)
¢ Define g in the form g: x +— ... and give the domain of g. (3 marks)
d Define g'in the formg': x — ... (2 marks)
a Prove that for 0 < x =< 1, arccos x = arcsinv1 — x? (4 marks)
b Give a reason why this result is not true for -1 =< x < 0. (2 marks)

Challenge

a Sketch the graph of y = sec x, with the restricted domain

b Given that arcsec x is the inverse function of secx, 0 = x =7, x # —,

7
Oﬁxémx%g

m
2
sketch the graph of y = arcsec x and state the range of arcsec x.
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Mixed exercise o

Give any non-exact answers to equations to 1 decimal place.

1

3

4

@ 00606

® B

10

162

1 1

Solve tan x = 2 cot x, in the interval —=180° = x < 90°. (4 marks)
2 Given that p = 2secf and g = 4 cos 0, express p in terms of ¢. (4 marks)

Given that p = sinf and g = 4 cot , show that p’¢*> = 16(1 - p?). (4 marks)
a Solve, in the interval 0 < 0 < 180°,

i cosecl =2cotd ii 2cot?d =7 cosect — 8
b Solve, in the interval 0 < ¢ < 360°,

i sec(26 — 15°) = cosec 135° ii sec’f +tanf=3
¢ Solve, in the interval 0 = x = 27,

. LN _ A . % i

i cosec(.\+ 15)- V2 il sec*x =3
Given that 5sin x cos y + 4cos x sin y = 0, and that cot x = 2, find the value of coty. (5 marks)
Prove that:
a (tanf@ + cotf)(sinf + cosf) = sec O + cosect o '\. = sec’x

COSEC X — sin X

¢ (I =sinx)(1 + cosecx) = cosx cot x COL¥ il = 2tanx

cosecx—-1 1+sinx

(secf — tan 0)(sec + tan f)

€ Cosech -1 +|cosec()+l = ZBRE g 1 + tan?6 = (oY
a Prove that in | +.COS X = 2 cosec x. (4 marks)
| +cosx sin x
b Hence solve, in the interval -27 = x < 2, = : +.cosx =— i (4 marks)
| +cosx sin x V3
1 +cosf >
Prove that T—cosl = (cosecf + cot #)* (4 marks)
Given that sec 4 = -3, where g <A<,
a calculate the exact value of tan 4 (3 marks)
3\-"5
b show that cosec 4 = (3 marks)

4

Given that sec# = k, |k| = 1, and that @ is obtuse, express in terms of k:

a cosf b tan2@ ¢ cotéd

d cosect



®

® B

©

® o

11 Solve, in the interval 0 =< x =< 27, the equation sec(x +zﬂ) = 2, giving your answers in
terms of 7.
12 Find, in terms of . the value of arcsm(%} - arcsin(—%].
13 Solve, in the interval 0 < x =< 27, the equation sec? x — T tanx -2 =0,
giving your answers in terms of 7.
14 a Factorise sec x cosec x — 2sec x — cosec x + 2.
b Hence solve sec x cosec x — 2sec x — cosec x + 2 =0, in the interval 0 = x = 360°.
15 Given that arctan(x - 2) = —%, find the value of x.
16 On the same set of axes sketch the graphs of y =cosx, 0 = x = 7, and y = arccos x,
-1 = x = 1, showing the coordinates of points at which the curves meet the axes.
17 a Given that sec x + tan x = -3, use the identity 1 + tan’ x = sec’ x to find the value
of sec x — tan x.
b Deduce the values of:
i secx ii tanx
¢ Hence solve, in the interval —180° = x = 180°, sec x + tan x = -3.
. |
18 Given that p = secf - tan# and ¢ = sec + tan 6, show that p = 7
19 a Prove that sec*# — tan*0 = sec’ 6 + tan’ 6.
b Hence solve, in the interval =180° < ¢ = 180°, sec*f = tan*d + 3tan 6.
20 a Sketch the graph of y = sin x and shade in the area representing f ‘sin x dx.
b Sketch the graph of y = arcsin x and shade in the area representing f arcsin x d.x.
¢ By considering the shaded areas explain why f sin x dx + f arcsin x dx = %
o o 2V3
21 Show that cot 60° sec 60° = N
22 a Sketch, in the interval —27 < x < 27, the graph of y =2 - 3secx.
b Hence deduce the range of values of k for which the equation 2 — 3 sec x = k has
no solutions.
23 a Sketch the graph of y = 3arcsin x — E, showing clearly the exact coordinates

2
of the end-points of the curve.

b Find the exact coordinates of the point where the curve crosses the x-axis.

Trigonometric functions

(5 marks)

(4 marks)

(5 marks)

(2 marks)
(4 marks)

(3 marks)

(4 marks)

(3 marks)

(3 marks)
(3 marks)

(4 marks)

(3 marks)
(4 marks)

(3 marks)

(2 marks)

(4 marks)
(3 marks)
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V1= x?

24 a Prove that for 0 < x < 1. arccos x = arctan =

vl = x2

X

b Prove that for -1 = x < 1, arccos x = k + arctan

Summary of key points

1 «secx=

. where k 1s a constant to be found.

T (undefined for values of x for which cos x = 0)

* COSecXx = 5|Tlv (undefined for values of x for which sin x = 0)

s CcOtx = e (undefined for values of x for which tan x = 0)
.« COLX=m
sin x

2 The graph of y = secx, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cos x = 0.

y=secx + The domain of y =secxis x € R,
; : : x # 90°, 270°, 450°, ... or any odd
: 5 multiple of 90°.

VA

+ In radians the domainis x € R,

| m 3w 5 .
—450°  -270°  -90° | 90°  270°  450° Y T ... orany odd multiple

: : ; : > ST
_5m _3m 0 = 3r S5t X T
2 2 2 2 2 2 of—z-
: v oad : !

« Therangeof y=secxisy<=-lory=1.

3 The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at all
the values of x for which sinx = 0.

¥ = Cosec x « The domain of y = cosecxis x € R,
; : r4 ; 5 x # 0°,180° 360°, ... or any multiple of
: : : : 180°.
: : 1 : ; + In radians the domainis x € R, x # 0, 7,
360° -180° 180° 360° 27, ... or any multiple of &
-2r -1 O T 2r X

+ The range of y =cosecxisy<-1or
: y=1

L]
L] L} L]
L]

=

164



& The graph of y = cot x, x € R, has period 180° or
values of x for which tan x = 0.

y=cot x
VA :
1 1 i i
i | ' '
1 L] (] )
i I ! ,
i i ; i
L} 1 1 (]
1 1 ' '
| | ' '
L} L i 1
AUANE S A
-360° \ -180° 180° 360°
| ! : —
-2 - 0 T 2 X
1 ) ) ]
: : 1r : :
1 i i "
i i ' '
i | ' 1
1 1 U 0
1 [ ' '
i i ' i
1 [} ] (]
i l ; |
i i i i
i i ' 1
1 1 1 "

Trigonometric functions

7 radians. It has vertical asymptotes at all the

« The domainof y=cotxis x € R, x # 0°,
180°, 360°, ... or any multiple of 180°.

* In radians the domainis x € R, x #0, m, 2,

... or any multiple of .

Therange of y=cotxisy € R.

5 secx=kand cosec x =k have no solutions for-1 <k < 1.
6 You can use the identity sin x + cos® x = 1 to prove the following identities:
+ 1+tanfx =sec’x
+ 1+ cot? x = cosec? x
7 The inverse function of sin x is called aresin x. v =aresinx
+ The domainof y=arcsinxis-1=x =<1
¢ : m . w
« The range of y = arcsinx is —— < arcsinx < > 0r >
: >
-90° = arcsinx = 90°
}'JL
8 The inverse function of cos x is called arccos x. 1
« The domainof y=arccosxis-1=x=1
+ The range of y = arccos x is 0 < arccos x < m or N
0° =< arccos x =< 180° 2 = arccosx
_‘1 0 1 X
- - - ']-.‘l
9 The inverse function of tan x is called arctan x. L R y=arctanx
+ The domain of y =arctanxisx € R
v m m >
+ The range of y = arctan x is ) = arctanx = > 0 X
or -90° = arctan x = 90° _% ...............
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Trigonometry and
modelling

After completing this unit you should be able to:

® Prove and use the addition formulae -» pages 167-173

® Understand and use the double-angle formulae - pages 174-177

® Solve trigonometric equations using the double-angle and addition
formulae -» pages 177-181

® Write expressions of the form acos @ + bsinf in the forms
Rcos(@ +a) or Rsin(@ + o) -» pages 181-186

® Prove trigonometric identities using a variety of identities
-» pages 186-189

® Use trigonometric functions to model real-life situations
-» pages 189-191

Find the exact values of:

a sin45° b cos—?eI ¢ tan 3} « Section 5.4

Solve the following equations in the interval 0 < x < 360°.
a sin(x +50° =-0.9 b cos(2x -30°) =3
¢ 2sinfPx-sinx-3=0 « Year 1, Chapter 10

The strength of microwaves
at different points within

~ a microwave oven can be
h modelled using trigonometric
functions. -» Exercise 7G Q7
T  .anal TS e

Prove the following:

a cosx+sinxtanx=secx b cotxsecxsinx=1
COSZ X + sin? x

= sinfx ¢« Section 6.4
1+ cotlx




Trigonometry and modelling

@ Addition formulae

The addition formulae for sine, cosine and m . )
The addition formulae are sometimes

tangent are defined as follows: called the compound-angle formulae.

= sin(4+ B)=sindAcosB+cosAsinB sin(4 - B) =sinAcos B-cos AsinB
m cos(A+B)=cosAcosB-sindsinB cos(4 - B)=cosAcosB+sinAsinB
_ tanA +tanB _py— tanAd -tanB
RN A+ BY = 1-tanAtanB i~ )= 1+tanAtan B

You can prove these identities using geometric constructions.

In the diagram /BAC =«, ZCAE = 3and AE=1.
Additionally, lines AB and BC are perpendicular,
lines AB and DE are perpendicular, lines 4AC and
EC are perpendicular and lines EF and FC are
perpendicular.

Use the diagram, together with known properties
of sine and cosine, to prove the following identities:

a sin(a + J) =sina cos /3 + cosa sin 3

b cos(ax + 3) = cos cos 3 — sin«v sin 3

— ZACF=a= /FCE=90°-a.50 ZFEC=o.
The diagram can be labelled with the following

i In triangle ACE, sinﬁ:Emsinﬁ=£
cosine. = AE 1

So EC=sinj.

lengths using the properties of sine and

G cos (a+ (3) E

In triangle FEC, cosav = £E = oS = i
3 0 \ EC sin 3
: \3n 3 [ So FE = cos « sin 3.

sin a sin 3

. : e FC
& 1 In triangle FEC, sina = EC=>s|na- 5n 3

So FC=sina sin 3.

sin o cos (3
l ‘_L In triangle ABC, sinax = % = sSina = cffﬁ

B So BC = sina cos /3.

«——coswcosd

[

; AB AB
In t le ABC, =— =
\_ n triangle sa==—7= c0sa s

_ AC AC

In triangle ACE, === C0sf=——
| riangle cos /3 1F cos 3 1 So AB = cos «x cos 3.
So AC = cos 3.
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a Using triangle ADE

DE = sin(a + 3)
AD = cos(a + 3)
DE = DF + FE

= sinfa + ) = sinax cos 3 + cosa sin3
as required

b AD= AB - DB
= cos(a+ 3) =cosa cos3 —sina sinf3

as required

Problem-solving

You are looking for a relationship involving

sin (o + /3), so consider the right-angled triangle
ADE with angle («v + 3). You can see these
relationships more easily on the diagram by
looking at AG = DE and GE = AD.

r Substitute the lengths from the diagram.

Use the results from Example 1 to show that
a cos(A—-B)=cosAcosB+sinAsinB

tan4A +tan B
bt + )= l-tanA4A tan B

a Replace B by —B in
cos(A+ B)=cosAcosB—-snAsnB
cos(A + (-B)) = cos A cos(—B) — sinA4 sin(—B)

@ Explore the proof step-by-step o

using GeoGebra.

cos(—B) = cos Band sin (=B) = —sin B

cos(A - B) =cosA4A cosB + sinAd sinB
sin (A + B)
cos(A + B)

sind cos B+ cos A sin B
cos A cosB—-sind sinB

b tan(4 + B) =

Divide the numerator and denominator by
cos A cos B.

5'|r1A£;9€rB'+ cosA sinB
cos A cesB cesAcosB

¢« Year 1, Chapter 9

Cancel where possible.

cosAeesB _ sindsinB
cosAcesB cosAcosB

= tand + tan B as reqguired
~ 1-tanA tanB 9

Prove that

cosA sind _ cos(4+B)
sinB cosB  sinBcosB
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1HS = €902 A sin4 —— Write both fractions with a common denominator.

sin B cos B

cosAcosB sinAsinB Problem-solving

sinBcosB sinBcosB When proving an identity, always keep an eye
on the final answer. This can act as a guide as to
what to do next.

Il

cosAd cosB—-snAd sinB

sinB cos B
__cos{A + B)
~ sinBcosB ~ RAS | Use the addition formula in reverse:

cos A cos B-sin A sin B=cos(4 + B)

Given that 2sin (x + y) = 3cos (x — y), express tan x in terms of tan y.

Expandiﬂ@ 5in (.\‘ + 'l’) and cos (.\‘ T= J') 61V65 Remember tanx = Sin x
- cos x
2sinx cosy+ 2cosx siny=3cosXx cosy + 3sinx siny Dividing each term by cos x cos
2sinx cosy 2coeXxsiny 3cosX cosy " 3 sinx siny will produce tan x and tan y terms.
SO

CoOsX o5y | cosX cosy - £esXcosy T CosSX cosy

2tanx + 2tany =3 + 3tanx tany

Dtanx — 3tanx tany=3 — 2tany Collect all tan x terms on one side

of the equation.

tanx(2 — 3tany) =3 - 2tany
5 W ol I- Factorise
= AN = 2 _Stany :

Exercise @

1 In the diagram ZBAC =3, ZCAF=a - 3and AC=1.
Additionally lines 4B and BC are perpendicular.

a Show each of the following:
i ZFAB=« ii LABD=«aand ZECB=a
iii AB=cos/j iv BC=sinpg3

b Use AABD to write an expression for the lengths
i AD ii BD

¢ Use ABEC to write an expression for the lengths
i CE ii BE

d Use AFAC to write an expression for the lengths
i FC ii FA

e Use your completed diagram to show that:
i sin(a—/3)=sinacos 3 —cosasinj
ii cos(a—[3)=cosacos3+sina sin 3
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® 2

@

170

Use the formulae for sin (4 — B) and cos (4 — B) to show that
tan A4 —tan B

tan(4 - B) =

|l +tan 4 tan B

By substituting 4 = P and B = —-Q into the addition formula for sin (A4 + B), show that
sin(P — Q) = sin P cos Q — cos P sin Q.

A student makes the mistake of thinking that .
O Bt A g This is a common
sin(4 + B) = sin sin B. mistake. One counter-example is

this identity is not true.

Using the expansion of cos(A4 — B) with A = B = #, show that sin’# + cos’6 = 1.

a Use the expansion of sin(A4 — B) to show that sin (g - 9) =cos 0.

m

b Use the expansion of cos (A4 — B) to show that cos ( >

9) = sin 0.

% . my . x
Write sin (.\' + —) in the form p sin x + ¢ cos x where p and ¢ are constants to be found.

6

, my . 5
Write cos (x + E) in the form a cos x + b sin x where « and b are constants to be found.

Express the following as a single sine, cosine or tangent:
a sin 15° cos 20° + cos 15° sin 20° b sin 58° cos 23° — cos 58° sin 23°

tan 76° — tan 45°
I + tan 76° tan 45°

¢ cos 130° cos 80° = sin 130° sin 80°

e cos20cosf +sin2fsind f cos40 cos 36 — sin46 sin 30

tan 20 + tan 30
| — tan 26 tan 36

g sin30 cos 230 + cos 36 sin 230
i sin(A+ B)cosB-cos(A+ B)sinB

) (3.\‘ - 23!) ( 3x - 2}*) _ (3x ks 2_v) ) ( Ix - 2)’)
j cos 3 cos 3 - sin 3 sin 3

Use the addition formulae for sine or cosine to write each of the following as a single

trigonometric function in the form sin(x + ¢) or cos (x £ #), where 0 < # < %
I s 1 S 1. = | ;
a ——(sinx + cosx) b —— (cos.x - sin x) ¢ =(sinx+ v3 cosx) d —(sinx —cosx)
V2 V2 2 V2
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® 11 Given that cos y = sin (x + y), show that tan y = sec x — tan x.

® 12 Given that tan (x — y) = 3, express tan y in terms of tan x.

@ 13 Given that sin x(cos y + 2sin y) = cos x(2 cos y — sin ), m First multiply

find the value of tan (x + ). out the brackets

® 14 In each of the following, calculate the exact value of tan x.
|

a tan(x —45°) =7 b sin(x - 60°) =3cos(x+ 30°) ¢ tan(x - 60°) =2
15 Given that tan (.\' + %) = % show that tan x = 8 — 5/3. (3 marks)
(E/P) 16 Prove that
c059+cos(6+2%) +cos(6'+4%) =0
You must show each stage of your working. (4 marks)

Challenge

This triangle is constructed from two
right-angled triangles 7, and 7.

m For part a your

expressions should all
involve all four variables.
You will need to use the
formula Area = Jab sin 8 in
each case.

a Find expressions involving x, y,
A and B for:
i theareaof 7
ii theareaof 7,
iii the area of the large triangle.

b Hence prove that
sin(A+ B)=sinAdAcosB+cosAsinB

m Using the angle addition formulae

The addition formulae can be used to find exact values of trigonometric functions of different angles.

e f~
. . . /6 —v2
Show, using the formula for sin (4 — B), that sin 15° = i 1 -
sin15% = sin (43° - 307) You know the exact values of sin and cos for many
= 5in 45° cos 30° — cos45° sin 30° L angles, e.g. 30°, 45°, 60°, 90°, 180° ..., so write
- (; /2) 9 /3) - (4v2)(%) 1_5 using two of these angles. You could also use
- . sin (60° — 45°).
= H/3V2 - v2)
> _\"6- -2
!

171



Chapter 7

Example o

Given thatsin 4 =
a cos(4 - B)

12

-3 2 and 180° < A < 270°, and that cos B = —g and B is obtuse, find the value of:

b tan(A4 + B) ¢ cosec(4 - B)

a cos(A—-B) =cosAcosB+sind sinB

You know sin A4 and cos B, but
need to find sin B and cos A4.

cos*A=1-sinfA sin? B = 1 — cos?
3)\2 12)# ing 2
=1-(-3) =1 - (—s) Use sin?x + cos?x = 1to
= Yo =1 - 124 determine cos A4 and sin B.
= 25 = 169
.l = 25
£ e Problem-solving
cos A = % sin B = i%

—

: : 5
B is obtuse 50 sin B = 5

‘.
b LA A= tan A + tan B

1 =tand tan B

3 5 (2]
So tan(4 + B) = — 125
1= -]
1
3 1 _ 48 _ 16
=3 -3 e &
P}
c cosec(A — B) = - 1
"~ sin(4 - B)
sin{4 = B) = sind cos B - cos A sinB
sin(4 - B) = (3)(75) - (3)65) = & L
(A-Bj=— =8
cosec(A - B) = 5e = £2
65

Exercise @

1 Without using your calculator, find the exact value of:

a cosl5° b sin75° ¢ sin(120° + 45°)

172

Remember there are two
possible solutions to
cos? A =52, Use a CAST diagram

to determlne which one to use.

cos x is negative in the third
quadrant, so choose the
negative square root —z. sin x is
positive in the second quadrant
(obtuse angle) so choose the
positive square root.

Substitute the values for sin A4,
sin B, cos A and cos B into the
formula and then simplify.

3
sind ~5 3
tan A = =—==
cosA _4 4
5
in B 3
_sinB_ 13 _ s
l:'EmB_cosB’—_.lé_ 12
13

1
Remember cosec x = —
sin x

d tan 165°
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Without using your calculator, find the exact value of:

a sin 30° cos 60° + cos 30° sin 60° b cos 110° cos 20° + sin 110° sin 20°
¢ sin33°cos27° + cos 33° sin27° d coszsr- cos% - sin% sin%
e sin60°cos 15° — cos 60° sin 15° f cos70° (cos 50° — tan 70° sin 50°)
tan45° + tan 15° 1 —tan 15°
® 1= tan45° tan 15° b tan1s
tan %r - tang

i V3cosl15°—sinl5°
I T
l +tan——tan—

12 3
a Express tan (45° + 30°) in terms of tan45° and tan 30°. (2 marks)
b Hence show that tan75° =2 + /3. (2 marks)

Given that cot 4 = % and cot (4 + B) = 2, find the value of cot B.

V2 =6
4
(4 marks)

a Using cos (€ + «r) = cos # cos @ — sin & sin «v, or otherwise, show that cos 105° =

b Hence, or otherwise, show that sec 105° = —/a(1 + V), where « and b are constants to
be found. (3 marks)

Given that sin4 = %and sin B = %, where 4 and B are both acute angles, calculate the exact
value of:

a sin(4 + B) b cos(A4 - B) ¢ sec(4 - B)

Given that cos 4 = —ﬂs, and A is an obtuse angle measured in radians, find the exact value of:

a sin A b cos(m+ A) c sin(%+A) d tan(g—+A)

Given that sin A4 = % where A is acute, and cos B = —%, where B is obtuse, calculate the exact
value of:

a sin(4 - B) b cos(4A - B) ¢ cot(4-B)

: . . 5 .
Given that tan 4 = 7_,71, where A 1s reflex. and sin B = 13 where B is obtuse, calculate the exact
value of:

a sin(A4 + B) b tan(A4 - B) ¢ cosec(A + B)

Given that tan 4 = % and tan B = % calculate, without using your calculator, the value of 4 + B
in degrees, where:

a A and B are both acute,
b A isreflex and B is acute.
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m Double-angle formulae

You can use the addition formulae to derive the following double-angle formulae.

» sin24d =2sinAdcos A

m c0s24A=cos?A-sinfA=2cos?A-1=1-2sin*A

2tan A
1-tan?A4

m tan2A4 =

Use the double-angle formulae to write each of the following as a single trigonometric ratio.

Vit
2tang
a cos?50° - sin? 50° b —
1 - tan?2—
6
a cos°50° - sine 50° = cos (2 x 50°)
=268 1007
21:.ar|E
b ngtan(2x-—) -
1 — gl
tan c
tan 2617- = tan;
4 sin 70° : 3 o
56C-7-O° = 4 5in 70 cOo0S 70

= 2(2 sin 70° cos 70°) =

4 sin 70°
sec 70°

Use cos?A4 = cos? A — sin A in reverse, with 4 = 50°.

2tand . reverse, with 4 =%

Usetan24d = ——— —
? 1 —tan? A 6

secx =

cosx 0 COSX=2ac%

L Recognise this is a multiple of 2 sin 4 cos A.

= 2s5in(2 x 70° = 2 sin 14O°~—L
Use sin2A4 = 2sin 4 cos A4 in reverse with 4 = 70°,

Example o

Given that x = 3sinf and y = 3 — 4 cos 26, eliminate # and express y in terms of x.

The equations can be written as

ind = X 2g=>"7
sinf =3 cos2f=—
As cos 20 = 1 = 2 sin? @ for all values of 6,
3=y X\ 2
s =1-g5)
¥ _ofxi® 1
e 4‘2G)_4
or y= &(%)h =1

174

LT Be careful with this manipulation.

Many errors can occur in the early part of a
solution.

6 has been eliminated from this equation. We still
need to solve for y.

The final answer should be in the form y = ...
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Given that cos x = %, and that 180° < x < 360°, find the exact value of:

a sin2x b tan2x
a sinfAd=1-cos®A Use sin? 4 + cos? A = 1 to determine sin A.
=1-(5)

~J

-

o

1BOP & A & AET. 6 wifi A = V7 sin A is negative in the third and fourth quadrants,

4 so choose the negative square root.

sin2x = 2s5iNX cos X

A7)

A =t? Find tan x in simplified surd form, then substitute
. BnX - . .
b tanx = = 3 this value into the double-angle formula for
4 tan2x.
g S
g
2v7
 2tanx 3 Make sure you square all of tan x when working
tan2x = —— ratPx ek out tan? x:
9 33
27 9 3 9
= — ¥ i—
3 2
= =3y7
® 1 Use the expansion of sin(A4 + B) to show that sin24 = 2sin 4 cos A4. m Set B=A.

® 2 a Using the identity cos (A4 + B) = cos 4 cos B — sin A4 sin B, show that cos 24 = cos® 4 —sin® 4.

b Hence show that: Problem-solving
i cos24=2cos?A-1

ii cos24=1-2sin24 Usesinf A4 +costA =1

® 3 Use the expansion of tan (A4 + B) to express tan 24 in terms of tan A4.

175



Chapter 7

® 4

176

Write each of the following expressions as a single trigonometric ratio.

a 2sin 10° cos 10° b 1-2sin225° ¢ cos?40° - sin?40°
2tan 5° 1 .
1 —tan25° € 25in(24.5)° cos (24.5)° f 6cos?30°-3
sin 8°

g = h cos?—— — sin?——
sec 8 16 16

Without using your calculator find the exact values of:

a 2sin22.5° cos22.5° b 2cos?15° -1
2 tang—
¢ (sin75° — cos 75°)? d —
1 —tan’5
8
a Show that (sinA4 +cosA)> =1 +sin2A4. (3 marks)
b Hence find the exact value of (sin% ks cos%) B (2 marks)
Write the following in their simplest form, involving only one trigonometric function:
2 tang
a cos?36 —sin?30 b 6sin 26 cos 26 c 7
| - tan35
d 2-4 sin3g e V1 +cos26 f sin’6cos’f
. tan @ ¢ o 5 q
g 4sinf cosf cos 26 h— i sin*f - 2sin“0 cos-6 + cos*
sec’f) — 2
Given that p = 2 cos  and ¢ = cos 26, express ¢ in terms of p.
Eliminate @ from the following pairs of equations:
a x=cos’0,y=1-cos260 b x=tanf, y =cot20
¢ x=sinéf, y=sin2f d x=3cos20+1,y=2sinéd
Given that cos x = %, find the exact value of cos 2x.
Find the possible values of sin 6 when cos 26 = 33
Given that tan = %, and that ¢ 1s acute,
a find the exact value of: i tan26 ii sin 26 iii cos 20

b deduce the value of sin 46.



Trigonometry and modelling

® 13 Given thatcos 4 = —%, and that A4 is obtuse,

a find the exact value of: i cos2A4 ii sinA iii cosec24

b show that tan24 = %

)

14 Giventhat mr<f < 3—ﬁ, find the value of tan 4 when tanf =

5 > (4 marks)

15 Given that cos x + sin x = m and cos x — sin x = n, where m and n are constants, write down,
in terms of m and n, the value of cos 2x. (4 marks)

16 In APQR, PO =3cm, PR=6cm, OR =5cm and ZQPR = 26.
a Use the cosine rule to show that cos 20 = -3 (3 marks)

b Hence find the exact value of sin 6. (2 marks)

17 The line /, with equation y = %x, bisects the angle between the x-axis and the line y = mx, m > 0.
Given that the scales on each axis are the same, and that / makes an angle # with the x-axis,
a write down the value of tan# (1 mark)

2

b show that m = —?i (3 marks)

18 a Use the identity cos (A + B) = cos 4 cos B — sin A4 sin B, to show that cos24 = 2cos* 4 - 1.
(2 marks)
The curves C; and C, have equations

Ci: y=4cos2x
Cy: y=6cos?x —3sin2x

b Show that the x-coordinates of the points where C, and C, intersect satisfy the equation

cos2x +3sin2x-3=0 (3 marks)
@ 19 Use the fact that tan 24 = binioat to derive the
- cos24 m Use the identities for sin 24

and cos 24 and then divide both the
numerator and denominator by cos?A.

formula for tan 24 in terms of tan 4.

m Solving trigonometric equations

You can use the addition formulae and the double-angle formulae to help you solve trigonometric
equations.
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Solve 4 cos (A — 30°) = 8/2 sin @ in the range 0 <

4cos(@ - 30° = 8V2 sind

# = 360°. Round your answer to | decimal place.

4 cosf cos30° + 4 sinf sin 30° = 8/ 2 sinB——— Use the formula for cos (4 — B).

]

4 cos ()(V;-) + 4 sin 0( ) = 8&/2 sinf

2

2V3 cosl + 2sinfl = &/2 siné

1

L Substitute cos 30° = % and sin 30° = >

2V3 coslfl = (B2 - 2)sinf

Gather cosine terms on the LHS and sine terms
on the RHS of the equation.

B2 =2

tanf = 0:3719...
f = 20.4° 200.4°

— Divide both sides by cos # and by (8/2 - 2).

Example @

Solve 3cos2x —cosx +2=0for 0 = x = 360°.

Using a double angle formula for cos 2x
3cos2x —cosx + 2 =0
becomes

3(cos?x -1 —-cosx+2=0
6cosx -3 —-cosx+2=0

Use a CAST diagram or a sketch graph to find all
the solutions in the given range.

Problem-solving

Choose the double angle formula for
cos 2x which only involves cos x:
cos2x=2cos’x -1

This will give you a quadratic equation
in cos x.

Gcosx —cosx—-1=0
S0 ([Bcosx+1)2cosx-1)=0

Solving: cosx = -3 or cosx =73

Y
2

VA

Yy=Cco5Xx

L This quadratic equation factorises:
6X°-X-1=03BX+1)(2X-1)

-

cos~'(-3) = 109.5° cos"(%) = 60°

3

So x = 60° 109.5° 250.5° 300°
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Solve 2tan 2y tan y = 3 for 0 < y < 27. Give your answers to 2 decimal places.

2tan2y tany =3

2tany
2(7L ) tany =3
1 =tan<y

4tan®y

1-tany

4tany =3 - 3tan?y

Use the double-angle identity for tan.

This is a quadratic equation in tan y. Because

Ttanfy =3

3

tan®y =35
tany = /=

y=0258,256,3.72, 5.70

there is a tan? y term but no tan y term you can
solve it directly.

m Remember to include the positive

and negative square roots.

a By expanding sin (24 + A) show that sin34 = 3sin 4 —4sin’ 4.

b Hence, or otherwise, for 0 < @ < 27, solve 16sin*# — 12sinf —2/3 =0 giving your answers in

terms of .

a LHS =sin34 =sin(2A + A)

I

= (2sinA cos A)cos A
+ (1 = 2sin?2Ad)sinA

sin2Ad cos A + cos2A4 sin A

=2sind cos?lA +sind -2sin®A4
= 2sinA(1 = sin°A4) +sind - 2sin° A
=2sind—-2sin4A +sind - 2sin®A4

= 3sinAd - 4sin® A = RHS

b 165in°0 - 12sinf - 2/3 =0
16sin0 — 12sinf = 2/3

—

-4 sin30 = 2V3

5in36:—§

BH—fE 5w 10x Nmr lem 17w
- T T - TR R
9_-4rr 57 107 Nr 16w 17«

9'9' 9'9' 9" 9

Use the addition formula for sin (4 + B).

Subsitute for sin 24 and cos 24. As the answer is
in terms of sin 4, cos24 = 1 — 25sin? A is the best
identity to use.

Use sin? 4 + cos? A = 1 to substitute for cos® A.

Problem-solving

The question says ‘hence’ so look for an
opportunity to use the identity you proved in
part a. You need to multiply both sides of the
identity by —4.

L Use a CAST diagram or a sketch graph to find all

answers for30.0<# <27 so0 < 360 < 6.
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Exercise @

®

©)

® @

® @

1 Solve, in the interval 0 < 6 < 360°, the following equations. Give your answers to 1 d.p.

a 3cosf =2sin(f + 60°) b sin(#+ 30°) +2sinf =0
¢ cos(f+ 25° +sin(f + 65°) =1 d cosf = cos(f + 60°)
2 a Show that sin (9 0 %) = *}E—(sin 0 + cosf) (2 marks)
\.'l
b Hence, or otherwise, solve the equation % (sinf + cosf) = l_ 0=6=2nm. (4 marks)

v Vi

¢ Use your answer to part b to write down the solutions to sin# + cos# = | over the same
interval. (2 marks)

3 a Solve the equation cos # cos 30° — sin @ sin 30° = 0.5, for 0 = 6 = 360°.

b Hence write down, in the same interval, the solutions of V3 cosf —sinf = 1.

4 a Given that 3sin(x — y) — sin(x + y) = 0, show that tan x = 2tan y.
b Solve 3sin(x —45°) —sin(x +45°) =0, for 0 = x =< 360°.

5 Solve the following equations, in the intervals given.

a sin20=sinf,0=<60<2rx b cos260=1-cosf, —180° < 6 =< 180°
¢ 3cos20=2cos*0,0=60< 360° d sindf=cos20,0<0=n

¢ 3cos€—sing—]=(},0$9<720° f cos’f—sin2f=sin’h,.0<0<n

g 2sinff=sech, 0 <6 =<27 h 2sin26=3tané, 0 < 6 < 360°

i 2tanf=/3(1 —tan@)(1 +tanf),0 <6 < 2x j sin?6 = 2sin 26, —180° < 6 < 180°
k 4tanf =tan26, 0 < @ =< 360°

6 In AABC, AB=4cm, AC=5cm, ZABC =260 and ZACB = 6. Find the value of 6, giving your
answer, in degrees, to 1 decimal place. (4 marks)

7 a Show that 5sin 26 + 4sin @ = 0 can be written in the form asin@(bcosf + ¢) =0,

stating the values of @, b and c. (2 marks)
b Hence solve, for 0 = # < 360°, the equation 5sin 260 + 4sinf = 0. (4 marks)
8 a Given that sin 20 + cos 260 = 1, show that 2siné(cos @ — sinf) = 0. (2 marks)
b Hence, or otherwise, solve the equation sin 26 + cos 20 = 1 for 0 = 6 < 360°. (4 marks)
9 a Prove that (cos 20 — sin 20)*> = 1 — sin 46. (4 marks)
b Use the result to solve, for 0 =< # < =, the equation cos 26 — sin 26 = —12:
/

Give your answers in terms of 7. (3 marks)
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(®) 10 a Show that:

2 tan s 1 — tan? s
£ o P 2 " _ 2
i sm@:—a ii cosf = 0
1 + tan**z— | + tan"z*
b By writing the following equations as quadratics in tan g solve, in the interval 0 < 6 < 360°:
i sinf+2cosé =1 ii 3cosf—4sinf=2
11 a Show that 3cos’x —sin’x =1 + 2cos 2x. (3 marks)

b Hence sketch, for -7 = x =< 7, the graph of y = 3 cos? x — sin? x, showing the

coordinates of points where the curve meets the axes. (3 marks)

N . 0.
12 a Express 2 Cos* 5 — 4 sin® 5 in the form acos @ + b, where ¢ and b are constants. (4 marks)
b Hence solve 2 coszg -4 sin3g = -3, in the interval 0 = 6 < 360°. (3 marks)

13 a Use the identity sin®> 4 + cos> 4 = | to show that sin* 4 + cos* 4 = %(2 —sin?24). (5 marks)
b Deduce that sin* 4 + cos* 4 = %(3 + cos4A). (3 marks)

¢ Hence solve 8sin*f + 8cos*f=7,for0 < < 7. (3 marks)

m Start by squaring (sin 4 + cos? 4).

14 a By writing 36 as 20 + 6, show that cos 36 = 4 cos*# — 3 cos 6. (4 marks)
b Hence, or otherwise, for 0 < # < 7, solve 6 cos# — 8 cos*# + 1 = 0 giving your answer
in terms of . (5 marks)

@ Simplifying a cos x = bsin x

Expressions of the form acos x + b sin x, where a and b are constants can be written as a sine function
only or a cosine function only.

= You can write any expression of the form a cos 6 + b sin 6 as either
e Rsin(x+a)where R>0and0<a<90° or
e Rcos(x = 3)where R>0and0< 3<90°
where Rcos o = a, Rsina=band R/a? + b*

Use the addition formulae to expand sin (x = a) or cos (x = 3), then equate coefficients.
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Show that you can express 3 sin x + 4 cos x in the form:

a Rsin(x+ )

b Rcos(x —a)

where R> 0,0 < a <90° 0 < 3 <90° giving your values of R, & and 3 to 1 decimal place when
appropriate.

Use sin (A4 + B) = sin 4 cos B + cos A sin B and

a Rsin(x+ a) = Rsinxcosa + Rcosx sina

multiply through by R.
Let 3sinx + 4cosx = Rsinx cosa
+ Rcos x sina
S0 Rcosa = 3 and Rsina = 4 Equate the coefficients of the sin x and cos x terms.
Rsina 4
= tarl ﬂ =" I - w - . .
Rcosa 3 | Divide the equations to eliminate R and use tan~!
4 to find a.
« = tan™ (5)

So a=531°(1dp)

Recosta + R2sito= 32 4 42 Square and add the equations to eliminate « and

find R

Ré(cos?a + sin‘a) = 25

R2=25.50 R=5 Use sinfa + cosa = 1.

3sinx+ 4cosx = 5sin(x + 53.1°9

Use cos (4 — B) = cos 4 cos B + sin A sin Band

b Rcos(x — 3) = Rcosx cos 3+ Rsinx sinj3

multiply through by R.
Let 3sinx + 4cosx = Rcosx cos 3
+ Rsinx sing
S0 Rcos 3= 4 and Rsin3 =3 Equate the coefficients of the cos x and sin x terms.
Rsin 3 . 3
Rcosf Gand 4 L Divide the equations to eliminate R.

So f=36.9°(1 dp)
R2cos?3 + R?sin? 3 = 32 + 42
R?(cos? 3 + sin® 3) = 25

R2=25 s0R=5 Remember sinZax + cos?a = 1.

3sinx + 4cosx = Scos(x - 36.9°)
N
m Explore how you can

transform the graphs of y = sin x and
¥ = cos x to obtain the graph of y =3sinx + 4cos x
using technology.

Square and add the equations to eliminate a and
find RZ.
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a Show that you can express sin x — V3 cos x in the form Rsin (x — a), where R>0,0 < a <

m
2
b Hence sketch the graph of y = sinx — V3 cos x.

a Set sinx — V3 cosx = Rsin(x — a)
sinX — V3 cosx = Rsinx cosa — Rcos x sina ———— Expand sin (x — a) and multiply by R.

So Rcosax=1 and Rsina=+yV3

Dividing, tana = V3, s0 a = ;_ L Equate the coefficients of sin x and cos x on
both sides of the identity.
Squaring and adding: R = 2 I I '

So sinx — V3 cosx = 2 sin (.\‘ - %)

b y =sinx - V3 cosx = 2sin (A\' - E)

3

VA

You can sketch y = 2 sin (.\: - -g:) by

translating y = sin x by —;5 to the right and

then stretching by a scale factor of 2 in the
y-direction.

a Express 2cos @ + 5sinf in the form Rcos (# — «), where R > 0, 0 < a < 90°.
b Hence solve, for 0 < # < 360°, the equation 2cosf + Ssinf = 3.

a Set 2cosf + 5sinf = Rcosf cosa
+ Rsinf sina

So Reveo =2 and Rsino= 5 Equate the coefficients of sin x and cos x on both

sides of the identity.

Dividing tana = é s0 a = 68.2°

2

Squaring and adding: R = V29 ~ Use the result from part a:

So 2cos8 + 55inf = /29 cos (f — 68.2°) 2cosf+5sinf = v29 cos (f - 68.2°).
b V29cos(f - 66.2° =3 .

e — Divide both sides by v29.
S0 cos (@ - 68.2°) = — 39
e i As 0 < 8 < 360°, the interval for (f — 68.2°) is
cos™| 55 ) S _68.2° < — 68.2° < 291.8°.
S0 0 - 68.2° = -56.1..°% 56.1...° % is positive, so solutions for # — 68.2° are in
v
0 =12.1° 124.3° (to the nearest 0.1°) the 1st and 4th quadrants.
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f(6)=12cosf + 5sinf

A
a Write f(#) in the form Rcos (0 — o). @ Use technology to explore O

maximums and minimums of curves
in the form R cos (@ — «).

b Find the maximum value of f(#) and the
smallest positive value of # at which it occurs.

~ Equate sin x and cos x terms and then solve for

a Set 12cosl + 5s5inf = Rcos (@ — &) ~ |
R and «.

So 12co50 + 5sinfl = Rcosl cosa
+ Rsinf sina
So Rcosax=12 and Rsina=5
R =13 and tana = ]% = a = 22.6°
S0 12cosf + 5sinfl = 13 cos (@ — 22.6°)

The maximum value of cos x is 1 so the maximum
value of cos (# — 22.6°) is also 1.

b The maximum value of 13 cos (@ — 22.6°) «

is 13.
This occurs when cos (# — 22.6°) = 1
0 - 226°=...-360° 0° 360°, ... - | | ~ Solve the equation to find the smallest positive

The smallest positive value of @ is 22.6°, value of .

Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in surd form.

1 Given that 5sinf + 12cosf = Rsin (6 + «), find the value of R, R > 0, and the value of tan a.
2 Given that V3 sinf + V6 cosf = 3cos (8 — «), where 0 < o < 90°, find the value of «.

3 Given that 2sinf — V5 cosf = =3 cos (0 + o), where 0 < a < 90°, find the value of «.

L8
2
Hence sketch the graph of y = cos ) = V3 siné, 0 < a < 27, giving the coordinates of points
of intersection with the axes.

4 a Show that cosé — V3 sin # can be written in the form Rcos(f — o), with R>0and 0 < a <

=g

® 5 a Express 7cos @ — 24 sin # in the form Rcos (6 + o), with R >0 and 0 < o < 90°.

The graph of y = 7cos # — 24 sin f meets the y-axis at P. State the coordinates of P.

Write down the maximum and minimum values of 7cosf — 24 sin 6.

/e n T o=

Deduce the number of solutions, in the interval 0 < # < 360°, of the following equations:
i 7cosf) —24sinf =15 i 7cosf —24sin6 =26 iili 7cosf/—24sinf =-25

(E) 6 f(6)=sin6+3cosf
Given f(f) = Rsin (0 + «), where R > 0 and 0 < o < 90°.

a Find the value of R and the value of «. (4 marks)
b Hence, or otherwise, solve f(x) = 2 for 0 = 6§ < 360°. (3 marks)
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a Express cos 26 — 2sin 26 in the form Rcos (20 + ), where R>0and 0 < a < g
Give the value of « to 3 decimal places.

b Hence, or otherwise, solve for 0 =< # < 7, cos 26 — 2sin 26 = —1.5, rounding your
answers to 2 decimal places.

Solve the following equations, in the intervals given in brackets.

a 6sinx + 8cosx =5/3, [0, 360°] b 2cos36 - 3sin 36 = -1, [0, 90°]

¢ 8cosf+ 15sin6 = 10, [0, 360°] d Ssin7 - 12cos3 = -6.5, [-360°, 360°]

a Express 3sin 36 — 4 cos 360 in the form Rsin (36 — o), with R > 0 and 0 < o < 90°.

b Hence write down the minimum value of 3 sin 30 — 4 cos 36 and the value of 6
at which 1t occurs.

¢ Solve, for 0 = 6 < 180°, the equation 3sin 360 —4cos 36 = 1.

a Express 5sin’# — 3 cos? 8 + 6sinf cos f in the form asin 26 + bcos 26 + ¢,
where a, b and ¢ are constants to be found.

b Hence find the maximum and minimum values of 5sin?@ — 3 cos? @ + 6sin# cos 6.

¢ Solve 5sin?f — 3cos?# + 6sinf cosf = -1 for 0 = # < 180°, rounding your
answers to | decimal place.

Trigonometry and modelling

(4 marks)

(4 marks)

(3 marks)

(3 marks)
(3 marks)

(3 marks)
(4 marks)

(4 marks)

A class were asked to solve 3cosf = 2 - sin @ for 0 = 6 < 360°. One student expressed the
equation in the form Rcos (0 — a) = 2, with R > 0 and 0 < &« < 90°, and correctly solved the
equation.

Find the values of R and o and hence find her solutions.

Another student decided to square both sides of the equation and then form a quadratic
equation in sin 6.

b
c
d

Show that the correct quadratic equation is 10sin®6 —4sinfl — 5=0.
Solve this equation, for 0 < 6 < 360°.
Explain why not all of the answers satisfy 3cosf = 2 — sin 6.

Given cot € + 2 = cosec ), show that 2sin + cosf = 1.
Solve cotf + 2 = cosec f for 0 = 6 < 360°.

Given v2 cos (9 - %) + (V3 = 1)sin @ = 2, show that cos @ + V3 sin = 2.

Solve V2 cos (9 - g) + (/3 =1)sinf=2for0<6<2nr.

(4 marks)
(3 marks)

(4 marks)

(2 marks)
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14 a Express 9cos# + 40 sin # in the form Rcos(f — a), where R > 0 and 0 < v < 90°.

Give the value of a to 3 decimal places. (4 marks)
18
b )= 50 + 9cosf + 40sin @’ ) =g an
Calculate:
i the minimum value of g(0) (2 marks)
ii the smallest positive value of ¢ at which the minimum occurs. (2 marks)

15 p(x)=12cos26 — 5sin 20

Given that p(x) = Rcos (20 + o), where R >0 and 0 < o < 90°,

a find the value of R and the value of o. (3 marks)
b Hence solve the equation 12 cos 26 — 5sin 260 = —6.5 for 0 = o < 180°. (5 marks)
¢ Express 24 cos? @ — 10sin # cos # in the form acos 26 + bsin 20 + ¢, where a, b

and ¢ are constants to be found. (3 marks)
d Hence, or otherwise, find the minimum value of 24 cos*# — 10sin € cos 6. (2 marks)

m Proving trigonometric identities

You can use known trigonometric identities to prove other identities.

a Show that ZSng cosg cosfl = %sin 20.

b Show that 1 + cos46 = 2 cos? 26.

a sin2A =2sind cos A ) 0 . )
|—— Substitute 4 = 5 into the formula for sin 2A4.

sinfl = 25‘mE co5E

i 2
r Problem-solving

LHS = 2 5in'—} cos o cosf

2 2 Always be aware that the addition formulae can
= sinf cos be altered by making a substitution.
= 3 sin 26
£ L Use the above result for 2 sinﬁ cosﬁ
= RHS 2 2

b LHS =1+ cos468
=1+4+2cos220 -1

=2cos” 20 ——— Use cos2A4 = 2cos> A — 1 with 4 = 26.
= RHS

—— Remember sin 20 = 2 sinf cos 6.
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Prove the identity tan 260 =

s

cotf —tanf
[HE = kan 20 = =200
1—tan<@

Divide the numerator and denominator by
tan@.

= 2
So tan 26 = 1 —

- tanf
tan# -
_ 2
~ cotf - tanf

Prove that v3 cos 46 + sin 40 = 2 cos (49 =

RHS = 2¢cos (49 = ié)

-

= V3 cos 460 + sin4f = |LHS

Exercise @

® 1 Prove the following identities.

cos 24 B :
cosA+sind GO = 5.4
1 —cos20
sin20 tand

e 2(sin®f cos @ + cos*f sinf) = sin 26

g cosecll —2cot26 cosf = 2sinf

T )El——sinZA‘

' lan (Z - cos2x

= 2 cos 4 cos c + 25in495ing —L
- Q) 1)
:2«:0549(2 +25m4c9(2)

Trigonometry and modelling

Problem-solving

Dividing the numerator and denominator by
a common term can be helpful when trying to
rearrange an expression into a required form.

Problem-solving

Sometimes it is easier to begin with the RHS of
the identity.

Use the addition formulae.

_ Write the exact values of cos— and sin—

6 6

sinB cosB
sind cosA

= 2cosec2A4 sin(B - A)

sec’
1—tan39:seczg
sin 36 B cos 36 -
sin @ cosf
sect — 1 =tan3g
secl+1 2
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Prove the identities:

cosA sinA cos(4+ B)

a sin(A4 + 60°) + sin(A4 — 60°) = sin 4 b SinB _cosB = sinBcos B
sin(x + y) - _ cos(x+y) -
¢ W:tan,\+tan)’ d m+1=cotxcoty
s e s _cotAcotB -1
e cos(9+ 3) + 3 sinf = sin (9+ 6) f cot(4A+ B) = colAd +colB
g sin’(45°+0) +sin’?(45°-0) = 1 h cos(A + B)cos(4 - B)=cos’ A4 -sin’B
a Show that tané + cot 8 = 2 cosec 26, (3 marks)
b Hence find the value of tan 75° + cot 75°. (2 marks)
a Show that sin 30 = 3sin# cos? @ — sin? 4. (3 marks)
b Show that cos 3¢ = cos*# — 3sin?6 cos 6. (3 marks)
=il
¢ Hence, or otherwise, show that tan 360 = Atan ¢ ta”n ? (4 marks)
1 —3tan-6
d Given that @ is acute and that cos = % show that tan 30 = 1(;-;2 (3 marks)
a Usingcos24 =2cos’4 -1 =1 - 2sin? A, show that:
i cos?® = 1 +cosx i sin2X = 1 —cosx
2 2 - 2
b Given that cos# = 0.6, and that # is acute, write down the values of:
i cosg ii sinE iii tanﬂ
2 2 2
¢ Show that cos‘% = %(3 +4cos A+ cos2A).
Show that cos*f = % + %cos 20 + %cos 46. You must show each stage of your
working. (6 marks)
Prove that sin?(x + y) — sin? (x — ) = sin 2x sin 2y. (5 marks)
Prove that cos 26 — V3 sin 26 = 2 cos (29 + %) (4 marks)
Prove that 4 cos (.26' - %) =2V3 - 4/3sin?f + 4sin 0 cos 0. (4 marks)
Show that:
oA g s 7 o B e m
a cosf+sinf=v2 sm(9+ 4) b v3sin2d - cos20 = 2sin (29 6)



Challenge

1 a Showthat cos(4 + B) — cos (4 — B) =-2sin A sin B.

P-—Q).

f iz
b Hence show that cos P — cos Q = -2 sin ( ; Q) sin ( >

¢ Express 3 sin x sin 7x as the difference of cosines.
P+ Q) (P - Q)
5 jos|—— |

b Hence, or otherwise, show that 2 sinn—ﬂcoss—“ = 3+v2

24 24 2

2 a Prove thatsin P+ sin Q = 2sin (

m Modelling with trigonometric functions

Trigonometry and modelling

You can use trigonometric functions to model real-life situations. In trigonometrical modelling
questions you will often have to write the model using R sin (x + &) or Rcos (x + 3) to find maximum

or minimum values.

The cabin pressure, P, in pounds per square inch (psi) on an aeroplane at cruising altitude can be
modelled by the equation P =11.5 — 0.5 sin (7 — 2), where ¢ is the time in hours since the cruising

altitude was first reached, and angles are measured in radians.

a State the maximum and the minimum cabin pressure.

b Find the time after reaching cruising altitude that the cabin first reaches a maximum pressure.

¢ Calculate the cabin pressure after 5 hours at a cruising altitude.

d Find all the times during the first 8 hours of cruising that the cabin pressure would be exactly 11.3 psi.

a Maximum pressure = 11.5 — 0.5 x (-1) = 12 psi -1 = sin(t - 2) = 1. Use the maximum and

Minimum pressure = 11.5 = 0.5 x 1 = 11 psi

minimum values of the sine function to find the

maximum and minimum pressure.

b 115 -05sin(t-2)=12
~-05sin(t - 2)=0.5 L )
. Set the model equal to 12, the maximum pressure.
sin(t — 2) = -1
[-2=.., ~%. % o Remember the model uses radians.
t = 043 hours = 26 min - Multiply 0.43 by 60 to get the time in minutes.
= 11.5 - 0.070...
= 11.43 psi

N
m Explore the solution to this

modelling problem graphically using
technology.
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d 1.5 -05sin{t—2) =13 Set the model equal to 11.3.
-0.5sin(t - 2) = -0.2
sin{t — 2) = 04 Use sin~1(0.4) to find the principal solution, then
! = 2==3588...,04115..., 273.., use the properties of the sine function to find
6.6947... other possible solutions in the range 0 < 1 < 8.
1= 2.41 hours. 4.73 hours. -
t=2h 25min, 4 h 44 min L 0=t=8s0-2=1t-2=6.Thereare two

solutions in the required range.

Exercise @

® 1 The height, &, of a buoy on a boating lake can be modelled by / = 0.25 sin (1800¢)°, where / is
the height in metres above the buoy’s resting position and 7 is the time in minutes.

a State the maximum height the buoy reaches above its resting position according to this model.

b Calculate the time, to the nearest tenth of a second, at which the buoy is first at a height of
0.1 metres.

¢ Calculate the time interval between successive minimum heights of the buoy.

® 2 The angle of displacement of a pendulum, 6, at time 7 seconds after it is released is modelled
as 0 = 0.03 cos (25¢), where all angles are measured in radians.

a State the maximum displacement of the pendulum according to this model.
b Calculate the angle of displacement of the pendulum after 0.2 seconds.
¢ Find the time taken for the pendulum to return to its starting position.

d Find all the times in the first half second of motion that the pendulum has a displacement of
0.01 radians.

® 3 The price. P, of stock in pounds during a 9-hour trading window can be modelled by
P=174+2sin(0.7¢t — 3), where 1 1s the time 1n hours after the stock market opens, and angles
are measured in radians.

a State the beginning and end price of the stock.
b Calculate the maximum price of the stock and the time when it occurs.

¢ A day trader wants to sell the stock when it firsts shows a profit of £0.40 above the day’s
starting price. At what time should the trader sell the stock?

® 4 The temperature of an oven can be modelled by the equation 7= 225 — 0.3 sin (2x — 3), where
T is the temperate in Celsius and x is the time in minutes after the oven first reaches the desired
temperature, and angles are measured in radians.

a State the minimum temperature of the oven.
b Find the times during the first 10 minutes when the oven is at a minimum temperature.
¢ Calculate the time when the oven first reaches a temperature of 225.2 °C.

5 a Express 0.3 sinf — 0.4 cosf in the form Rsin (f — «)°, where R > 0 and 0 < a < 90°. Give the
value of « to 2 decimal places. (4 marks)
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b i Find the maximum value of 0.3 sinf — 0.4 cos 6. (2 marks)
ii Find the value of 6, for 0 < # < 180 at which the maximum occurs. (1 mark)

Jack models the temperature in his house, 7°C, on a particular day by the equation
T=23+4+0.3sin(18x)°-0.4cos(18x)°,x=0

where x is the number of minutes since the thermostat was adjusted.

¢ Calculate the minimum value of 7 predicted by this model, and the value of x, to 2 decimal

places, when this minimum occurs. (3 marks)
d Calculate, to the nearest minute, the times in the first hour when the temperature is predicted,

by this model, to be exactly 23 °C. (4 marks)
a Express 65cosf) — 20sin @ in the form Rcos (6 + o), where R>0and 0 < o < %

Give the value of « correct to 4 decimal places. (4 marks)

A city wants to build a large circular wheel as a tourist attraction. The height of a tourist on the
circular wheel is modelled by the equation

H=70-65c080.2t +20sin 0.2«

where H is the height of the tourist above the ground in metres, 7 1s the number of minutes after
boarding and the angles are given in radians. Find:

b the maximum height of the wheel (2 marks)
¢ the time for one complete revolution (2 marks)
d the number of minutes the tourist will be over 100 m above the ground in each

revolution. (4 marks)
a Express 200sinf — 150 cos # in the form Rsin (¢ — ), where R>0and 0 < v < g

Give the value of « to 4 decimal places. (4 marks)

The electric field strength, £ V/m, in a microwave of width 25 cm can be modelled using the
equation
4rx

) 4rx
E = 1700 + 200 sin (E) = 180008 (E)

where x is the distance in cm from the left hand edge of the microwave oven.

b i Calculate the maximum value of E predicted by this model.
ii Find the values of x, for 0 = x < 25, where this maximum occurs. (3 marks)

¢ Food in the microwave will heat best when the electric field strength at the centre of the food 1s
above 1800 V/m. Find the range of possible locations for the centre of the food. (5 marks)

Challenge

Look at the model for the electric field strength in a microwave oven
given in question 7 above. For food of the same type and mass, the
energy transferred by the oven is proportional to the square of the
electric field strength. Given that a square of chocolate placed at a point
of maximum field strength takes 20 seconds to melt,

a estimate the range of locations within the oven that an identical
square of chocolate will take longer than 30 seconds to melt.

b State two limitations of the model.
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Mixed exercise o

®

®

@

1

192

a Without using a calculator, find the value of:
i o aas 3 b i A L S ... 1 —tan15°
i sin40° cos 10° — cos40° sin 10 ii 5 cos 15 7 sin 15 L ey
; ; | ; ; V5 +1
Given that sinx = 75 where x is acute and that cos (x — y) = sin y, show that tany = 3
g

The lines /, and /5, with equations y = 2x and 3y = x — 1 respectively, are drawn on the same set
of axes. Given that the scales are the same on both axes and that the angles /, and /, make with
the positive x-axis are 4 and B respectively,

a write down the value of tan 4 and the value of tan B;
b without using your calculator, work out the acute angle between /, and /.

In AABC, AB=5cmand AC=4cm, ZABC = (# — 30°) and ZACB = (6 + 30°). Using the sine
rule, show that tan @ = 3v3.

The first three terms of an arithmetic series are v3 cos @, sin (f — 30°) and sin #, where @ is acute.
Find the value of 6.

2

Two of the angles, 4 and B, in AABC are such that tan 4 = %, tan B = ;
a Find the exact value of: i sin(4 + B) il tan2B.
b By writing C as 180° — (4 + B), show that cos C'= —%

2

: 3
The angles x and y are acute angles such that sin x = % and cosy = o
v Vv

a Show that cos2x = —%
b Find the value of cos2y.
¢ Show without using your calculator, that:

i tan(x+y)=7 ii x—y=%
Given that sin x cos y = 3 and cos x sin y = 3,
a show that sin(x + y) = 5sin(x - ).
Given also that tan y = k, express in terms of k:
b tanx
¢ tan2x
a Given that V3 sin 26 + 2sin# = 1, show that tan 260 = -% (2 marks)

v

b Hence solve, for 0 < 0 < 7, the equation v3 sin 20 + 2sin?6 = 1. (4 marks)



10

11

12

13

14

15

16

17

Trigonometry and modelling

a Show that cos 26 = 5sin # may be written in the form asin’# + bsinf + ¢ =0, where a, b

and ¢ are constants to be found. (3 marks)
b Hence solve, for - < 6 =< 7, the equation cos 26 = Ssin f. (4 marks)
a Given that 2sin x = cos(x — 60)°, show that tan x = ﬁ (4 marks)
b Hence solve, for 0 = x = 360°, 2sin x = cos (x — 60°), giving your answers to

1 decimal place. (2 marks)
a Given that 4sin (x + 70°) = cos (x + 20°), show that tan x = -—%tan 70°. (4 marks)

b Hence solve, for 0 = x =< 180°, 4sin (x + 70°) = cos (x + 20°), giving your answers
to 1 decimal place. (3 marks)

a Given that a is acute and tan o = %. prove that
3sin(f + «) + 4cos(f + ) = Scos b

b Given that sin x = 0.6 and cos x = —0.8, evaluate cos (x + 270°) and cos (x + 540°).

a Prove, by counter-example, that the statement
sec(A + B) =sec A + sec B, for all 4 and B
is false. (2 marks)
b Prove that tan @ + cotd = 2 cosec 20, 0 + %, n e . (4 marks)
; _2tan6® .. ;
Using tan 260 = 1 —tand with an appropriate value of 6,
a show that tan% =y2 - 1.
b Use the result in a to find the exact value of tan 3%
a Express sin x — 3 cos x in the form Rsin (x — «), with R >0 and 0 < o < 90°, (4 marks)
b Hence sketch the graph of y = sin x — V3 cos x, for =360° < x = 360°, giving the coordinates
of all points of intersection with the axes. (4 marks)
Given that 7cos 20 + 24sin 20 = Rcos (20 — o), where R>0and 0 <a < % find:
a the value of R and the value of a, to 2 decimal places (4 marks)
b the maximum value of 14 cos?f + 48 sin 8 cos 6. (1 mark)

¢ Solve the equation 7cos 20 + 24 sin 20 = 12.5, for 0 =< # < 180°, giving your answers to
1 decimal place. (5 marks)
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18 a Express 1.5sin2x + 2cos 2x in the form Rsin (2x + a), where R>0and O < a <

giving your values of R and a to 3 decimal places where appropriate.

b Express 3 sin x cos x + 4 cos? x in the form asin 2x + bcos 2x + ¢, where a, b and ¢

are constants to be found.

¢ Hence, using your answer to part a, deduce the maximum value of
3sin x cos x + 4 cos? x.

(E/P) 19 a Given that sin>= = 2sin ), show that V17 sin (¢ + ) = 1 and state the value of «.

S B RS

b Hence, or otherwise, solve sinzg =2sinf for 0 < 0 < 360°.

™

2

(4 marks)

(3 marks)

(1 mark)

(3 marks)

(4 marks)

(E/P) 20 a Given that 2cosf = 1 + 3sin 6, show that Rcos(f + a) = 1, where R and « are constants

to be found. (2 marks)
b Hence, or otherwise, solve 2cosf =1 + 3siné for 0 = 6 =< 360°. (4 marks)
® 21 Using known trigonometric identities, prove the following:
_ s _ T _N\= )
a secf cosecfl = 2cosec 20 b tan(4 +x) tan (4 .\) = 2tan 2x
¢ sin(x + y)sin(x —y) =cos’y —cos’x d 1+2cos20+ cosdf =4cos*f cos20
22 a Use the double-angle formulae to prove that LELONAY = tan? x. (4 marks)
I +cos2x
. 1 — cos2x :
b Hence find, for =7 = x =< 7, all the solutions of ——————— = 3, leaving your answers
1 +cos2x

in terms of .

Prove that cos®* 26 — sin? 20 = cos 44.

b Hence find, for 0 =< 0 < 180°, all the solutions of cos*20 — sin*20 =

=

(E/P) 23

t3]—

1 —cos26
(E/P) 24 a Prove that <in 20 = tan 6.

b Verify that 6 = 180° is a solution of the equation sin 26 = 2 — 2 cos 20.

¢ Using the result in part a, or otherwise, find the two other solutions, 0 < 6 < 360°,

of the equation sin20 =2 — 2 cos 26.

25 The curve on an oscilloscope screen satisfies the equation y = 2 cos x — V5 sin x.
a Express the equation of the curve in the form y = Rcos (x + «), where R and

m
aareconstantsand R>0and 0 =a < —

2
b Find the values of x, 0 < x < 2, for which y = -1.
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a Express [.4sinf — 5.6 cosf in the form R sin(f — o), where R and a are constants,

R>0and 0 <a<90° Round R and « to 3 decimal places. (4 marks)
b Hence find the maximum value of 1.4sin# — 5.6 cos # and the smallest positive value
of @ for which this maximum occurs. (3 marks)
The length of daylight, d(7) at a location in northern Scotland can be modelled using the equation
~ 3607\ ° . (360r)°
d(t) =12 + 5.6 cos ( 365 ) + 1.4 sin 365

where 7 is the numbers of days into the year.

¢ Calculate the minimum number of daylight hours in northern Scotland as given by
this model. (2 marks)

d Find the value of 7 when this minimum number of daylight hours occurs. (1 mark)

a Express 12sin x + Scos.y in the form Rsin (x + o), where R and « are constants,
R>0and 0 < a<90° Round « to 1 decimal place. (4 marks)

A runner’s speed, v in m/s, in an endurance race can be modelled by the equation

v(x) = . 30 . 5, 0= x=300
. 2% %
12 sin (?) + 5cos (?)
where x is the time in minutes since the beginning of the race.
b Find the minimum value of v. (2 marks)
¢ Find the time into the race when this speed occurs. (1 mark)

Challenge

1 Prove the identities:

cos260 +cos4b _
sin260 —sin4f Rk

b cosx +2¢cos3x + cos5x = 4 cos? x cos 3x

2 The points 4, Band C lie on a circle with centre O and radius 1. ACis a

diameter of the circle and point D lies on OC such that ZODB = 90°,
B

@ Find expressions

for Z/BOD and AB,
then consider the
lengths OD and DB.

Use this construction to prove:
a sin2f =2sinf cost b cos2f0 =2cos?H -1
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Summary of key points

1 The addition (or compound-angle) formulae are:

*« sin(A+B)=sindAcosB+cosAsinB sin(4-=B) =sinAcosB-cosAsinB

» cos(A+ B) =cosAcosB-sinAsinB cos(A-B)=cosAcosB+sinAsinB
_ tanAd +tanB _m_ tan4d-tanB
tan(A+B)=1—tanAtanB RNt B)_1+tanAtanB

2 The double-angle formulae are:

* sin24 =2sin A cos A

+ 0524 =c0s°A—sin?A=2c0s’A-1=1-2sin?A4
2tan 4

« tan24d = ———
1-tan?4

3 You can write any expression of the form a sin @ + b cos 6 as either:
* Rsin(@+a),with R>0and0<a <90°o0r
+ Rcos (6 = b), with R>0and 0 < a < 90°
where Rcosa =a, Rsina=hband R=va? + b?.
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Parametric equations

After completing this chapter you should be able to:

e Convert parametric equations into Cartesian form by substitution
-» pages 198-202

® Convert parametric equations into Cartesian form using
trigonometric identities -> pages 202-206

® Understand and use parametric equations of curves and sketch
parametric curves -> pages 206-208

® Solve coordinate geometry problems involving parametric
equations -» pages 209-213

® Use parametric equations in modelling in a variety of contexts
-» pages 213-220

Prior knowledge check

1 Rearrange to make 7 the subject:
a x=4t-kt by=32 ¢ y=2-4Int d x=1+2e¥
<« GCSE Mathematics; Year 1, Chapter 14
2 Write in terms of powers of cos x:
a 4+3sin’x b sin2x
¢ cotx d 2cosx+cos2x « Section 7.2

State the ranges of the following functions.
ay=Iln(x+1),x>0 b y=2sinx,0<x<n

Parametric equations
can be used to describe ¢ y=xXP+bx-2,-b<x<]1 dy= ‘1 el
the path of a ski jumper 2X +5
from the point of & Year 1, Chapter 6
leaving the ski ramp to A circle has centre (0, 4) and radius 5. Find the coordinates of the
the point of landing. points of intersection of the circle and the line with equation

-» Exercise 8E, Q8 2y-x-10=0. « Year 1, Chapter 6
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Chapter 8

m Parametric equations

You can write the x-and y-coordinates of each point on a curve as functions of a third variable.
This variable is called a parameter and is often represented by the letter .

® A curve can be defined using parametric equations x = p(f) and y = q(r). Each value of the
parameter, 7, defines a point on the curve with coordinates (p(7), q(1)).

;‘ | x=L ;“ 3 y=251>0 These are the parametric equations of the curve.
L The domain of the parameter tells you the values
4 | of 1 you would need to substitute to find the
ol coordinates of the points on the curve.
3-
3 22+1
14 ! _ Whent=2, x = =25and y=2x2=4.
r —> This corresponds to the point (2.5, 4).
—1?_123456-" ’ POt
_052+1 _ . _
m The value of the parameter 7 is When =05 x==S7—=25andy=2x05=1.
generally not equal to either the x- or the This corresponds to the point (2.5, 1).

y-coordinate, and more than one point on
the curve can have the same x-coordinate.

® You can convert between parametric m A Cartesian equation In bwo
equations and Cartesian equations by using dimensions involves the variables x and y only.

substitution to eliminate the parameter.

You can use the domain and range of the parametric functions to find the domain and range of the
resulting Cartesian function.

® For parametric equations x = p(f) and y = q(7) with Cartesian equation y = f(x):
e the domain of f(x) is the range of p(7)
e the range of f(x) is the range of q(7)

A curve has parametric equations
x=2t, y=0, -3<it<3
a Find a Cartesian equation of the curve in the form y = f(x).
b State the domain and range of f(x).
¢ Sketch the curve within the given domain for 7.

A Cartesian equation only involves the variables x

= 2ts01=2
& n=arat 2 M and y, so you need to eliminate z.
y=1Fr (2)
Substitute (1) into (2): Rearrange one equation into th.e form ¢ =... then
2y substitute into the other equation.
r=(3) =7 i
This is a quadratic curve.
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b x=21-3<1<3
So the domain of f(x) is -6 < x < €.

Pimipe, w3 < P 3
So the range of f(x)is 0O s y < 9.

=21

L PiEs 1=

-y

A curve has parametric equations

x=In(t+3), STPY t> =2

Parametric equations

The domain of f is the range of the parametric
function for x. The range of x = 2 over the
domain-3<r<3is-6<x<6. « Section 2.1

The range of f is the range of the parametric
function for y. Choose your inequalities carefully.
y = t?can equal 0 in the interval =3 < 7 < 3, 50 use
=, but it cannot equal 9, 50 use <.

The curve is a graph of y =7x2 Use your answers
to part b to help with your sketch.

m Pay careful attention to the domain

when sketching parametric curves. The curve is
only defined for -3 < r < 3, or for -6 < x < 6. You
should not draw any points on the curve outside
that range.

a Find a Cartesian equation of the curve of the form y = f(x), x > k where k is a constant to be found.

b Write down the range of f(x).

a x=In(t+ 3)
e*=t+3
Soe*=-3=t
Substitute t = e* - 3 into

11
t+5 e*-3+5

e'+ 2
Whent==2: x=In(t+ 3)=In1=0 -«

@ Sketch this parametric

As t increases In(t + 3) increases, so the
range of the parametric function for X is
xX>0;

The Cartesian equation is

1
,X>0
e +2 "

1L

y=

-

1 1

h =2 p= =
b Whent 2! ) T+5 -3

As t increases y decreases, so the range

of the parametric function for y is y < 3

The range of f(x) is y < :I;

O

curve using technology.
e* is the inverse function of In x.

Rearrange the equation for x into the form 7= ...
then substitute into the equation for y.

To find the domain for f(x), consider the range of
values x can take for values of r > -2.

You need to consider what value x takes when
t = —2 and what happens when 1 increases.

The range of f is the range of values y can take
within the given range of the parameter.

You could also find the range of f(x) by
considering the domain of f(x). f(0) = 1 and f(x)
decreases as x increases, so the range of f(x) is

y <-;- & Section 2.1
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Chapter 8

Exercise @

1

Find a Cartesian equation for each of these parametric equations, giving your answer in the
form y = f(x). In each case find the domain and range of f(x).

a x=r-2, y=r£*+1, -4=r1r<4 b x=5-1 y=£-1, teR

cC X= % y=3-1 %0 m If the domain of ¢ is given as ¢ = 0, this
implies that 7 can take any value in R other than 0.

1 1 5
d x=21+1, y=T; t>0 e X=""5s y=t, t>2
1 1
f =t -2 b

For each of these parametric curves:

i find a Cartesian equation for the curve in the form y = f(x) giving the domain on which the
curve is defined

ii find the range of f(x).

a x=2In(5-1), y=£-5, t<4 b x=In(t+3), y= 1> =2

b
t+5

¢ x=¢, y=¢ teR

A curve Cis defined by the parametric equations x=v1, y=19-1), 0=s=t=35.

a Find a Cartesian equation of the curve in the form y = f(x), and determine the domain and
range of f(x).

b Sketch C showing clearly the Problem-solving

coordinates of any turning : o ,
y=1(9 - 1) is a quadratic with a negative #? term and roots at

oints, endpoints and intersections
P i p . t=0and =09 It will take its maximum value when t = 4.5.
with the coordinate axes.

For each of the following parametric curves:

i find a Cartesian equation for the curve in the form y = f(x)
ii find the domain and range of f(x)

iii sketch the curve within the given domain of t.

a x=2-3, y=9-¢2, t>0 b x=3t-1, y=@-1)(t+2), -4<t<4

¢ x=t+1, y= 11 teR, t=1 d x=vi-1, y=3/t, t>0

e x=In4-1), y=r-2, 1<3

200



Parametric equations

® 5 The curves C, and G, are defined by the following parametric equations.
1 t

Ci: x=1+2t, y=2+3t 2<t<5 Cy: x=

2t-3 Y521-3

a Show that both curves are segments of the ) _ ]
Straight lines and line segments can

sa.me strighithne. ) be referred to as ‘curves’ in coordinate geometry.
b Find the length of each line segment.

6 A curve C has parametric equations

x=%+2, y=2t-3-2 teR, t#0
a Determine the ranges of x and y in the given domain of ¢. (3 marks)

b Show that the Cartesian equation of C can be written in the form

A(x? + bx + ¢)
YT (v -2y

where A, b and ¢ are integers to be determined. (3 marks)

7 A curve has parametric equations

1
x=In(t+3), y=——=, t>-2
( b [+5
a Show that a Cartesian equation of this curve is y = f(x), x > k where k is a constant to be
found.

b Write down the range of f(x).

8 A diagram shows a curve C with parametric equations ¥4
X=3/1, y=£-2, 0<t<2 > ¢
a Find a Cartesian equation of the curve in the form d
y = f(x), and state the domain of f(x). (3 marks) 4
v _ 2
b Show that ——=0whent= > (3 marks) e ey
¢ Hence determine the range of f(x). (2 marks)

9 A curve C has parametric equations
x=0r-1, y=4-1 1€R

a Show that the Cartesian equation of C can be written in the form
x = (a = )b - yY
where a and b are integers to be determined. (3 marks)

b Write down the maximum value of the y-coordinate for any point on this curve. (2 marks)
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Chapter 8

Challenge

A curve C has parametric equations
1-¢° 2t

1+ YT1+r

teR

a Show that a Cartesian equation for this curve is x2 + y2 = 1.
b Hence describe C.

@ Using trigonometric identities

You can use trigonometric identities to convert trigonometric parametric equations into Cartesian
form. In this chapter you will always consider angles measured in radians.

A curve has parametric equations x =sint+2, y=cosf—-3, t€R
a Show that a Cartesian equation of the curveis (x=2)>+ (y-3)*= 1.
b Hence sketch the curve.

a x=sint+ 2 Problem-solving

So sint=x-2 (1) If you can write expressions for sint and cos ¢ in
y=cost -3 terms of x and y then you can use the identity
- 2 2 —_ - -
cost=y+ 8 2) sin’t 4+ cos’ 7 = 1 to eliminate the parameter, 1.
« Year 1, Chapter 10

Substitute (1) and (2) into

Sin“t + costt =1 Your equations in (1) and (2) are in terms of

(x=2P+(y+ 3P =1 | sinrand cos 0 you need to square them when
. you substitute. Make sure you square the whole
Y
! expression.
0 X

(x=a)? + (v = b)? = r?is the equation of a circle
with centre (a, b) and radius r.

So the curve is a circle with centre (2, =3) and
radius 1. « Year 1, Chapter 6
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Parametric equations

A curve is defined by the parametric equations m You can graph the O A
x=sins, y=sin2t, _..275 <t< _g. parametric equations using
technology.

a Find a Cartesian equation of the curve in the form
y=f(x), -k=x<k
stating the value of the constant k.

b Write down the range of f(x).

a y=sin2t Use the identity sin 2r = 2 sin  cos , then
= 2Xxcos! (1)

Use the identity sin? + cos? r = 1 together with
L— x=sintto find an expression for cos ¢ in terms

sint + cos?t = 1

cos?t =1 —sin?t of x:
=1-x?
=41 - x° P .
vkl ) — LU Be careful when taking square
Substitute (2) into (1): y = 2xy1 = x? roots. In this case you don't need to consider the

negative square root because cos ¢ is positive for

When t = ——., x = sin(-=) = -1
e Tt ( )— all values in the domain of the parameter.

2
When t = g— X = sin (-%) = {
To find the domain of f(x), consider the range of

The Cartesian equation is y = 2xv1 — x?, T x = sin ¢ for the values of the parameter given.
-1T=sx=s1so0k=1

Within-Z<r<Z
b -1=sy=<1 2 2

value of —1 and a maximum value of 1.
Example o

A curve C has parametric equations

, ¥ = sin 2t takes a minimum

x=cotr+2 y=cosec’r-2, O<t<m

a Find the equation of the curve in the form y = f(x) and state the domain of x for which the curve
1s defined.

b Hence, sketch the curve.
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Chapter 8

a x=cott+ 2
cott=x-2 (1)

y =cosec’t - 2

Problem-solving

The parametric equations involve cot r and
cosec? 7 s0 you can use the identity
1+ cot?t = cosec?t. « Section 6.4

cosecit =y + 2 (2)
Substitute (1) and (2) into
14+ cot?t = cosec?t
T+(x-2°2=y+2
T+x°—-4x+4=y+2

L Rearrange to find expressions for cot  and
cosec®z in terms of x and y.

Expand and rearrange to make y the subject.

y=x°-4x+3 -

The range of x = cott + 2 over the domain
O <t < 7wis all of the real numbers, so the

You could also write the equation as:
— y=(x=2)¢-1
This is the completed square form which is useful

domain of f(x) is x € R.
by=x*-4x+3=(x-3)x-1isa

quadratic with roots at x = 3 and x =1 and

y-intercept 3. The minimum point is (2, =1).

VA

Exercise

when sketching the curve.

Consider the range of values taken by x over the
domain of the parameter. The curve is defined
on all of the real numbers, so it is the whole
quadratic curve

A\
@ Explore this curve

graphically using technology.

1 Find the Cartesian equation of the curves given by the following parametric equations:

a x=2sint-1, y=5cost+4, O0<t<2n

¢ x=cost, y=2cos2t, O<t<2rm

T
e x=cost+2, y=4sect, O<r<5

b x=cost, y=sin2t, 0<t<27w

: T
d x=sin¢, y=tan2t, 0<t<~2—

f x=3cott, y=cosect, O<t<m

2 A circle has parametric equations x =sin? -5, y=cost+2

a Find a Cartesian equation of the circle.

b Write down the radius and the coordinates of the centre of Problem-solving

the circle.

Think about how x and »

¢ Write down a suitable domain of ¢ which defines one full change as 7 varies.

revolution around the circle.

3 A circle has parametric equations x = 4sin 7 +

coordinates of the centre of the circle.
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Parametric equations

4 A curve is given by the parametric equation x =cost -2, y=sint+3, -w<t<m.
Sketch the curve.

® 5 Find the Cartesian equation of the curves given by the following parametric equations.

" o m T
a x=sint, .-—Sm(t+4), g <i<m
T T
B %= Jeast, }"=ZCOS(I+E), s t<§ m Use the addition formulae

. . and exact values.
¢ x=sint, y=3sin(t+n), 0<t<2nw

@ 6 The curve C has parametric equations

x = 8cost '—lsec% LTsist

T » V=3 o2 2
a Find a Cartesian equation of C. (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)

@ 7 A curve has parametric equations

x=3cot?2t, y=3sin?2s, O<I$%

Find a Cartesian equation of the curve in the form y = f(x). State the domain on
which f(x) is defined. (6 marks)

8 A curve C has parametric equations

1 . ; T
ngsmr, » = sin 3¢, O<r<~§

a Show that the Cartesian equation of the curve is given by
y=ax(l = bx?)
where a and b are integers to be found. (5 marks)

b State the domain and range of y = f(x) in the given domain of 1. (2 marks)

9 Show that the curve with parametric equations

5 m
X =2cos!, y=sm(r—g), O<t<m

can be written in the form
i(\f 12-3x2—x), 2<x<2 (6 marks)

10 A curve has parametric equations

2 : T
x=tan’7+5, y=5sint, 0<r<5

a Find the Cartesian equation of the curve in the form y? = f(x). (4 marks)

b Determine the possible values of x and y in the given domain of .
(2 marks)
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Chapter 8

11 A curve C has parametric equations

X=1lant,

y=3sin(t- ),

Find a Cartesian equation of C.

Challenge

m
<t

2

Find the Cartesian equation of the curve given by the following
parametric equations.

x=z

: cos2t, y=sin (

@ Curve sketching

Most parametric curves do not result in curves you will recognise and can sketch easily. You can plot
any parametric curve by substituting values of the parameter into each equation.

T

6

), O<t<en

Draw the curve given by parametric equations

x=3cost+4, y=2sint, 0=1<2n
—_—
T 37 5 | 3| /a

t g | Z| % |=F : - ,

4| 3| 4 4| 2| 2 |°
x=3cost+4 | 7 |12 4 (187 1.7 4 (612 | 7
y = 2sint O |14 2 | 1.4 -141| =2 [-141]| O
VA
| B35 3
Gl BB A, IR
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(4 marks)

This parametric curve has
Cartesian equation

54 + ) -

( 3 + 5) = 1.

This isn't a form of curve
that you need to be able to
recognise, but you can plot

the curve using a table of
values.

Choose values for 7 covering
the domain of ¢. For each
value of 7, substitute to find
corresponding values for

x and y which will be the
coordinates of points on the
curve,

Plot the points and draw the
curve through the points.
The curve is an ellipse.



Parametric equations

Draw the curve given by the parametric equations x=2t, y=¢, for-1=t=<35,

N
t -11 0| 1 2|1 8| #%|5 @ Use technology to graph O §

8 |10 |~  the parametric equations.
}'=f21O1491625L

-
i
N
-
|
N
O
n
N
&

Only calculate values of x and y for values of ¢ in
the given domain.

This is a ‘partial’ graph of the quadratic equation

X
Y=%
You could also plot this curve by converting to
Cartesian form and considering the domain of
and range of the Cartesian function.

The domain is —2 = x = 10 and the range is
0=y=<25

Exercise @

1 A curve is given by the parametric equations

x=2f. y:% tz0

Copy and complete the table and draw a graph of the curve for -5 =1 < 5.

t 5| 4] 3] 2]-1]-05]05] 1 2] 3] 4] 5
x=2t | -10 | -8 -1
y=2 | -1 |-125 10

2 A curve is given by the parametric equations

2 r
X=0, y=%
Copy and complete the table and draw a graph of the curve for -4 =< r =< 4.
f —4 -3 -2 -1 0 | 2 3 4
x=p 16
y =-‘§- ~12.8

3 A curve is given by parametric equations
x=tant+ 1, yp=sint, 4 t 3
Copy and complete the table and draw a graph of the curve for the given domain of .
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|=
E

oA
o
o
o=
&5

t i

!_‘qu

15

x=tanr+ 1 0 |

y=sint 0

4 Sketch the curves given by these parametric equations:
a x=t-2, y=r+1, -4=<1<4
b x=3Vi, y=£-2t, 0s¢t=<2

c x=0 y=Q2-0(t+3), -5=1=5

d x=2sint-1, y=5cost+1, —=t=<

1.8
4

|

N
/
5

e x=sec’t—3, y=2sint+1,

o &I

f x=t-3cost, y=1+2sint, st<2r
@ 5 The curve C has parametric equations
x=3-1t, y=r-2, =-2=t<3
a Find a Cartesian equation of C in the form y = f(x). (4 marks)

b Sketch the curve C on the appropriate domain. (3 marks)

6 The curve C has parametric equations

x=9cost-2, y=9sint+1, - =1=

L
6

i1
2
a Show that the Cartesian equation of C can be w

ritten as
(x+a)y+(y+b)y=c
where a, b and ¢ are integers to be determined. (4 marks)
b Sketch the curve C on the given domain of ¢. (3 marks)
¢ Find the length of C. (2 marks)

Challenge

Sketch the curve given by the parametric equations on the given
domain of z:

T .
1+¢ 1+7
Comment on the behaviour of the curve as f approaches -1 from the
positive direction and from the negative direction.

t# -1
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m Points of intersection

You need to be able to solve coordinate geometry problems involving parametric equations.

The diagram shows a curve C with parametric equations
x=at*+t, y=a(t?+8), teR,whereaisanon-zero
constant. Given that C passes through the point (-4, 0),

a find the value of «

b find the coordinates of the points 4 and B where

the curve crosses the y-axis.

a At point (-4,0), x=-4andy=0
Hence
-4 = at® + t (1)
O = al® + 8) (2) -

m Explore curves with

Solving equation (1) for t:
O=al®+ 8)
O=r+8

8 =13
-2 =t

So, at the point (-4, O), t = -2.
Since t = -2 at (-4, 0), then, from

equation (1),

-4 = a(-2)° + (-2)
-4 =4a-2
-2 = 4a

1

—§=£l

b At points 4 and B, the x-coordinate is O:

O=—3+1
O=t[-31+1) -
t=0 or —%r +1=0
{=2
At t = O,
y==%(0°+ 8)
=—4 -
At t =2,
y =-3(2% +8)
= -5
Therefore,

A is (O, =4) and B is (O, -8).

Parametric equations

L
(.

parametric equations of this form
using technology.

The point (-4, 0) lies on the curve. You can use
this to write two equations for t.

Since a is non-zero, the factor (# + 8) must equal 0.

The value of 1 is the same in both equations at
any given point on the curve.

Substitute 7 = —2 into equation (1).

Substitute x = 0 into the parametric equation
for x. You now know that a = —1

Solve this quadratic equation to find the two
values of 7 corresponding to points @ and b.

Substitute each value for the parameter into
the parametric equation for y to find the
y-coordinates at these points.

You already know that these r-values will give you
an x-coordinate of 0. Use the diagram to work out
which point is 4 and which point is B.
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A curve is given parametrically by the equations x = #2,

curve at 4. Find the coordinates of A.

v =4t. The line x + y + 4 = 0 meets the

Find the value of r at 4.
Solve the equations simultaneously.

Substitute x=rPand y=4tintox+y+4=0.

Factorise.

—— Take the square root of each side.

Find the coordinates of 4.
- Substitute = =2 into the parametric equations.

x+y+4 =0
Substitute:
°+4t+4=0
t+22=0
{4 2=0
So t=-2
Substitute:
x = I
= (—2)?
=4
y =4t
= 4(-2)
= -8

The coordinates of A are (4, =8).

The diagram shows a curve C with parametric equations A
X =COSt+sint '—(I-E)z —£<r<4—jrr
5= w FEWRTEYs TRESTY

a Find the point where the curve intersects the line y = 72,
b Find the coordinates of the points 4 and B where the

curve cuts the y-axis.

a Curve crosses the line y = m° when

=

For all points on the line y = 7% Substitute this

ol /s

=y

into the parametric equation for y and solve to

6
find .
m
{ - g =4
. . L You are taking square roots of both sides so
t= g:T' - G"- consider the positive and negative values.
Reject t = 2% since this is outside of the ™ 4
YEER L =g PNE Ll == Ri=-s0 only one of these solutions is a
domain of . :
' valid value for 1.
7w
When t = —,
6
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X = cos (ﬁ) + 5in(7?r) - V3

6

The point of intersection is (—

Curve cuts the y-axis when x = O. So,

cost +sint=0

143
CH

sinl = —cos

tant = =1
51nce,—%<!<%
af——zorﬁ
T4 4

e T mw\* 257
A rmg ps ) s g

3T AT 7w 1217
A | e— N — | i e
b AR el e) 144
- 25?r) ( 1217.')
Als[o.TM and B'is (0,75

Parametric equations

Substitute into the parametric equation for x.
Find an exact value for x.

Substitute x = 0 into the parametric equation for
x and solve the resulting trigonometric equation.

Consider the range of the parameter. There are
two solutions to tan ¢ = -1 in this range. These
correspond to the two points of intersection.

Substitute each value of ¢ into the equation for y
to find the y-coordinates.

Problem-solving

When you are given a sketch diagram in a
question, you can't read off values, but you can
check whether your answers have the correct
sign. The y-coordinates at both points of
intersection should be positive.

1 Find the coordinates of the point(s) where the following curves meet the x-axis.

ax=5+t, y=6-t
c x=0, y=(1=-0(+3)

2 _
B X Y 9, r#-1

ax=2, y=£-5

¢c x=0P+2t-3, y=t(t-1)

2t

¢ \‘—u y= tz-1
TTEFIDE TT 2

2+1

3 A curve has parametric equations x = 4at?,

b x=2t+1, y=2t-6

dJu::l y=(-1)2t-1), t#0

r!

2 Find the coordinates of the point(s) where the following curves meet the y-axis.

I

b x=3t-4, y=—, t#0

t

d x=27-1, _sz, t=1
|

v =a(2t - 1), where a is a constant.

The curve passes through the point (4, 0). Find the value of a.

@ 4 A curve has parametric equations x = b(2t - 3), y = b(1 — 1?), where b is a constant.

The curve passes through the point (0, -5). Find the value of 5.

5 Find the coordinates of the point of intersection of the line with parametric equations

x=3t+2,y=1-tand theline y + x=2.
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6 Find the values of 7 at the points of intersection of the line 4x — 2y — 15 = 0 with the parabola
x=1¢>, y=2tand give the coordinates of these points.

® 7 Find the points of intersection of the parabola x = 2, y = 27 with the circle x> + > = 9x +4 = 0.

8 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.
ax=r-1, y=cost, O<t<nm
b x=sin2t, y=2cost+1, w<t<2rn

: ™
¢ x=tant, y=sSInt-cCcost, 0<t<-5

9 Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.
ax=e¢+5 y=Int, t>0
b x=Int, y=£-64, >0
c x=e+1, y=2e'-1, -l<rt<l

10 Find the values of 7 at the points of intersection of the line y = =3x + 2 and the curve with
parametric equations x = 72, y = ¢, and give the coordinates of these points.

11 Find the values of 7 at the point of intersection of the line y = x — In 3 and the curve with
parametric equations x =In(¢ - 1), y=In(2t - 5), 1 > % and give the exact coordinates of this

point.
@ 12 A curve C has parametric equations A
x=6cost, y=4sin2t+2, —£<f<£
2 2 C
a Find the coordinates of the points where the curve
intersects the x-axis. (4 marks)
b Show that the curve crosses the line y = 4 where
) 5w J "
=13 and t = B (3 marks) 0 \/ X
¢ Hence determine the coordinates of points where
v =4 intersects the curve. (2 marks)

13 Show that the line with equation y = 2x — 5 does not intersect the curve with parametric
equations x =2t, y=41(t-1). (4 marks)

Problem-solving

Consider the discriminant after substituting.

14 The curve C has parametric equations x =sinz, y=cos2r+1, 0=7=2r.
Given that the line y = k, where & is a constant, intersects the curve,

a showthat0 =k =2 (3 marks)
b show that if the line y = k is a tangent to the curve, then k = 2. (3 marks)
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Parametric equations

The curve C has parametric equations x = ¢*, y=e¢’ — l. The straight line / passes through the
points A and B where t = In2 and 7 = In 3 respectively.

a Find the points 4 and B. (3 marks)
b Show that the gradient of the line / is%- (2 marks)
¢ Hence, find the equation for line /in the form ax + by + ¢ = 0. (2 marks)

The curve C has parametric equations x =sin¢, y = cost. The straight line / passes through the

T el
()andr—2

ax+ by +c¢=0. (7 marks)

points 4 and B where 1 = respectively. Find an equation for the line / in the form

The diagram shows the curve C with parametric equations y

t—1

7 y=t-4, t=0

X
The curve crosses the y-axis and the x-axis at points
A and B respectively.

a Find the coordinates of 4 and B. (4 marks) = . > X

The line /; intersects the curve at points 4 and B. P /
The lines /, and /; are parallel to /, and are distinct _

tangents to the curve. —
b Show that the two possible equations for /, and /; are

y= 4x — 4 and y=4x - 12 (6 marks)

¢ Find the coordinates of the point where each tangent meets C. (4 marks)

Challenge

The curve C; has parametric equations

x=e4, y=2t+1

The curve C, has parametric equations

x=¢e, y=1+¢

Find the coordinates of the points at which these two curves intersect.

@ Modelling with parametric equations

You can use parametric equations to model real-life situations. In mechanics you will use parametric
equations with time as a parameter to model motion in two dimensions.
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A plane’s position at time ¢ seconds after take-off can be modelled
with the following parametric equations:

x=(vcos#)tm, y=(vsinf)tm, t>0
where v is the speed of the plane, 6 is the angle of elevation of its

path, x is the horizontal distance travelled and y is the vertical
distance travelled, relative to a fixed origin.

When the plane has travelled 600 m horizontally, it has climbed 120 m
a Find the angle of elevation, 6.

Given that the plane’s speed is S0m s,

b find the parametric equations for the plane’s motion

¢ find the vertical height of the plane after 10 seconds

d show that the plane’s motion is a straight line

e explain why the domain of 7, # > 0, is not realistic.

G00Om
Angle of elevation The model assumes that the angle of elevation
120
= - = — o
g = tan (Goo) 1.3° (1 d.p)
b x=(vcosHt plane is.
= (50 x cos11.3...)t = 42.0tm (3 s.f.)
y = (vsind) Substitute v =5 and # = 11.3 into the equations
= (50 x sinN.3..)t = 9.80tm (3 5.f) ~————— for x and y. The units of length, metres, are given
c At t =10, with the model.
y =980t =980 x 10 =98m
So, the plane has climbed 98 m after L Substitute 7 = 10 into y, as y represents the
10 seconds. vertical height.
d x=49t : '
. . Find a Cartesian equation for the plane’s path.
So, @ =1 M - Rearrange the equation for x to make 7 the
subject.
y=981 (2) :
So,
e s T - :
=98 x 45 = 5% Substitute 7 from (1) into (2).

Since this is a linear equation, the motion
of the plane is a straight line with ——

; 1
gradient 5
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will stay constant so the ratio will always be the
same regardless of how far along the journey the

The gradient in this context represents the height
gained for every metre travelled horizontally.

.‘-.



e t > Ois not realistic as this would mean
the plane would continue climbing forever
at the same speed and with the same
angle of elevation.

A stone is thrown from the top of a 25 m high cliff with an
initial speed of Sms~! at an angle of 45°. Its position after
t seconds can be described using the following parametric ' s

equations
5/2
2

5 v’i
2

X = tm, y= (—4.9!3 +

where x is the horizontal distance, y is the vertical distance \

from the point of projection and k is a constant.

r+25)m, O0strs<k \

Parametric equations

Problem-solving

If you have to comment on a modelling
assumption or range of validity, consider whether
the assumption is realistic given the context of
the question. Make sure you refer to the real-life
situation being modelled in your answer.

251t \

Given that the model is valid from the time the stone is C x ,:;

thrown to the time it hits the ground,
a find the value of k

b find the horizontal distance travelled by the stone once it hits the floor.

a The stone hits the ground when y = O:
5v2

-4.91? +7f+ 25-=()
5vZ | | (‘5\:’2")“ |
-5 + \ > - 4(-4.9)(25)

m Use the polynomial function

on your calculator to solve the
quadratic equation.

Use the quadratic formula on your calculator to

2(-4.9)

t1=-192 ort=2648...

t = O, so the stone hits the ground at
t =2.648...

Sok =265 (2 dp)

find two solutions for .

The model is only valid for # = 0 so disregard the

b Whent = 2646...

negative solution.

Substitute this value of ¢ into the parametric

_5/2 _5/2
X== 1= 5 X 2.645...
=9.362...m

So the horizontal distance travelled by the
stone is 9.36m (2 d.p).

equation for x.
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The motion of a figure skater relative to a fixed
origin, O, at time 7 minutes is modelled using the
parametric equations

x=8co0s20t, y= lZsin(lOf—g), t=0

-

where x and y are measured in metres.

a Find the coordinates of the figure skater at the
beginning of his motion.

b Find the coordinates of the point where the
figure skater intersects his own path.

¢ Find the coordinates of the points where the
path of the figure skater crosses the y-axis.

d Determine how long it takes the figure skater

to complete one complete figure-of-eight motion.

a Att=0,
x=8cos0=86

y = 12 sin (10 x O — -?";5) =12 5in(—-g—)
=-6v3

The coordinates of the figure skater at the

b From the diagram, the figure skater
intersects his own path on the x-axis, ie.

when y = 0.
12 5m(101 - %) =0
5in(TOr — %) =0

TOr—%=O, 2R, .o

T 4m TT
101—5,?,?,...
__m 2m 7w
T 30"15°30"
-, N 2m\ _ _
.\—5c05(20x3o)—5c05(3)— -

So, the figure skater intersects his own
path at the point (=4, O).
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Substitute ¢ = 0 into both equations to find the x
and y coordinates.

Use the diagram to find information about the
point of intersection.

Substitute y = 0 into the equation for y, and solve
to find values of 7 in the domain ¢ = 0.

There is only one point of intersection so choose
any of these values of 7. You can use one of the

others to check: 8 cos (20 X _Zi%) = 8cos (%E) =—4



c The figure skater crosses the y-axis when

X =10

12 sin (—;— X —g- — %) 12 sin (—%)

= =311 (2 d.p)
3
. 3
. 14 iy
=12 51r1(2 X > 3.
= 11.59 (2 d.p)
5.
2" .
- 43 T N
‘1—125|n(—2—x 5 —3) 125m(12)
= 3.1 (2 d.p)

_/m.
t=—>

y =12 sin

I =

I =

1 TRt i)
2 2 3 12

= 11.59 (2 d.p)

So the skater crosses the y-axis at
(O, =3.11). (O, 11.52), (O, 3.11), (O, =11.59).

A 'Y
m Find points of intersection I

The period of x = &cos 20t is gg

s0 the skater returns to his x-position

after 2n min, iz min,

20 20
The period of y = 25|r:( Ot — %) 2w

so the skater returns to his y-position

after len ﬂrrnm

10
So the skater first completes a full
figure-of-eight motion after
2m
10
(2 5.t).

5 1—0‘,

“—mins = 0.628 ... mins or 38 seconds

Parametric equations

Find solutions to 8 cos t = 0 in the domain

t = 0. There are 4 points of intersection so
consider the first 4 solutions, and check that
these give different values of y.

Use your calculator to find the corresponding
values of y. You can give your answers as decimals

or as exact values: 12 sin (—1—7;) =-3/6 +3/6

of this curve with the coordinate axes
using technology.

Check that these look sensible from the
graph. The motion of the skater appears to be
symmetrical about the x-axis so these look right.

t The period of a cos (bx + ¢) is e and the period

: b
of asin (bx + ¢) is £~

b

Problem-solving

In order for the figure skater to return to his
starting position, both parametric equations
must complete full periods. This occurs at the
least common multiple of the two periods.
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Exercise @

® 1

218

A river flows from north to south. The position at time 7 seconds of a rowing boat crossing the
river from west to east is modelled by the parametric equations

x=09rm, y=-32tm
where x is the distance travelled east and y is the distance travelled north.
Given that the river is 75 m wide,
a find the time taken to get to the other side
b find the distance the boat has been moved off-course due to the current
¢ show that the motion of the boat is a straight line
d determine the speed of the boat.

The position of a small plane coming into land at time # minutes after it has started its descent
is modelled by the parametric equations

x=80t, y=-9.1¢1+3000, 0=<r¢=<329

where x is the horizontal distance travelled (in metres) and y is the vertical distance travelled
(in metres) from the point of starting its descent.

a Find the initial height of the plane.
b Justify the choice of domain, 0 < ¢ < 329, for this model.
¢ Find the horizontal distance the plane travels between beginning its descent and landing.

A ball is kicked from the ground with an initial speed of 20 ms~! at an angle of 30°.
Its position after 7 seconds can be described using the following parametric equations

x=10V3tm, y=(-4.92+10)m, 0<r<k
a Find the horizontal distance travelled by the ball when it hits the ground.
A player wants to head the ball when it is descending between 1.5m and 2.5 m off the ground.
b Find the range of time after the ball has been kicked at which the player can head the ball.

¢ Find the closest distance from where the ball has been kicked at which the player can head
the ball.

The path of a dolphin leaping out of the water can be modelled with the following parametric
equations

x=2tm, y=-49£+ 10tm
where x is the horizontal distance from the point the dolphin jumps out of the water, y is the
height above sea level of the dolphin and 7 is the time in seconds after the dolphin has started
its jump.
a Find the time the dolphin takes to complete a single jump.
b Find the horizontal distance the dolphin travels during a single jump.
¢ Show that the dolphin’s path is modelled by a quadratic curve.
d Find the maximum height of the dolphin.



Parametric equations

® 5 The path of a car on a Ferris wheel at time  minutes is modelled using the parametric
equations

x=12sint, y=12-12cost

where x is the horizontal distance in metres of the car from the start of the ride and y is the
height in metres above ground level of the car.

a Show that the motion of the car is a circle with radius 12 m.
b Hence, find the maximum height of the car during the journey.

¢ Find the time taken to complete one revolution of the Ferris wheel and hence calculate the
average speed of the car.

The cross-section of a bowl design is given by the y4
following parametric equations

. m T
x=t-4sint, y=1-2cost, -5 St<7 ( )
a Find the length of the opening of the bowl. (3 marks)

0
b Given that the cross-section of the bowl
crosses the y-axis at its deepest point, find

the depth of the bowl. (4 marks)

“y

A particle is moving in the xy-plane such that its VA

position after time ¢ seconds relative to a fixed

origin O is given by the parametric equations
rP=3t+2

gei——= pull, 150

The diagram shows the path of the particle.

a Find the distance from the origin to the particle at ‘

time 7 = 0.5. ¥

b Find the coordinates of the points where the 0
particle crosses the y-axis.

.
-

Another particle travels in the same plane with its path given by the equation y = 2x + 10.
¢ Show that the paths of these two particles never intersect.

The path of a ski jumper from the point of leaving the ramp to the point of landing is modelled
using the parametric equations

x=18t, y=-492+4r+10, 0sr<k

where x is the horizontal distance in metres from the point of leaving the ramp and y is the
height in metres above ground level of the ski jumper, after ¢ seconds.

a Find the initial height of the ski jumper. (1 mark)

b Find the value of k and hence state the time taken for the ski jumper to complete
her jump. (3 marks)
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EP) 10

¢ Find the horizontal distance the ski jumper jumps. (1 mark)
d Show that the ski jumper’s path is a parabola and find the maximum height above ground
level of the ski jumper. (5 marks)

The profile of a hill climb in a bike race is modelled by

the following parametric equations

x=50tantrm, y=20sin2frm, 0 <z-=:-£%

a Find the value of 7 at the highest point of the hill climb.

b Hence find the coordinates of the highest point.

¢ Find the coordinates when 7 = 1 and show that at this

point, a cyclist will be descending.

A computer model for the shape of the path of a
rollercoaster is given by the parametric equations

x=5+Int, y=S5sin2t, O<f$§.%

a Find the coordinates of the point where 7 = 2

6

Given that one unit on the model represents Sm in real life,
(1 mark)

b find the maximum height of the rollercoaster

¢ find the horizontal distance covered during the
descent of the rollercoaster.

Mixed exercise o

1

220

The diagram shows a sketch of the curve with
parametric equations

x=4cost, y=3sint, 0=<t<2nm
a Find the coordinates of the points 4 and B.

b The point C has parameter ¢ = -g— Find the exact

coordinates of C.
¢ Find the Cartesian equation of the curve.

The diagram shows a sketch of the curve with
parametric equations

X=cost, y= %sinZt, 0<=sr<2w
The curve 1s symmetrical about both axes.

Copy the diagram and label the points having

T 3r
parameters t =0, t = bR t=mwand t= 5

Vi

(2 marks)

(4 marks)
d Hence, find the average gradient of the descent. (1 mark)

“y

e 4

Y

“Y



Parametric equations

A curve has parametric equations

x=e* g 1, ystsrn2, t>1

a Find a Cartesian equation of this curve in the form y = f(x), x > k where k is a constant to be
found in exact form.

b Write down the range of f(x), leaving your answer in exact form.

A curve has parametric equations
1

| _ ( l) 1
1—2?+1’ y=2In t+2_. f>2

Find a Cartesian equation of the curve in the form y = f(x), and state the domain and range
of f(x).

A curve has parametric equations x =sin7, y=cos2f, 0=(<2x
a Find a Cartesian equation of the curve.

The curve cuts the x-axis at (a, 0) and (b, 0).

b Find the values of « and b.

1 1
L+ 2" (+n(-21)

A curve has parametric equations x = t>1

2

e

2x -1

Express 7 in terms of x, and hence show that a Cartesian equation of the curve is y =

A circle has parametric equations x =4sint -3, y=4cost+5, 0=t<2n

a Find a Cartesian equation of the circle.

b Draw a sketch of the circle.

¢ Find the exact coordinates of the points of intersection of the circle with the y-axis.

The curve C has parametric equations

2-3t 3+ 2t
e Iy O0=sr=<4
a Show that the curve C is part of a straight line. (3 marks)
b Find the length of this line segment. (2 marks)

A curve C has parametric equations
x=r-=2, y=2t, 0=st=2

a Find the Cartesian equation of C in the form y = f(x). (3 marks)
b State the domain and range of y = f(x) in the given domain of 1. (3 marks)
¢ Sketch the curve in the given domain of 1. (2 marks)
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(E/P) 13
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A curve C has parametric equations

x=2cost, y=2sint-5, O0=st=n7n

a Show that the curve C forms part of a circle. (3 marks)
b Sketch the curve in the given domain of 7. (3 marks)
¢ Find the length of the curve in the given domain of 7. (3 marks)

The curve C has parametric equations

x=t-2, y=r*=-2 teR
a Find a Cartesian equation of C in the form y = f(x). (3 marks)
b Sketch the curve C. (3 marks)

Show that the line with equation y = 4x + 20 is a tangent to the curve with parametric
equationsx=t-3,y=4 - 1% (4 marks)

The curve C has parametric equations x =2Inz, y=£-1, t>0

a Find the coordinates of the point where the line x = 5 intersects the curve.
Give your answer as exact values. (4 marks)

b Given that the line y = k intersects the curve, find the range of values for k. (3 marks)

The diagram shows the curve C with parametric equations y4
x=1+42t, y=4-1
The curve crosses the y-axis and the x-axis at points 4
and B respectively.
a Find the coordinates of 4 and B. (4 marks)
The line / intersects the curve at points 4 and B. 5 } >
A

b Find the equation of /in the form ax + by + ¢ = 0. i
(3 marks)

The diagram shows the curve C with parametric equations 4

.r:lnt-ln(-g-), y=sint, 0<t<27 =T |

The curve crosses the y-axis and the x-axis at points A4

and B respectively. The line / intersects the curve at points B

A and B. Find the equation of /in the form ax + by + ¢ = 0. 0
(7 marks)

B 2
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Parametric equations

A plane’s position at time 7 seconds during its descent can be modelled with the following
parametric equations

x=80r, y=3000-30f, O<t<k

where x is the horizontal distance travelled in metres and y is the vertical height of the plane in
metres,

a Show that the plane’s descent is a straight line. (3 marks)
Given that the model is valid until the plane is 30 m off the ground,
b find the value of k (2 marks)

¢ determine the distance travelled by the plane in this portion of its descent. (3 marks)

The path of an arrow path at time 7 seconds from being fired can be described using the
following parametric equations

x=50/21, y=15-492+50/21, 0<t=<k

where x is the horizontal distance from the archer in metres and y is the vertical height of the
arrow above level ground.

a Find the furthest distance the arrow can travel.

A castle 1s located 1000 m away from the archer’s position. The height of the castle is 10 m.
b Show that the arrow misses the castle.

¢ Find the distance the archer should step back so that he can hit the top of the castle.

A mountaineer’s hike at time ¢ hours can be modelled with VA
the following parametric equations
x=300V1, y=24414-1), O<t<k

where x represents the distance travelled horizontally in
metres and y represents the height above sea level in metres.

a Find the height of the peak and the time at which the

mountaineer reaches it. (3 marks)
Given that the mountaineer completes her walk when
she gets back to sea level, ) %
b find the horizontal distance from the beginning of
her hike to the end. (2 marks)
A bridge is designed using the following parametric VA
equations:

\‘—ﬂ-2sint » = —COS ¢ E<I‘<3—?£
Y= V= © 2 2

Given that 1 unit in the design is 10 m in real life,
a find the highest point of the bridge
b find the width of the widest river this bridge can cross.
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20 A BMX cyclist’s position on a ramp at time V4
t seconds can be modelled with the parametric 104
equations

x=3'-1), y=10t=-1)2 0=r=13 1
where x is the horizontal distance travelled in metres
and y is the height above ground level in metres.

a Find the initial height of the cyclist. .
b Find the time the cyclist is at her lowest height.

Given that after 1.3 seconds, the cyclist is at the end 5 P il ;
of the ramp,

¢ find the height at which the cyclist leaves the ramp.

Challenge

Two particles 4 and B move in the x-y plane, such that their positions
relative to a fixed origin at a time ¢ seconds are given, respectively, by
the parametric equations:

A:x:%, y=3t+1, t>0

B:x=5-2t, y=2t*+2k-1, t>0
where k is @ non-zero constant.

Given that the particles collide,
a find the value of k
b find the coordinates of the point of collision.

Summary of key points

1 A curve can be defined using parametric equations x = p(z) and y = q(7). Each value of the
parameter, ¢, defines a point on the curve with coordinates (p(z), q(1)).

2 You can convert between parametric equations and Cartesian equations by using substitution
to eliminate the parameter.

3 For parametric equations x = p(#) and y = q(7) with Cartesian equation y = f(x):
« the domain of f(x) is the range of p()
- the range of f(x) is the range of q(?)

4 You can use parametric equations to model real-life situations. In mechanics you will use
parametric equations with time as a parameter to model motion in two dimensions.
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Review exercise

@ 1 The diagram shows the curve with a Find the value of 6. (2)
scaiion y= sin(x N _?T), [ S— b Calculate the length of the minor arc
4 ABto 3s.f. 2)

V4 « Section 5.2

y=sin (.\‘ - %T}T)
/\ 4 In the diagram, ABC is an equilateral
4y

1
\ /\ \ triangle with side 8 cm.
S\ ] o PQ is an arc of a circle centre, 4, radius 6¢cm.
\/ Find the perimeter of the shaded region in

the diagram.

Calculate the coordinates of the points at
which the curve meets the coordinate axes.
3)

« Section 5.1

@ 2 a Sketch, for 0 = x =< 2m, the graph of

i
y= cos(.\ 3) (2) 5)
b Write down the exact coordinates of i Saction B3
the points where the graph meets the _
soordinate axee 3) 5 In the diagram, 4D and BC are arcs of

circles with centre O, such that

¢ Solve, for 0 = x = 2, the equation
OA=0D=rcm, AB=DC=10cm and

os(x = =) = —0.27, giving your
cos(x - 3) =027, giving y £BOC = 0 radians.
answers in radians to 2 decimal places. B

10cm

&)

« Section 5.1

@ 3 In the diagram, 4 and B are points on
the circumference of a circle centre O and

radius 5cm. hem
£AO0B = f radians a Given that the area of the shaded
AB=6cm region is 40 cm?’, show that r = % - 5.
)
a b Given also that r = 66, calculate the
perimeter of the shaded region. (6)
6cm &« Sections 5.2, 5.3

A\_—/B
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Review exercise 2

6 In the diagram,
AB=10cm, AC=13¢cm.
£CAB = 0.6 radians.
BD is an arc of a circle centre 4 and radius

10 cm.

8 The diagram shows a square, ABCD,
with side length r, and 2 arcs of circles
with centres 4 and B.

D C

B« 10em » A
Show that the area of the shaded region
a Calculate the length of the arc BD. (2) 2 _
b Calculate the shaded area in the diagram 15 ?(W =V3). )

to 1d.p. 3)

« Sections 5.2, 5.3 9 a

The diagram shows the sector O4B of a
circle with centre O, radius rcm and angle

1.4 radians. b

o

rem

/Ocm

/A

The lines AC and BC are tangent to the
circle with centre O. OEB and OFA are
straight lines. The line ED is parallel to BC
and the line FD is parallel to AC.

EP) 11 a

a Find the area of sector OAB, giving
your answer to 1 decimal place.

“)
The region R is bounded by the arc AB b
and the lines AC and CB.

b Find the perimeter of R, giving your
answer to 1 decimal place. (6)

« Sections 5.2, 5.3

226

« Sections 5.2, 5.3

Show that the equation

3sin’x + 7cosx + 3 =0can be
written as 3cos’x — 7cosx—6=0. (2)
Hence solve, for 0 =< x < 27,

3sin’x + 7cosx + 3 =0, giving your
answers to 2 decimal places.

3

« Section 5.4

Show that, when € is small,

sin46 — cos46 + tan360 = 80> + 76 — |
3)

Hence state the approximate value of

sin 40 — cos 40 + tan 36 for small values

of 0. (1)

« Section 5.5

Sketch, in the interval =27 = x =< 27,

the graph of y =4 — 2 cosec x.

Mark any asymptotes on your graph.
3)

Hence deduce the range of values of &

for which the equation 4 — 2cosecx = k

has no solutions. (2)

« Sections 6.1, 6.2



@ 1

The diagram shows the graph of
yv=ksec(f—a)

The curve crosses the y-axis at the point
(0, 4), and the #-coordinate of its

o & . v W
minimum point 1s 3

VA

2
=
L= J

__ =l
=)
X o

v=ksec(f - a)

a State, as a multiple of =, the value of «.

(1)
b Find the value of k. (2)

¢ Find the exact values of # at the points
where the graph crosses the line
y=-2vV2. (3)

+ Section 6.2

a Show that
COSX 1 —sinx
- =2secx
| —sinx COSX
(4)
b Hence solve, in the interval
COSX | —sinx po
0<x=<d4n, - =-2v2
|l —sinx COSX
(4)
+« Section 6.3
a Prove that
sinff  cos#f
—— = 2 cosec 26, @ = 90n°
cosf)  sinf

(3)

b Sketch the graph of y = 2 cosec 26 for
0° < § < 360°. (3)

¢ Solve, for 0° < # < 360°, the equation

sin ¢ , cos )
cost)  sinf
1 decimal place.

= 3, giving your answer to

4)

« Section 6.3

@ 16

® 17

EP) 18

® 19

Review exercise 2

10cm

&
D

In the diagram, 4B = 10cm is the
diameter of the circle and BD is the
tangent to the circle at B. The chord 4AC
is extended to meet this tangent at D and
ZABC=40.

a Show that BD = 10cot¥#. (4)
b Given that BD = 1—2 cm, calculate the
/
exact length of DC. 3)

+ Section 6.4

a Given that sin® 0 + cos’6 = 1,
show that 1 + tan?6 = sec4.

(2)
b Solve, for 0° = 6 < 360°, the equation
2tan’f +secf =1

giving your answers to | decimal place.
(6)

« Section 6.3

Given that ¢ = cosec x and b = 2sin x.

a express ¢ in terms of »
4 - bh?

in terms of b.
a-— 1

b find the value of

« Section 6.4

Given that
. ﬂ‘ ﬂ-
y=arcsinx,-lsx=sl,--sy=—
2 2
a express arccos.x in terms of y. )

b Hence find, in terms of , the value of
arcsin x + arccos x. (1)

« Section 6.5

a Prove thatforx =1,

S @)

b Explain why this identity is not true for
O0=x<l. (2)

« Section 6.5

1 :
arccos | = arcsin

227



Review exercise 2

@ 20 a Sketch the graph of y = 2 arccos x -g .
showing clearly the exact endpoints of
the curve. €))]

b Find the exact coordinates of the point
where the curve crosses the x-axis. (3)

« Section 6.5

@ 21 Given that tan(.\' + %) = % , show that

72-111V3
tany =——— (5)

« Section 7.1

22 Given that sin (x + 30°) = 2 sin (x — 60°)

a show that tan x = 8 + 5/3. (4)
b Hence express tan (x + 60°) in the form
a+ by3. 3)

« Section 7.1

23 a Usesin(f + o) =sinfcos + cosdsin «,
or otherwise, to show that

sin1650 =22 = L @)

b Hence, or otherwise, show that
cosec 165° = Va + Vb . where a and b
are constants to be found. 3)
« Sections 7.1, 7.2

24 Given that cos A = 3 where 270° < 4 < 360°,
a find the exact value of sin 24 3)

b show that tan24 = -3/7. 3)
+ Section 7.3

25 Solve, in the interval —180° = x = 180°,
the equations
a cos2x+sinx=1 3)
b sin x(cos x + cosec x) = 2¢os’ x 3)
giving your answers to 1 decimal place.
¢« Section 7.4

® 26 f(x)=3sinx + 2cosx
Given f(x) = R sin(x + «), where R > 0

and0<a<§,

a find the value of R and the value of a. (4)
b Hence find the greatest value
of (3 sinx + 2 cos x)* (2)
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¢ Hence, or otherwise, solve for
0 =6 <2m, f(x) =1, rounding your
answers to 3 decimal places. 3)
<« Section 7.5

a Prove that
L

cotf —tanf =2 cot 26,0 = 5 3)

b Solve, for -7 < 6 < x, the equation
cotf —tanf =35,
giving your answers to 3 significant
figures. 3)
+ Sections 6.3, 7.6

a By writing cos 34 as cos(26 + ), show
that

cos 30 =4 cos’f = 3cos b (4)

b Given that cosf = % find the exact

value of sec 36. Give your answer in

the form k2 where k is a rational

constant to be found. mm
< Sections 6.3, 7.1

Show that sin*6 = 3 — 5 cos 26 + g cos 46.

You must show each stage of your
working. (6)

« Section 7.6

a Express 6sinf + 2 cos f in the form
Rsin (6 + o), where r < 0 and

O<(x<g

Give the value of « to 2 decimal places.
4)
b i Find the maximum value of
6 sinfl + 2 cosf (2)
ii Find the value of @, for 0 < # < 7,
at which the maximum occurs,
giving the value to 2 d.p. (1)

The temperature, in 7' °C, on a particular
day 1s modelled by the equation

. wl
T=9+6 sm(ﬁ) +2 cos(ﬁ).
0 = r = 24 where 1 is the number of hours

after 9a.m.



¢ Calculate the minimum value of ¢
predicted by this model, and the value
of 1, to 2 decimal places, when this
minimum Occurs. (3)

d Calculate, to the nearest minute,
the times in the first day when the
temperature is predicted by this model,
to be exactly 14°C. (4)

¢« Section 7.5, 7.7

A curve C has parametric equations

%.__y=r3—3r+ l,teR,t#0
a Determine the ranges of x and y in the
given domain of 1. (3)

b Show that the Cartesian equation of C
can be written in the form
_ax*+bx+c
- (1-xp
integers to be found.

x=1-

. where a, b and ¢ are

(3)

« Section 8.1

A curve has parametric equations

x=]n(r+2),y=-%,t>4

a Find a Cartesian equation of this
curve in the form y = f(x), x > k, where

k 1s an exact constant to be found. (4)

b Write down the range of f(x) in the
forma < x < b, where a and b are
constants to be found.

(2)

+ Section 8.1

A curve C has parametric equations
1 1

X = V=
1+ 1=t

Show that a Cartesian equation of Cis
X

V=
- 2x -1

Ll <<

4)

<« Section 8.1

A curve C has parametric equations

w
x=2cost,y=cos3t, 0=t =< 5

a Find a Cartesian equation of the curve
in the form y = f(x), where f(x) i1s a
cubic function. (5)

b State the domain and range of f(x) for
the given domain of 1. (2)

« Section 8.2

@ 3s

EP) 37

Review exercise 2

The curve shown in the figure has
parametric equations

X = sint v-sin(r+£) B
- s 6 L] 2
VA

S

B

A
[
a Show that a Cartesian equation of the
curve is

V3o

y==x+7/ll=x%),-1=sx=<

2**3 L @)

b Find the coordinates of the points A4
and B, where the curve mtercepts the
x-and y-axes. (3)

< Section 8.2

=Y

The curve C has parametric equations
x=3cost,y=cos2t,0<t=<n

“4)
b Sketch the curve C on the appropriate

domain, labelling the points where the
curve intercepts the x- and y-axes. (3)

« Section 8.2, 8.3

a Find a Cartesian equation of C.

The curve C has parametric equations
x=41y=812t-1),teR.

Given that the line with equation

¥ = 3x + ¢, where ¢ 1s a constant, does

not intersect C, find the range of possible
values of ¢. (5

« Section 8.4
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Review exercise 2

A curve has parametric equations

; T 3
x=3sin2t,y =2 cost + 1,'5 =g s

1A

/\ :
>

a Find the coordinates of the points
where the curve intersects the x-axis. (4)

b Show that the curve crosses the line

137 177
.\=l.5whenrzﬁdndr=ﬁ 3)

« Section 8.4

A golf ball is hit from an elevation of

50 m, with an initial speed of 50 ms™' at
an angle of 30° above the horizontal. Its
position after 7 seconds can be described
using the following parametric equations:

x=025/3)t,y=25t-4912 + 50,0 <1<k

where x is the horizontal distance in
metres, y is the vertical distance in metres
from the ground and k is a constant.

VA

50m A

N
R

0

Given that the model is valid from the
time the golf ball is hit until the time it
hits the ground,

a find the value of k to 2 decimal places.
3)
b Find a Cartesian equation for the path
of the golf ball in the form y = f(x),
and determine the domain of f(x).
Give your answer to 1 d.p. (5)
« Section 8.5

Challenge

1 A chord of a circle, centre O and radius r, divides
the circumference in the ratio 1:3, as shown in
the diagram. Find the ratio of the area of region
P to the area of region Q.

x=45int+3,y=4cosr—l.—-g—5ré—

3x
« Section 5.3

2 The diagram shows a circle, centre O. The radius
of the circle, OC, is 1, and ZCDO = 90°.
A

Given that COD = x, express the following
lengths as single trigonometric functions of x.

b OD ¢ 04
e CB f OB

« Section 6.1

3 The curve C has parametric equations

s
4

a By finding a Cartesian equation of Cin the
form (x — a)? + (v = b)? = ¢, or otherwise,
sketch C, labelling the endpoints of the
curve with their exact coordinates.

b Find the length of C, giving your answer in
terms of .

+ Section 8.3



Differentiation

After completing this chapter you should be able to:

e Differentiate trigonometric functions - pages 232-234, 246-251
e Differentiate exponentials and logarithms -» pages 235-237
e Differentiate functions using the chain, product and

quotient rules - pages 237-245
e Differentiate parametric equations - pages 251-254

e Differentiate functions which are defined implicitly - pages 254-257

® Use the second derivative to describe the behaviour
of a function - pages 257-261

® Solve problems involving connected rates of change
and construct simple differential equations -» pages 261-264

Prior knowledge check

1 Differentiate:
a 3x2-5x b % —Vx
€ 4x%(1 - x?)

& Year 1, Chapter 12

Find the equation of the tangent to the
curve with equation y = 8 — x? at the point
(3, -1). « Year 1, Chapter 12

The curve C is defined by the parametric
equations
x=3-51, y=r+2 t(€R

Find the coordinates of any points where
Cintersects the coordinate axes.
« Section 8.4

. You can use differentiation to find rates of
change in trigonometric and exponential
models. The velocity of a wrecking ball could
be estimated by modelling its displacement
then differentiating.

Solve 2 cosec x — 3 sec x =0 in the interval
0 = x = 2m, giving your answers correct to |
3 significant figures. « Section 6.3

L
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Chapter 9

m Differentiating sin x and cos x

You need to be able to differentiate sin x and cos x from first principles. You can use the following
small angle approximations for sin and cos when the angle is measured in radians:

mSinxy =X m You will always need

— 1 , . .
®cosx~1-3x2 to use radians when differentiating
trigonometric functions.

This means that lim M = |im —/5 =1, and
h—o0 h h—0 h
1
1-=h%2-1
. cosh-1_ .. 2 I PARER
fEIr-T]o h -f!l-rpc, h B !Elrpo( Zh) 0

You will need to use these two limits when you differentiate sin and cos from first principles.

Prove, from first principles, that the derivative of sin x is cos x.

sin /1 cosh— 1
You may assume that as &7 — 0, h 1 and —n 0.
Let f(x) = sinx Problem-solving
Foo) = fim T+ Al = o Use the rule for differentiating from first
h—0 h principles. This is provided in the formula booklet.
_ i 2N 4+ Al = sinx If you don’t want to use limit notation, you could
= a0 h write an expression for the gradient of the chord
| Gt N e R st joining (x, sin x) to (x + A, sin (x + /)) and show
= lim F that as i — 0 the gradient of the chord tends to
COS X. « Year 1, Section 12.2

X ( cosh - 1) . (sinlz) )
lim (,___,___ sinx + |—— |cos X
h—0\\ h h

Use the formula for sin(4 + B) to expand

5 cosh-1 o sink __ . . o
Ingg ———¢ Rangd == =] the _ sin(x + h), then write the resulting expression in
expression inside the limit tends to terms of COS;’; -1 and S|2h « Section 7.1

(O xsinx+ 1 X% cosx)

So lim 20X ¥ i) = sin = cosX Make sure you state where you are using the two

h—0 / — .. . ) .
’ * limits given in the question.
Hence the derivative of sinx is cos Xx.

— Write down what you have proved.

dy
® Ify=sinkx, then —=kcoskx N
dx @ Explore the relationship O

You can use a similar technique to find the between sin and cos and their
derivative of cos x. derivatives using technology.

d
® If y=cos kx, then é = -k sinkx
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Differentiation

Ay
Find —— given that:

dx
a y=sin2x b y=cos5x ¢ y=3cosx+ 2sind4x
2 y = sin 2x
dy _ _
e 2cos2x Use the standard result for sin kx with k = 2.

b y=cos5x

dy
a";‘: = -5 5in5x Use the standard result for cos kx with k = 5.

¢ y=3cosx + 2sin4x
ay e . .
T 3 X (=sinx)+ 2 x (4co54x) - Differentiate each term separately.

= -3sinXx + Bcos4x

A curve has equation y = %x — cos 2x. Find the stationary points on the curve in the interval

Osx<mn.

ay 1 ! L
= 1 = (=2 sin2x) = 5 + 2sin 2x Start by differentiating ;.x — cos 2.
et . = © and soive for x: dy
ey o SIS SN ]_ Stationary points occur when — = 0.
dx
2i +2sin2x=0 « Year 1, Chapter 12
2 sin2x = —%
sin2x = —_%
2x = 3.394.., 6.030.. 0 =< x =< & so the range for 2x is 0 < 2x =< 27.
x = 170,302 (3 s1)
When x = 1.70: m Whenever you are using calculus,

you must work in radians.
y=3{1.70) = cos(2 x 1.70) = 1.82 (3 =.f)

When x = 3.02: Substitute x values into y = %x — cos 2x to find

‘ the corresponding y values.
{3.02) = cos(2 x 3.02) = 0.539 (3 s.f.)

o —

y=

The stationary points of y = ;\ - €05 2X in
the interval O = x = 7 are (1.70, 1.82) and
(3:02, 0.539).
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Chapter 9

® 1 a Given that f(x) = cos x, show that Problem-solving

f(x) = Iim((cos h-1 ) b 20 h ors 1) Use the definition of the
h—0 h derivative and the addition

h
b Hence prove that ’(x) = —sin x. formula for cos(4 + B).

2 Differentiate:

[ | . . 2
a y=2cosx b y=2sin3x ¢ y=sin8x d y=6sin3x

3 Find '(x) given that:
a f(x)=2cosx b f(x)= 6cos%x ¢ f(x)=4cos %x d f(x)=3cos2x

4 Find Y given that
ind  given that:

a y=sin2x + cos3x b y=2cos4x - 4cosx + 2cosTx
1 + 2xsin 5x
¢ y=x’+4cos3x d y= =

5 A curve has equation y = x — sin 3x. Find the stationary points of the curve in the interval
O=sx=n.

6 Find the gradient of the curve y = 2sin4x — 4 cos 2x at the point where x = g

® 7 A curve has the equation y = 2 sin 2x + cos 2x. Find the stationary points of the curve in the
interval 0 < x < 7.

@ 8 A curve has the equation y = sin 5x + cos 3x. Find the equation of the tangent to the curve at
the point (m, —1). (4 marks)

9 A curve has the equation y = 2x? — sin x. Show that the equation of the normal to the curve at
the point with x-coordinate 7 is

x+@r+ 1)y —-n8n*+2wr+1)=0 (7 marks)

10 Prove, from first principles, that the derivative of sin x is cos x.

You may assume the formula for sin(4 + B) and that as i1 — 0, B — 1 and ooshsil — 0.

h h
(5 marks)

Challenge

Prove, from first principles, that the derivative of sin(kx) is kcos(kx).

sinkh ok

You may assume the formula for sin (4 + B) and thatas & — O,

coskh -1
and ———— —

0.
h
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Differentiation

@ Differentiating exponentials and logarithms

You need to be able to differentiate expressions involving exponentials and logarithms.

dy
— pkx . - kx
" Ify=e’, then dx ke m For any real constant, k,
dy 1 Inkx=Ink + Inx.Since In kisalso a
® If y=Inx, then Ac- X constant, the derivative of In kx is
1
You can use the derivative of e~ to find the derivative of a0

a** where a is any positive real number.

B

Show that the derivative of a* is a*Ina. m Explore the function a*
and its derivative using technology.

Let y = a*
i gy You could also use the laws of logs like this:
= g¥na lnyzln a=xlna= yze.tlna
dy « Year 1, Chapter 14
E = {n a 6.\"-r1 a
. It (e A
= Inae™™ L Ina is just a constant so use the standard result
=a*Ina for the derivative of e* with k = Ina.

d
m If y = a**, where k is a real constant and ¢ > 0, then = =a*klna

dx
Find o given that:
dx
a y=e 4+ 2% b y=In(x*)+In7x c y= 2_4“_;_‘37‘

a —1- — eq_\ + 23\

in Differentiate each term separately using the

—— = 3e3x 4 23x(3|n2) standard results for e* with k = 3, and ¢** with
ax
a=2and k =3.
b y=In(x3) + In7x
y=3Inx+In7+Inx=4Inx+In7 » Rewrite y using the laws of logs.
ay
——=4 X 1~ +0= i )
dx A x L Use the standard result for In x. In 7 is a constant,
D - Ba7x so it disappears when you differentiate.
c y= YT
S P RO Divide each term in the numerator by the
2 4 denominator.
dy 1 3e-3%) Fin
—— = ~3X) o — W 4x
dx ~ g X oL q e

Differentiate each term separately using the
standard result for e*x,
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Exercise @

1

236

dv
a Find d—Jr" for each of the following:
ay= 437-" b y= 3Ix cC y= (‘;—) d y= In5x
> (1 +e¥)?
e y= 4(%) f y=In(2x?) g y=e¥x - h y= -;f
Find f'(x) given that:
2x ¥ 4 QX
a f(x) = 3% b f(x) = (%) ¢ f(x) = 24 4 42 d f(x) =2 4;_8
m In parts ¢ and d, rewrite the terms so that they
all have the same base and hence can be simplified.
Find the gradient of the curve y = (¢2¥ — e¢2¥)? at the point where x = In 3.

Find the equation of the tangent to the curve y = 2¥ + 2= at the point (2, *I;;Z] (6 marks)

A curve has the equation y = e** — In x. Show that the equation of the tangent at the point with
x-coordinate 1 1s

y=02e2-1)x —e2+1 (6 marks)

A particular radioactive isotope has an activity, R millicuries at time 7 days, given by the

equation R =200 x 0.9°. Find the value of %, when 7 = 8.

The population of Cambridge was 37 000 in 1900, and was about 109 000 in 2000. Given that
the population, P, at a time ¢ years after 1900 can be modelled using the equation P = Pk,

a find the values of P, and k
b evaluate (;—f in the year 2000

¢ Interpret your answer to part b in the context of the model.

A student is attempting to differentiate In kx. The student writes:

dy
y = Inkx, so s kinkx

Explain the mistake made by the student and state the correct derivative.

Prove that the derivative of ¢** is a* k In a. You may assume that the derivative of e** is ke*~.
(4 marks)



Differentiation

10 f(x)=e> —In(x?) +4,x >0

a Find {"(x). (3 marks)
The curve with equation y = f(x) has a gradient of 2 at point P. The x-coordinate of P is a.
b Show that a(e* - 1) = 2. (2 marks)

11 A curve C has equation

y=5sin3x+2cos3x,-r=sx=7
a Show that the point P (0, 2) lies on C. (1 mark)
b Find an equation of the normal to the curve C at P, (5 marks)

12 The point P lies on the curve with equation y = 2(3*"). The x-coordinate of Pis 1.
Find an equation of the normal to the curve at the point P in the form y = ax + b, where a and
b are constants to be found in exact form. (5 marks)

Challenge

A curve C has the equation y = % — 5x, Find the equation of the
tangent to C that is parallel to the line y = 3x + 4.

@ The chain rule

You can use the chain rule to differentiate composite functions, or functions of another function.
® The chain rule is:
dy dy du
=—X
dx de dx

where y is a function of # and u is another function of x.

Example o

; 8 S A ;
Given that y = (3x* + x)°, find —— using the chain rule.

dx
Let i = 3%% + x:
du P : . : du
s 12x3 +1 Differentiate u with respect to x to get dx
X X
y=w —‘ Substitute u into the equation for y and
dy F ) . . Iy
= 5uJ differentiate with respect to u to get —
Using the chain rule,
dy dy du
st . P
dx du dx
= S5u4{12 x3 + 1)
dy Sigst 4 DS 1 Use u = 3x* + x to write your final answer in
- e R T terms of x only.
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. . dy
Given that y = sin® x, find a
y = sin?x = (sinx)*
Let u = sinx:
du ) . : - du
Oy = o5 X Differentiate u with respect to x to get e
.1‘ = l’ 1 - - -
i Substitute u into the equation for y and
| S d
au 4u J differentiate with respect to u to get d—'::
Using the chain rule,
dy dy du
dx ~ du " dx
= 4u?(cos x)
: . L dy
ay o Substitute u = sin x back into —— to get an answer
— = 4 5in°x cos X dx
ax in terms of x only.

You can write the chain rule using function notation:

® The chain rule enables you to differentiate a function of a function. In general,

o if y = (f(x))” then % =n(f(x))"- 1§ (x)

d
e if y =f(g(x)) then ¥ f'(g(x))g'(x)

dx
Example o

dy
Given that y = v5x? + 1, find —a at (4,9).

y=V5x2 + 1 L_ This is y = (f(x))" with f(x) =5x? + 1 and n =%
Let f(x) = 5x2 + 1 dy :
So — = 5(f(x)) = f'(x).
Then f(x) = 10x ax = 2R
Using the chain rule:
ay ;
— = =(5x% + 1)~7 x 10x
dx ~ 2
= 5x(5x2 + 1)"2
. d
At (4. 9), d_lp = 5(4)(5(4)2 + 1)-7 = 20 - Substitute x = 4 into d_)?: to find the required
£ 9 value. :
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Differentiation

The following particular case of the chain rule is useful for differentiating functions that are not in the

form y = f(x).
dy 1 m This is because:
"dx dx dy dx_dy_,
dy dx dy dy

Example o

d )
Find the value of —i at the point (2, 1) on the curve with equation y* + y = x.

o

i g o | Start with x = 33 + y and differentiate with
dy respect to y.
dy 1
dx 3y%+1 | Buse o
. ! dy
4

— Substitutey = 1.

1 Differentiate:
a (1+2x)7 b (3-2x)7 ¢ (3+4x): d (6x+ x?)

P — 4 _ A6
34 O f v7-x g 4(2 + 8x) h 3(8 = x)

2 Differentiate:
—

a ecosy b cos(2x - 1) ¢ vinx d (sinx + cosx)’

e sin(3x2-2x+1) f In(sinx) g Zgcosdx h cos(e* + 3)

d
; find the value of _y at (ﬁ %)

) |
3 Given that y = Gx+1) dx

@ 4 A curve C has equation y = (5 — 2x)°. Find the tangent to the curve at the point P with
x-coordinate 1. (7 marks)

g d
(E) 5 Given that y =(1 + In4x)%, find the value of d—i at x = ée% (5 marks)

d
® 6 Find d_): for the following curves, giving your answers in terms of y.

a x=)2+y b x=e"+4y ¢ x=sin2y d 4x=Iny+)’
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® 7

11

dy .
Find the value of d—i at the point (8, 2) on Problem-solving

Your expression fora will be in terms of y.

Remember to substitute the y-coordinate into
the expression to find the gradient.

dy
the curve with equation 3y? — 2y = x.

dy

Find the value of E at the point (% 4.) on the curve with equation y: + y—= = x.

a Differentiate e’ = x with respect to y.

»

dx

b Hence, prove that if y = In x, then =%

The curve C has equation x = 4cos 2y.

a Show that the point Q (2, %) lies on C. (1 mark)

b

b Show that d_i R % at Q. (4 marks)

¢ Find an equation of the normal to C at Q. Give your answer in the form ax + bx + ¢ = 0,
where a, b and ¢ are exact constants. (4 marks)

Differentiate:

a sin?3x b e+ ¢ In(cosx)?

| . (_)
3+ cos2x & S

|

41
2-4x)2"" 2

The point 4 on C has x-coordinate 3.

Find an equation of the normal to C at A4 in the form ax + by + ¢ = 0, where a, b and

¢ are integers. (7 marks)

The curve C has equation y =

Find the exact value of the gradient of the curve with equation y = 3* at the point with
coordinates (1, 3). (4 marks)

Challenge

dy
Find — given that:
dx

240
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m The product rule

You need to be able to differentiate the product of two functions.

dy  dy du
| — —
If y = uv then dx de + vdx'

where « and v are functions of x.

The product rule in function notation is:

Differentiation

m Make sure you can spot

the difference between a product
of two functions and a function of a
function. A product is two separate
functions multiplied together.

® |f f(x) = g(x)h(x) then f'(x) = g(x)h'(x) + h(x)g'(x)

Given that f(x) = x*/3x — 1, find f'(x).

letu=x2andv=vV3x-1=3x-1) _‘

Write out your functions u, v, — du — and dv before

dx dx

Then j—? = 2x and ‘j’l =3 ¥ ';:(3.\' - 1)-:-:J
Usin él . ué‘- % ¥ du
9 ax dx * Vdx

F)=x2 x 2Bx - 1)"7 + V3x — 1 x 2x

5]

substituting into the product rule. Use the chain
rule to differentiate (3x — 1):

Substitute u, v, — du and —

=

3\ + 12x2 - 4x
2y3x —?

_15x2 - 4x
2vV3x -1

N x(15x = 4)
B 2\*'-3.\' -1

Given that y = e** sin’ 3x, show that — =

dx dl

e**sin 3x (A cos 3x + Bsin 3x), where 4 and B are

dx
constants to be determined.

Let u = e and v = sin? 3x = (sin 3x)2 . il dv
" 4y Write out « and v and find ar and dr
T = 4e%¥ and T = 2(sin3x) x (3 cos 3x) 4 >

' ' Use the chain rule to find —
dy = u dﬁ i du dx
dx dx L
s Write out the product rule before substituting.
d—ax‘ = e* x (6sin3xcos 3x) + 5in? 3x x 4e4"

= 6e* sin 3x cos 3x + 4e*¥ sin® 3x
= e sin3x (6cos 3x + 4 sin 3x)

This is in the required form with 4 = € and
B =4

Problem-solving

Write out the value of any constants you have
determined at the end of your working.

You can use this to check that your answer is in
the required form.
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Exercise @

1

() 10

242

Differentiate:

a x(1+3x)° b 2x(1 + 3x?%) ¢ xX3(2x +6)* d 3x3(5x-1)"!
Differentiate:

a e2x-1)° b sin2x cos3x ¢ e'sinx d sin(5x)In(cosx)

y

a Find the value of d_Jr at the point (1, 8) on the curve with equation y = x>(3x — 1)*.

dy 1
di at the point (4, 36) on the curve with equation y = 3x(2x + 1)=.

dy
dx

b Find the value of
¢ Find the value of —— at the point (2, %) on the curve with equation y = (x = 1)(2x + 1),

Find the stationary points of the curve C with the equation y = (x — 2)*(2x + 3).

5
A curve C has equation y = (x - E) sin 2x, 0 < x < 7. Find the gradient of the curve at the

2
point with x-coordinate%
A curve C has equation y = x?>cos (x?). Find the equation of the tangent to the curve C at the
. v 5 5
point P (*-2-71 %) in the form ax + by + ¢ = 0 where a, b and ¢ are exact constants. (7 marks)

Given that y = 3x%(5x = 3)3, show that

dy
—=Ax(5x - 3)"Bx + C)
dx

where n, A, B and C are constants to be determined. (4 marks)

A curve C has equation y = (x + 3)% e,
a Find —“l using the product rule for differentiation. (3 marks)

b Find the gradient of C at the point where x = 2. (3 marks)

Differentiate with respect to x:

a (2sinx - 3cos x) In 3x (3 marks)
b x*elx=3 (3 marks)
: dy ; . :
Find the value of dx at the point where x = 1 on the curve with equation
y=x3V10x + 6 (6 marks)



Challenge

d
Find ﬁ for the following functions.

a y=e'sin®xcosx

m The quotient rule

Differentiation

b y=x(4x - 3)%(1 - 4x)°

You need to be able to differentiate the quotient of two functions.

where u and v are functions of x.

UELUEINS There is a minus sign

in the numerator, so the order of

the functions is important.

Let « be the numerator and let v be the

denominator,

Recognise that y is a quotient and use the

quotient rule.

Jdu _, dv
u dy “dx dx
8 lfy=—then—=
Y=5 dx y2
The quotient rule in function notation is:
g(x) h(x)g'(x) — g(x)h'(x)
m If f(x) =———, thenf'(x) =
T (h(x))?
Example @
Given th X fing &
ven that y = T n dx
Let y=Xx and v = 2X + St
du av
dx = LA =
du _ dv
Using & _ Lax ~ “ax
SINg oe =— 2
dr (2x+5)x1-xx2
ax (2x + 5)°
_ S
"~ (2x + 502
Example @
A curve C with equation y = S:;\ O<x<m,

has a stationary point at P. Find the coordinates
of P. Give your answer to 3 significant figures.

Simplify the numerator of the fraction.

As
m Explore the graph of this

function using technology.

Let u = sinx and v = €2~
_‘ Write out # and v and find ] and oy before
du _ , dv _ 5 2 ‘ . dx dx
dx _cosxand = ee J using the quotient rule.
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Using the quotient rule,

y I _ gt
dr  “dx dx

dx ve

dy e?¥cosx - sinx{2e?v
dx (e2¥)2

e2*cosXx - 2e?¥sinx
64.\'

e?XcosXx — 25inX)
e 4.\'

= e 2Ycosx — 235inX) «

e 2Mcosx - 2sinx) =0

e?*=0Qo0orcosx—-2sinx=0

e 2% = 0 has no solution.

cosx —2sinx=0

So the coordinates of P are (0.464, 0177).

co5X = 25InNX
o -
5 = tanx

x=0464 (3 s.t) «

Write out the rule before substituting.

d
Simplify your expression for d—': as much as

possible.

d
L P is a stationary point so ® 0.

Problem-solving

s \
j u SRS _ by o iaiag

5 -
esx 0.464

a—

If the product of two factors is equal to 0 then
one of the factors must be equal to 0.

This is the only solution in the range 0 < x < 7.

Substitute x into y to find the y-coordinate of the
stationary point.

1 Differentiate:

S5x
x+1

a

2 Differentiate:
e4.\'
COS X

a

. dy
3 Find the value of —

2x
b 3Ix -2
b Inx

X+ 1

at the point (l, %) on the curve with equation y =

o X +3 d 3x? . 6x
2x + 1 (2x - 1)? (5x +3)3
e-2x 4 e2x (e¥ +3)3 sin? x

In x Cos X In x

dv
4 Find the value of =4 at the point (12, 3) on the curve with equation y =
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dx

X
3x + 1

xX+3
2x + 1):



®

Differentiation

2x+3

7 X7 0.

5 Find the stationary points of the curve C with equation y =

6 Find the equation of the tangent to the curve y = eT at the point (3. %e]. (7 marks)

, dy . , In x
7 Find the exact value of —— at the point x = T on the curve with equation y = =
dx 9 " sin3x

v

342y

8 The curve C has equation x =

a Find the coordinates of the point P where the curve cuts the x-axis. (1 mark)

b Find an equation of the normal to the curve at P, giving your answer in the form y = mx + ¢,
where m and ¢ are integers to be found. (6 marks)

-4

'

cos 3x

9 Differentiate with respect to x. (4 marks)

2 Ay

10 A curve C has equation y = (xe_-z)y T

a Show that
dy  Ae*(Bx-C)
dx (x-28
where 4, B and C are integers to be found. (4 marks)
b Find the equation of the tangent of C at the point x = 1. (3 marks)

11 Given that

2x 6.x

fx) = x+5 " x2+7x+10° x#0
a show that f(x) = o (4 marks)
T x+2
b Hence find {'(3). (3 marks)
12 The diagram shows a sketch of the curve with equation VA
y = f(x), where
() =292 0<x<n
The curve has a maximum turning point at 4 and a
minimum turning point and B as shown in the diagram. ,.f.\
a Show that the x-coordinates of point 4 and point B 0 \J X
are solutions to the equation tan 2x = % (4 marks) 7
b Find the range of f(x). (2 marks)
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@ Differentiating trigonometric functions

You

can combine all the above rules and apply them to trigonometric functions to obtain standard

results.

dy
If y=tanx, find —

dx
. . sinx
¢ B, SR You can write tan x as - and then use the
] COoX quotient rule.
Let u = sinx and v = cos x
o = cos X and ay = -5inX
dx ax
v i - ld'ﬂ
dy dx ax
dx —  yz2

You

dy  cosx x cosXx — sinXx(—sinx)
dx cos® x

dy  cos?x + sin®x

— Use the identity cos® x + sin®x = 1.
dx co5% X

—= = secéx
dx cos?x

can generalise this method to differentiate tan kx:

d
a Ify=tankx.thend—y=kseczkx

Differentiate a y = xtan2x b y=tan*x

a

246

X

y = xtan 2x This is a product.

dy . Use u = x and v = tan 2x, together with the
ek X 2sec”2x + tan2x product rule.

= 2x5ec 2x + tan2x

y = tan*x = (tan x)*

dx

= 4(tanx)3(sec? x) - Use the chain rule with u# = tan x.

= 4tan®x secix



Differentiation

¥

Show that if y = cosec x, then dx =~ cosecx cot x.

Y =cO5€c X ==

. sin x

Let u=1and v = sinx _I Use the quotient rule with u = 1 and v = sin x.
du dv ; du
—=0and —— =cosx u=1isaconstant so—=0.
dax dx dx

pau _  av

dy _Vax"ox
ax ye
dy _ sinx x O =1 xcosx
ax sin? x
ay _  cosx
dx 5inZ x
dy . : : :
— »1 - x CC}S«} e —TT. Rearrangfa?our answer into the desired form using
ax X SINA the definitions of cosec and cot. « Section 6.1

You can use similar techniques to differentiate sec x and cot x giving you the following general results:

dy
= If y = coseckx, then = —k cosec kx cot kx m While the standard
dy results for tan, cosec, sec and cot
m If y = seckx, then = =-kseckxtankx are given in the formulae booklet,
b's

learning these results will enable

d . _
® If y = cot kx, then v __ A you to differentiate a wide range of

dx functions quickly and confidently.
Example @
. . cosec 2x
Differentiate: a y=——— b y=sec’x
x°
COSEC 2X
a pE——
E X2
So dy _ x?(-2cosec 2x cot 2xX) — cosec 2x x 2x Use the quotient rule with u = cosec 2x
dx x4 and v = x2,
_ —-2cosec 2x(xcot 2x + 1)
- =
b y=-sec’x = (secx)’ Use the chain rule with u = sec x.
Y _ Becx? tanx
== sec X)© (secx tanx)

= 3sec3x tanx
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d *
You can use the rule b’ A to differentiate arcsin x, arccos x and arctan x.

dx dx
dy

Show that the derivative of arcsin x 1s

arcsin is the inverse function of sin,
[_- so if y = arcsin x then x = sin y. ¢ Section 6.5

Differentiate x with respect to y.

1

V1= x?
Let y = arcsinx
S0 x = siny
g o cosy
ay )
dy 1
dx ~ €cos5Y

siny + cos’y =1

dy
L Use d_ This gives you an expression

cosy = \1- 5iﬂé.}.‘ =V1-x2
dy 1

So —— =
dx /1 - x2

for =5 in terms of y.
dx

Problem-solving

You can use similar techniques to differentiate

arccos x and arctan x giving you the following
results:

d

® |f y = arcsin.x, then Yo 1
dy /3 _ 2
d

® |If y = arccos x, then y=.. 1
e 1-w
dr 1

® If y = arctan x, then 3= Lo

Use the identity sin? @ + cos? ) = 1 to write cos y
in terms of sin y. This will enable you to find an

d
expression for =t in terms of x.

dx

Since x = siny, x% = sin? y.

Substitute ¢ = x? to get arcsin x? in the form

dy
Given y = arcsin x? find —
dx
Let t = X2, then y = arcsint
. d“
Then - =2x — = o
X ! I
ay dl df
ax _ dt d.\'
2Xx
Vi —- x4

248

arcsin t and use the chain rule.

Problem-solving

You could also write x? = sin y and therefore
x = /sin y. Then you could use the chain rule to

d
find é in terms of y and use sinx + cos?x = 1 to

write the answer in terms of x.



Differentiation

5 l-x dy
Given that y = arctan( ) find —
1 +x dx
y = arct.an(1 — '\)
g T+ x
1—x
Let u = (1 - \)
du  [N+xxE=N=-=x %1 Use the quotient rule, and simplify your answer
dx (1 + x)2 as much as possible.
_ = le=-tr . 2
1+ x)? (1 + x)2

y=arctanu

ay _ 1 _ Differentiate with respect to u using the standard
du 1+ u? result for y = arctan x.
dy dy du
dx = du* dx - : : dy
Use the chain rule with your expressions for

dy du
o (—— ) ) == - andgﬁ
dx 1+ u? (1 + x)° (1 + u2)(1 + x)? dx

i 2 d

(1 . (1 ; :)4) B L Substitute u = (E) back into é to get your
5 ‘ . answer in terms of x only.
T T2+ (1= X2

= e Expand the brackets in the denominator and

=~ : i — D .2
PRSI B VS BN A collect like terms to simplify your final answer as

DU much as possible.
2 + 2x2

1
1+ x2

Exercise @

1 Differentiate:

2 Differentiate:

a cotdx b secSx ¢ cosecdx d sec’3x
g ]
sec- x
e xcot3x I = g cosec? 2x h cot?(2x - 1)

3 Find the function {"(x) where f(x) is:

) 1
a (secx): b Jcotx ¢ cosec’x d tan’x
e sec’x f cot’x
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4

E/P) §

@ ® B

E/P) 10

EP) 11

Find f'(x) where f(x) 1s:
tan 2x X*

a x’sec3x b d e¥sec3x

X tan x

ll] X emn X

€ fanx I Cosx

The curve C has equation
1

y=—.,0<,\'$7r
cosx sSIn.x

a Find e (4 marks)

b Determine the number of stationary points of the curve C. (2 marks)

. . . W i .
¢ Find the equation of the tangent at the point where x = 73 giving your answer in the

form ax + by + ¢ = 0, where a. b and ¢ are exact constants to be determined. (3 marks)

dv
Show that if y = sec x then ﬁ = sec x tan x. (5 marks)

dy

Show that if y = cot x then a = —COSec? X. (5 marks)

Assuming standard results for sin x and cos x, prove that:
1
V1 =x2
1
l +x

a the derivative of arccos x is —

b the derivative of arctan x is

(=]

Differentiate with respect to x:

X .
a arccos2x b arctani ¢ arcsin 3x

d arccotx e arcsecx f arccosecx

S X .
g arcsm(r 1) h arccos x? i evarccosx

j arcsinx cosx k xZarccos x | edrctany

Given that the curve C has equation

_arctan 2x
=

)

dy 3 /3 -
a show that the value of E; when x = % is 2’13—9—542 (4 marks)

b find the equation of the normal to the curve C at x = lzé (3 marks)

a Curve C has equation x = (arccos y)>. Show that

dy V1 -cos?vX
dx B 2VX

(S marks)
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Differentiation

12 Given that x = cosec 5y,

a find d_}x in terms of y. (2 marks)
dy
b Hence find d—J\ in terms of x. (4 marks)

m Parametric differentiation

When functions are defined parametrically, you can find the gradient at a given point without
converting into Cartesian form. You can use a variation of the chain rule:

d
dy E'-V; m You can obtain this
® |f x and y are given as functions of a parameter, 1: — = —— dy dx dy

dx dx from writing — x —=—
Example @

dx ~ dr  dt
dr
Find the gradient at the point P where ¢ = 2, on the curve given parametrically by
x=0£+t y=£+1, teR

dx _ 20,4 Y _,, First differentiate x and y with respect to the
dt d parameter f.
ay
g = dt = 2t : dy
dx ~ dx ~ 312 41 | This rule will give the gradient function, o
Iy X
at in terms of the parameter, 1.
Wh =2 Y B
IS dx - 13 L ) 2t
4 Substitute ¢ = 2 into —
S0 the gradient at Pis 3r+1
Example @
i : . ™ ; ¥
Find the equation of the normal at the point P where 6 = Gt the curve with parametric

equations x = 3sinf, y = 5cos 6.

dx _ 3 0 dy _ —Ssind O=f<2n First differentiate x and y with respect to the

d dd parameter 6.
_CE _ =5siné
dx ~ 3cosf dy dx
: L Use the chain rule, d_Jf; = PTL and substitute ¢ =%
At point P, where @ = —g |7

3 x curve and the normal at this point
using technology.

dy -5x3 _5 ~.
dx /3 33 m Explore the graph of this i
e
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3/3 The normal is perpendicular to the curve, so its
The gradient of the normal at P is ; . o 3 ' .
5 gradient is —— where m is the gradient of the

atidl gt B oy = 2.y 2O curve at that point.

|8 s 2, h ?
The equation of the normal is | You need to find the coordinates of P. Substitute

5/3 3/3 { 3 . #= % into each of the parametric equations.
s 2 = 5 ('\- = E) ¢« Section 8.1
5y = 3/3x + 8/3 Use the equation for a line in the form

y=yr=mx—xy)

Exercise @

?

1 Find —— for each of the following, leaving your answer in terms of the parameter 7.

252

dx
a x=2t,y=1-3t+2 b x=38,y=28 c x=t1+3y=4
; 2 1 P
d x=02-2,y=38 x==,y=32-2 f x= Ly =
> & x¥=p7 2t=1"Y " 2r=1

. T Lo h x=re,y=2t i x=4sin31, y=3cos3t
- 1+ 1+7¢ ) ke ] a4
j x=2+sint,y=3-4cost k x=sect,y=tant I x=2t-sin2t,y=1-cos2t
mx=e¢-5y=Int,t>0 n x=Int,y=r-64,1>0 o x=e+1,y=2'-1,-1<t<1
a Find the equation of the tangent to the curve with parametric equations x = 3 — 2sin ¢,

y = tcost, at the point P, where t = 7.
b Find the equation of the tangent to the curve with parametric equations x=9 - 2, y = > +

61, at the point P, where 1 = 2.

a Find the equation of the normal to the curve with parametric equations x
at the point P, where 1 = 0.
b Find the equation of the normal to the curve with parametric equations x

y = sin 2¢, at the point P, where ¢ = %

Find the points of zero gradient on the curve with parametric equations

t 2
X=7T""—, J=

-t 7 1=r
You do not need to establish whether they are maximum or minimum points.

t#1

The curve C has parametric equations x =e*, y=¢' - 1,1 € R.
a Find the equation of the tangent to C at the point 4 where 7 = In 2.
b Show that the curve C has no stationary points.

— ea', J" - ef + e—f‘

=1 - cos2t,



6

7

8

Differentiation

The curve C has parametric equations

t2-31-4
X=——

1 , y=2t, t>0

The line /; is a tangent to C and is parallel to the line with equation y = x + 5.
Find the equation of /,. (8 marks)

A curve has parametric equations

. m
x =2sin?t, y=2cott, 0<t<—

2
Find an expression for ﬁ in terms of the parameter ¢. (4 marks)
b Find an equation of the tangent to the curve at the point where ¢ :% (4 marks)

The curve C has parametric equations

x=4sint, y = 2cosec 2, Ost=sn
The point 4 lies on C and has coordinates (2xf'§,4 ;@)
a Find the value of ¢ at the point A4. (2 marks)
The line /1s a normal to C at A.
b Show that an equation for /is 9x — 6y — 10V3 = 0. (6 marks)

The curve C has parametric equations
x=0r+t, y=*=-10t+5, teR
where 7 1s a parameter. Given that at point P, the gradient of Cis 2,

a find the coordinates of P (4 marks)
b find the equation of the tangent to C at point P (3 marks)
¢ show that the tangent to C at point P does not intersect the curve again. (5 marks)

Problem-solving

Substitute the equations for x and y into the equation of your tangent,
and show that the resulting quadratic equation has no real roots.

The curve C has parametric equations
x=2sint, y=vV2cos2t, 0<t<m

d y
a Find an expression for ﬁ in terms of 7. (2 marks)
The point A4 lies on C where 1 = % The line /1s the normal to C at A.
b Find an equation for / in the form ax + by + ¢ = 0, where a, b and ¢ are exact constants
to be found. (5 marks)

¢ Prove that the line / does not intersect the curve anywhere other than at point A4.

(6 marks)
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11 A curve has parametric equations

x=008¢f y= %sin 2t, 0=<t<2m

a Find an expression for d—i in terms of 7. (2 marks)
b Find an equation of the tangent to the curve at point A where ¢ =% (4 marks)

The lines /, and /; are two further distinct tangents to the curve. Given that /, and /; are both
parallel to the tangent to the curve at point A4,

¢ find an equation of /, and an equation of /, (6 marks)

m Implicit differentiation

Some equations are difficult to rearrange into An equation in the form y = f(x) is
the form y = f(x) or x = f(y). You can sometimes given explicitly.

differentiate these equations implicitly without

rearranging them. Equations which involve functions of both x

and y such as x? +2xy=3o0rcos(x +)) =2x
In general, from the chain rule: are called implicit equations.

d PN
= E(f(y)) =f'(y) -

The following two specific results are useful for implicit differentiation:

d dy
B e n — n n=1_%_
dx(y )= ny dx
d dy
B —(xyY)=x—"+
QN =X+ Y
When you differentiate implicit equations
your expression for — will usually be given You need to pay careful attention to
dx the variable you are differentiating with respect to.

in terms of both x and y.

dv
Find aT in terms of x and y where x* + x + 3 + 3y = 6.
Differentiate the expression term by term with
dy dy e
a2 +1+ 322 + 3% _ 0. | respect to x.
" dx dx
I d dy
Use —(y") =ny"-!—withn =3,
dx(') L= dx "

d'r?:‘? S oS 4 Y
d.\'('l + 3] =—3x° —

dy
Then make = the subject of the formula.

ar __ 3x2+1 dx
dx 301+ y?)]
I Divide both sides by 3y? + 3 and factorise.
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Given that 4x)? +

6x2

¥

= 10, find the value of

gy T i
[

Differentiation

) .
= at the point (1, 1).

dy ; 2 dy J
(4): X 2y— + 4'1.2) i (E} _ 6x _l) -

Differentiate each term with respect to x.

Use the product rule on each term, expressing
6x°

3 as 6x2y~1.

Substitute x =1, y = 1 to give

(66“' 4) (12 c;d"")—o
ax T T T

dy

L Find the value of
dx

x=1y=L

at (1, 1) by substituting

dy
c+2—=0
dx Substitute before rearranging, as this simplifies
dy the working.
N
dx t dv
Solve to find the value of d—) at this point.
=

. dy .
Find the value of a at the point (1, 1) wheree>*Iny = x + y - 2.
N 1 dy . ay . . :
e x gt |r}_}' X 2e2*=1 4 oo Differentiate each term with respect to x.
Substitute x =1, y = 1 to give t Use the product rule applied to the term on the
 dy dv left hand side of the equation, noting that In y
e x _‘_‘ = = — d
ax dx differentiates to give L0
, y dx
2 _ 1)d_‘ =1
(e dx ~
dy dy
- P Rearrange to make = the subject of the formula.
dx €2 -1 dx

Exercise @

)
® 1 By writing u = y", and using the chain rule, show that %(y") =l

® 2 Use the product rule to show that %(.\:y) =X

d> dx

1]

)
—+y.

dx
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® 3

256

dy
Find an expression in terms of x and y for ——, given that:

dx’
a x2+yi=2 b x2+5y°=14 c X*+6x-8y+5y2=13
2y
d y +3xy-4x=0 e 32 =2y +2xy=x° f x= F—y
g (x=))=x+y+S h ety = xe i Xy x4 =0

Find the equation of the tangent to the curve with implicit equation x> + 3xy? — y* =9 at the
point (2, 1).

Find the equation of the normal to the curve with implicit equation (x + y)* = x> + y at the
point (1, 0).

Find the coordinates of the points of Problem-solving

zero gradient on the curve with implicit d
equation x* + 4y? — 6x - 16y + 21 = 0. Find d—y then set the numerator equal to 0 to find
X

the x-coordinate at the points of 0 gradient. You
need to find two corresponding y-coordinates.

A curve C is described by the equation
2x2+ 32— x+6xp+5=0

Find an equation of the tangent to C at the point (1, =2), giving your answer in the form
ax + by + ¢ = 0, where a, b and c¢ are integers. (7 marks)

A curve C has equation

F=y-2xy

d s
Find the exact value of i at the point on C with coordinates (2, -3). (7 marks)

Find the gradient of the curve with equation
In (%) = -;-\ In(x-1), x>1, >0

at the point on the curve where x = 4. Give your answer as an exact value. (7 marks)

A curve C satisfies sinx + cosy =0.5, where -t < x<wmand -r <y < .

dy
a Find an expression for a (2 marks)
b Find the coordinates of the stationary points on C. (5 marks)

The curve C has the equation ye=* — 3x = )2,

a Find d_i in terms of x and y. (5 marks)
b Show that the equation of the tangent to C at the origin, O, is y = 3x. (4 marks)



Differentiation

Challenge

The curve C has implicit equation 6x + y? + 2xy = x2,

d
a Show that there are no points on the curve such tha é =0.
b Find the coordinates of the two points on C such that g—; =0.

@ Using second derivatives

You can use the second derivative to determine whether a curve is concave or convex on a given
domain.

® The function f(x) is concave on a given interval if and only if f'(x) < 0 for every value of x in
that interval.

® The function f(x) is convex on the interval [, 5] if and only if f'(x) = 0 for every value of x
in that interval.

&

To find the second derivative, f"(x) or =7

o you differentiate twice with respect to x.
X

¢ Year 1, Chapter 12

VA VA y

y=5x~x? y=e'
y=x'—6x°-9x

~Y

~Y

e A

>
(0] X
dZy ) dz}_.- ‘ ) ) dzy '
——=-2sothecurveis —— = e which is always —— = 6x — 12 so the curve is
dx? dx? dx?
concave for all x € R. positive, so the curve is concave forall x = 2 and
convex for all x € R. convex for x = 2.

Find the interval on which the function f(x) = x3 + 4x + 3 is concave.

f(ix)=x>+4x+ 3
Flx) =3x2+ 4

- Differentiate twice to get an expression for f"(x).
' {x) = 6x |’

Write down the condition for a concave function
in your working.

For f(x) to be concave, t'(x) = O

Ex=0
2 il m You can also write this interval as
So f(x) is concave for all x = O, (=2, 0]
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Show that the function f(x) = e** + x? is convex for all real values of x.

f(x) = e®* + x2
f'(x) = 2e?* + 2x

f'(x) = 4e®* + 2 Differentiate twice to get an expression for f"(x).
e?*>Qforal x € R, so4e?¥ + 2 > 2 for all

xeR Problem-solving

Hence "(x) = O, so f is convex for all x € R. Write down the condition for a convex function

and a conclusion.

The point at which a curve changes from being concave to convex (or vice versa) is called a point of
inflection. The diagram shows the curve with equation y = x* — 2x% — 4x + 5.

] /
In the interval [-2, 0] the curve is concave.
5
1 ;0 l\yg X _ _
In the interval [1, 3], the curve is convex.
_5 -

At some point between 0 and 1 the curve changes from being concave to being convex. This is the
point of inflection.

® A point of inflection is a point at which f'(x) changes sign. A point of
To find a point of inflection you need to show that f"(x) = 0 at that inflection does not have to

point, and that it has different signs on either side of that point. be a stationary point.

The curve C has equation y = x* — 2x2 —4x + 5.
a Show that C is concave on the interval [-2, 0] and convex on the interval [1. 3].

b Find the coordinates of the point of inflection.

dy : Differentiate y = x* — 2x° — 4x + 5 with respect
i hal ik e w F to x twice.
d?y
el ex -4 Consider the value of 6x — 4 on the interval [-2, 0].
a2y 6x — 4 is a linear function. When x = -2,
—=6x=-4=0forall =2 s x=<0.— (2 d2 d2y
dx= = _16andwhenx=0,— = —4, 50 =0
dx? "dx2 T dx2
on [0, 2].
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Therefore, y= x> - 2x? - 4x + 5 is

concave on the interval [-2, Ol

dE].
g\_'—z =6x-4=0forallt=x<3. - ———— Consider the value of 6x — 4 on the interval [1, 3].
' 2 d?y
Therefore, y=x3=2x2 =4x + 5 When x = j o '—l =2 and when x = 3, —=14.
. dx? dx?
is convex on the interval [1, 3].
cir SO
e L L Find the point where f”(x) = 0. You have already
Bk determined that f"(x) changes sign on either side
' of this point.
X = ij =

Substitute x into y gives

2 N
y = [%]3 -2(8) -4(8 +5=2% w Explore the solution to this O J

example graphically using technology.

So the point of inflection of the curve C

Exercise @

® 1

For each of the following functions, find the interval on which the function 1s:

i convex il concave
a f(x)=x3-3x2+x-2 b f(x)=x%-3x>+2x-1 ¢ f(x)=sinx,0<x< 2
d f(x)==x>+3x-7 e f(x)=e* - x? f f(x)=Inx, x>0

f(x)=arcsinx, -1 <x<1
a Show that f(x) is concave on the interval (=1, 0).
b Show that f(x) is convex on the interval (0, 1).

¢ Hence deduce the point of inflection of f.

Find any point(s) of inflection of the following functions.

I 7
a f(x)=cos’x - 2sinx,0<x <27 b fix)=—> 2 i dam]

3

= XE2 d f(x)=arctan x
x2-4

f(x)=2x2Inx, x>0
Show that f has exactly one point of inflection and determine the value of x at this point.

¢ fix)y=-

The curve C has equation y = e¥(x? — 2x + 2).
a Find the exact coordinates of the stationary point on C and determine its nature.
b Find the coordinates of any non-stationary points of inflection on C.
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The curve C has equation y = xe*.

a Find the exact coordinates of the stationary point on C

and determine its nature. Problem-solving

b Find the coordinates of any non-stationary points of Consider how C behaves
inflection on C. for very large positive and
¢ Hence sketch the graph of y = xe*. negative values of x.

For each point on the graph, state whether: VA
i i T41 : v=flx)
i f'(x)is positive, negative or zero A

ii f"(x) is positive, negative or zero D

O
-y

B
m w

f(x) = tan x, =3 SxXe >
Prove that f(x) has exactly one point of inflection, at the origin.
Given that y = x(3x — 1),

find 2 ang 22 4 marks
a fin dx an I (4 marks)
b find the points of inflection of y. (4 marks)

A student is attempting to find the points of inflection on the curve C with equation
y=(x-35)
The attempt is shown below:

day
— =4(x-5)3
ax
d?y
2 2k -92
dx?
déy
When — =0,
dx?
12x =52 =0
(x-52 =0
x-5=0
x=5
Therefore, the curve C has a point of inflection at x = 5.

a Identify the mistake made by the student. (2 marks)

b Write down the coordinates of the stationary point on C and determine its nature. (2 marks)
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11 A curve C has equation

J; — %Tzlnx - 2.\- + 59 X > 0

Show that the curve C is convex for all x = e, (5 marks)

Challenge

1 Prove that every cubic curve has exactly one point of inflection.

2 The curve C has equation y =ax*+bx* + cx’+dx+e,a#0
a Show that C has at most two points of inflection.

b Prove that if 3h° < 8ac, then C has no points of inflection.

@ Rates of change

® You can use the chain rule to connect rates of change in situations involving more than two
variables.

Given that the area of a circle 4 cm? is related to its radius rcm by the formula 4 = 7%, and that

the rate of change of its radius in cm s~ is given by g—: =5, find % when r = 3.

A = mr? Problem-solving

dd _ Boe In order to be able to apply the chain rule to
dr ‘
’ _ find gd you need to know d—A. You can find it by

MG ar = ar * dt differentiating A = 7r2 with respect to r.

dA

——=2nr x5

dt You should use the chain rule, giving the

= 30m, when r = 3. derivative which you need to find in terms of

known derivatives.

The volume of a hemisphere V'cm? is related to its radius rcm by the formula V' = %mﬁ and the
total surface area S cm? is given by the formula S = 7% + 272 = 372, Given that the rate of

. : dV )
increase of volume, in cm3s~!, == 6, find the rate of increase of surface area df

This is area of circular base plus area of curved
surface.

5 o »
V =3nr’> and S = 37r?

4 - 2mré and 43 . emr

| ar dr

L As V and S are functions of r, find 14 and ds

dr dr
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dS dS _dr _dV Use the chain rule together with the property
Now — === X == X —
dt — dr " dV " dt that I = 1. 9V
dv =~ dr
= 67r x s x &
1
18
An ion which involv r f change is call : . :
equatio ch involves a rate of change is called a o) CAT BEE INBaTatlon 10 sohs

differential equation. You can formulate differential
equations from information given in a question.

In the decay of radioactive particles, the rate at which particles decay is proportional to the number
of particles remaining. Write down a differential equation for the rate of change of the number of
particles.

differential equations. - Section 11.10

Let N be the number of particles and let t be
time. The rate of change of the number of

particles gjr! is proportional to N.

dN gN x N so you can write aN =kN

i.e. —— = —=kN, where k is a positive constant. ——— dr dr

dt
reki n r ion.
The minus sign arises because the number of where k s the constant of proportion

particles is decreasing.

Newton'’s law of cooling states that the rate of loss of temperature of a body is proportional to the
excess temperature of the body over its surroundings. Write an equation that expresses this law.

Let the temperature of the body be @ degrees
and the time be t seconds.
The rate of change of the temperature j—f

) _ _ 6 — 0, is the difference between the temperature
is proportional to 8 — 0, where 0, is the

of the body and that of its surroundings.
temperature of the surroundings.

ie. ad = —k(f - 6,). where k is a positive ) ) )
ar 1 - The minus sign arises because the temperature
constant. |_ is decreasing. The question mentions loss of

temperature,
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The head of a snowman of radius R cm loses volume by evaporation at a rate proportional to its
surface area. Assuming that the head is spherical, that the volume of a sphere is -3—er3 cm? and that
the surface is 47 R> cm?, write down a differential equation for the rate of change of radius of the
snowman'’s head.

The first sentence tells you that C;—T = —kA,

where Vcem? is the volume, t seconds is time,
k is a positive constant and Acm? is the

surface area of the snowman’s head. ) . ) o
The question asks for a differential equation in

Since  V=%7R? terms of R, so you need to use the expression for
dv Vin terms of R,
— = 47R*
dR
AV av le 4R L The chain rule is used here because this is a
df T AR S gp SRR related rate of change.
B LAY , .
Hds o= — Use the expression for A in terms of R.
4 R? ﬂ = -k 4 R? =i .
TT e gy =i 8 — Divide both sides by the common factor 47 R
dR ; ; 5
i —k This gives the rate of change of radius as required.

Exercise ‘!’

® 1 Giventhat 4 = %m'g and that % = 6, find c:i—f when r = 2.
. _ dx dy
@ 2 Given that y = xe* and that P Tha 5, find A when x = 2.
3 Given that r = 1 + 3cosf and that % = 3, find % when 0 = %

4 Given that ¥ = 17* and that % =8, find % when r = 3.

A population is growing at a rate which is proportional to the size of the population.
Write down a differential equation for the growth of the population.

@ @6 6

6 A curve C has equation y = f(x), y > 0. At any point P on the curve, the gradient of Cis
proportional to the product of the x- and the y-coordinates of P. The point 4 with coordinates
(4, 2) is on C and the gradient of C at A4 is 312-

dy xy

Show that a = E
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Liquid is pouring into a container at a constant rate of 30 cm?s~!. At time ¢ seconds liquid is
leaking from the container at a rate of = 5 Vem?s™!, where V'em? is the volume of the liquid in
the container at that time.

Show that —lS%—V— 2V —450.

An electrically-charged body loses its charge, O coulombs, at a rate, measured in coulombs per
second, proportional to the charge Q.

Write down a differential equation in terms of Q and r where 7 1s the time in seconds since the
body started to lose its charge.

The ice on a pond has a thickness x mm at a time ¢ hours after the start of freezing. The rate of
increase of x is inversely proportional to the square of x.
Write down a differential equation in terms of x and 1.

The radius of a circle is increasing at a constant rate of 0.4 cm per second.

., dC : . : . . :
a Find ——, where Cis the circumference of the circle, and interpret this value in the context of

dr
the model.

b Find the rate at which the area of the circle is increasing when the radius is 10 cm.
¢ Find the radius of the circle when its area is increasing at the rate of 20 cm? per second.

The volume of a cube is decreasing at a constant rate of 4.5 cm? per second. Find:
a the rate at which the length of one side of the cube is decreasing when the volume is 100 ¢cm

b the volume of the cube when the length of one side is decreasing at the rate of 2 mm per
second.

3

Fluid flows out of a cylindrical tank with constant cross section. At time f minutes, ¢ > 0,
the volume of fluid remaining in the tank is ¥’'m?. The rate at which the fluid flows in m* min-!
is proportional to the square root of V.

Show that the depth, /& metres, of fluid in the tank satisfies the differential equation %}; = —kVh,
where £ 1s a positive constant.

At time, f seconds, the surface area of a cube is 4 cm? and the volume is Vem?.
The surface area of the cube is expanding at a constant rate of 2cm?s~!.

a Write an expression for V' in terms of A.

b Find an expression for ——

dv 1 .
¢ Show that ar =2 Vs

v
dA4

An inverted conical funnel is full of salt. The salt is allowed to leave by a small hole in the
vertex. It leaves at a constant rate of 6cm?®s—!.

Given that the angle of the cone between the slanting edge and the vertical is 30°, show that
the volume of the salt is :;-ﬂ‘h-‘, where /1 is the height of salt at time 7 seconds. Show that the rate
of change of the height of the salt in the funnel is inversely proportional to /2. Write down a
differential equation relating /4 and .



Differentiation

Mixed Exercise o

@ 1 Differentiate with respect to x:

@ ® B

a Inx? (3 marks)

b x?sin3x (4 marks)
dy

a Given that 2y = x = sinx cos x, 0 < x < 27, show that a—: = sin? x. (4 marks)

b Find the coordinates of the points of inflection of the curve. (4 marks)

Differentiate, with respect to x:

812 L p— (4 marks)

b In : (4 marks)
x2+9
%
fx) = 2:2° % €R
a Given that f(x) is increasing on the interval [-k, k], find the largest possible value of k.
(4 marks)
b Find the exact coordinates of the points of inflection of f(x). (5 marks)
The function f is defined for positive real values of x by
f(x)=12Inx + X

a Find the set of values of x for which f(x) is an increasing function of x. (4 marks)
b Find the coordinates of the point of inflection of the function f. (4 marks)
Given that a curve has equation y = cos®x + sinx, 0 < x < 2, find the coordinates
of the stationary points of the curve. (6 marks)
The maximum point on the curve with equation y = xysin x, 0 < x < 7, is the point 4.
Show that the x-coordinate of point A satisfies the equation 2tan x + x = 0. (5 marks)
f(x)=e?*—x2, xeR
a Find f'(x). (3 marks)
b By evaluating {'(6) and {'(7), show that the curve with equation y = f(x) has a stationary

point at x = p, where 6 <p < 7. (2 marks)

f(x)=e*sin2x,0<x<7
a Use calculus to find the coordinates of the turning points on the graph of y = f(x). (6 marks)

b Show that f"(x) = 8e>* cos 2. (4 marks)
¢ Hence, or otherwise, determine which turning point is a maximum and which is a

minimum. (3 marks)
d Find the points of inflection of f(x). (2 marks)
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10 The curve C has equation y = 2e* + 3x2 + 2. Find the equation of the normal to C at the point
where the curve intercepts the y-axis. Give your answer in the form ax + by + ¢ = 0 where a, b

EP) 1

(E/P) 12

(E/P) 13
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and c are integers to be found.
The curve C has equation y = f(x), where

f(x)=3Inx + % x>0
The point P is a stationary point on C.
a Calculate the x-coordinate of P.

The point Q on C has x-coordinate 1.
b Find an equation for the normal to C at Q.

The curve C has equation y = e*' cos x.
a Show that the turning points on C occur when tan x = 2.
b Find an equation of the tangent to C at the point where x = ().

Given that x = y?Iny, y > 0,

dx
find
a fin dy
. dy
b Use your answer to part a to find in terms of e, the value of T5 aty=e.

A curve has equation f(x) = (x3 = 2x)e.
a Find f'(x).
The normal to C at the origin O intersects C again at P.

b Show that the x-coordinate of P is the solution to the equation 2x*> = e* + 4.

The diagram shows part of the curve with equation VA
y = f(x) where f(x) = x(1 + x)Inx, x>0

The point A4 is the minimum point of the curve.
a Find f'(x). (4 marks)
b Hence show that the x-coordinate of 4 is

the solution to the equation x = e~ (4 marks)

(5 marks)

(4 marks)

(4 marks)

(4 marks)
(4 marks)

(4 marks)

(2 marks)

(4 marks)

(6 marks)

The curve C'is given by the equations 0

x=4r-3, y=8 t>0

>
where 7 is a parameter.

At A, t = 2. The line /1s the normal to C at 4.

. 3 4
a Find — in terms of t.
dx

b Hence find an equation of /.

(4 marks)

(3 marks)
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The curve Cis given by the equations x = 2¢, y = 2, where ¢ is a parameter.
Find an equation of the normal to C at the point P on C where 7 = 3. (7 marks)

The curve C has parametric equations
Xx=0, y=0&, 50

Find an equation of the tangent to Cat 4 (1, 1). (7 marks)

A curve C1s given by the equations
x=2cost+sin2t, y=cost—2sin2t, 0<t<mw
where ¢ is a parameter.

a Find dx and El in terms of 7 (3 marks)
dz dr '
dy
b Find the value of d—J‘ at the point P on C where = % (3 marks)
¢ Find an equation of the normal to the curve at P. (3 marks)

A curve is given by x = 2f + 3, y = * — 41, where ¢ is a parameter. The point 4 has parameter
t = =1 and the line /is the tangent to C at A. The line / also cuts the curve at B.

a Show that an equation for /is 2y + x = 7. (6 marks)
b Find the value of 1 at B. (5 marks)

A car has value £ at time 7 years. A model for J assumes that the rate of decrease of V at time
t 1s proportional to V. Form an appropriate differential equation for V.,

In a study of the water loss of picked leaves the mass, M grams, of a single leaf was measured
at times, ¢ days, after the leaf was picked. It was found that the rate of loss of mass was
proportional to the mass M of the leaf.

Write down a differential equation for the rate of change of mass of the leaf.

In a pond the amount of pondweed, P, grows at a rate proportional to the amount of
pondweed already present in the pond. Pondweed is also removed by fish eating it at a constant
rate of Q per unit of time.

Write down a differential equation relating P to ¢, where ¢ is the time which has elapsed since
the start of the observation.

A circular patch of oil on the surface of some water has radius r and the radius increases over
time at a rate inversely proportional to the radius.

Write down a differential equation relating r and ¢, where ¢ is the time which has elapsed since
the start of the observation.

A metal bar is heated to a certain temperature, then allowed to cool down and it is noted
that, at time 7, the rate of loss of temperature is proportional to the difference between the
temperature of the metal bar, €, and the temperature of its surroundings 6.

Write down a differential equation relating ¢# and 1.
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The curve C has parametric equations

; 7r
x=4cos2t, y=3sint, —5<I<

A s
2 2
A 1s the point (2, %) and lies on C.

a Find the value of ¢ at the point A4. (2 marks)

dy
b Find d_-jc in terms of 1. (3 marks)

¢ Show that an equation of the normal to Cat 4 1s 6y — 16x + 23 = 0. (4 marks)
The normal at A4 cuts C again at the point B.
d Find the y-coordinate of the point B. (6 marks)

The diagram shows the curve C with parametric YA
equations

V4

. I
x=asin’t, y=acost, 0=<t=<37

where a is a positive constant. The point P lies
on C and has coordinates (%a :_';a)

a Find a—i— giving your answer in terms of 7. (4 marks) P

b Find an equation of the tangent to C at P. (4 marks)

=Y

The tangent to C at P cuts the coordinate axes
at points 4 and B.

¢ Show that the triangle AOB has area ka”> where k is a constant to be found. (2 marks)

This graph shows part of the curve C with Y4 /
parametric equations P

x=(t+12 y=3£+3, t>-1 ¢

P is the point on the curve where 7 = 2.
The line / is the normal to C at P.

Find the equation of /. (7 marks) 0 N £

Find the gradient of the curve with equation 5x? + 5y® — 6xy = 13 at the point (1, 2). (7 marks)

dy
Given that e** + e = xy, find a in terms of x and y. (7 marks)
Find the coordinates of the turning points on the curve y* + 3x)? — x3 = 3. (7 marks)
dy
a If (1 +x)(2+y)=x>+)% find e terms of x and y. (4 marks)
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Differentiation

b Find the gradient of the curve (1 + x)(2 + ) = x* + »? at each of the two points
where the curve meets the y-axis. (3 marks)

¢ Show also that there are two points at which the tangents to this curve are
parallel to the y-axis. (4 marks)

A curve has equation 7x? + 48xy — 7y> + 75 = 0. 4 and B are two distinct points on the curve

¥ & 5 2 i y e g 7, o
and at each of these points the gradient of the curve is equal to 7. Use implicit differentiation
to show that the straight line passing through 4 and B has equation x + 2y = 0. (6 marks)

Given that y = x*, x > 0, y > 0, by taking logarithms show that
dy

‘J -X A
x> (1 +Inx) (6 marks)

a Given that ¢* = e*¥, where @ and k are constants, > 0 and x € R, prove that

k=Ina. (2 marks)
b Hence, using the derivative of ¥, prove that when y = 2*
dy
1= 2%1n 2 (4 marks)
¢ Hence deduce that the gradient of the curve with equation y = 2* at the point (2, 4)
is In 16. (3 marks)

A population P is growing at the rate of 9% each year and at time 7 years may be approximated
by the formula

P=Py(1.09), t=0

where P is regarded as a continuous function of 7 and P, is the population at time 7 = 0.

a Find an expression for 7 in terms of P and P, (2 marks)

b Find the time 7 years when the population has doubled from its value at ¢ = 0, giving your
answer to 3 significant figures. (4 marks)

¢ Find, as a multiple of Py, the rate of change of population i—f attime 1= 7. (4 marks)

Given that y = (arcsin x)* show that

1 —x2 dy ‘dy 2=0 8 k
( —.x)dxz—.\dx— = (8 marks)

Given that y = x — arctan x prove that

2

=y 2(1 Qj— $ mark
i x{1- T (8 marks)
Differentiate arcsin 2 (8 marks)
V1 + x?
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A curve C has equation

y=In(sinx), O<x<m
a Find the stationary point of the curve C. (6 marks)
b Show that the curve C is concave at all values of x in its given domain. (3 marks)

The mass of a radioactive substance ¢ years after first being observed is modelled by the
equation

m = 40e 024
a Find the mass of the substance nine months after it was first observed. (2 marks)
b Find % (2 marks)

¢ With reference to the model, interpret the significance of the sign of the value of

% found in part b. (1 mark)

The curve C with equation y = f(x) is shown in the VA
diagram, where

cos 2x
fix) = o O0=sx=n

The curve has a local minimum at 4 and a local
maximum at B.

a Show that the x-coordinates of 4 and B satisfy the

equation tan 2x = —0.5 and hence find the coordinates of 4 and B. (6 marks)
b Using your answer to part a, find the coordinates of the maximum and minimum

turning points on the curve with equation y = 2 + 4f(x — 4). (3 marks)
¢ Determine the range of values for which f(x) is concave. (5 marks)

Challenge

The curve C has parametric equations

270

y=2sin2i, x=5cos(:+-l{ré—), O=st<2nw

m The points on C' where

L dy
Find — in terms of .
dx

dy d =0 correspond to points
Find the coordinates of the points on C where — = 0. v

dx where a tangent to the curve
Find the coordinates of any points where the curve cuts or would be a vertical line.

intersects the coordinate axes, and determine the gradient of the
curve at these points.

Find the coordinates of the points on C where :—x =0
y
Hence sketch C.



Summary of key points

1 For small angles, measured in radians:

s Sinx~ X

« cosx~ | —%xz

d )
« If y =sin kx, then Ell = kcoskx
X

dy .
« If y = cos kx, then o —ksinkx
X

d
« If y = ek, then L~ ket
dx

y 1
« If y=Inx, then—=—
dx x

dy
If y = a**, where k is a real constant and a > 0, then -&)— =akklna
X

dy dy du
The chainrule is: —=—x —
dx du dx

where y is a function of u and u is another function of x.
The chain rule enables you to differentiate a function of a function. In general,

« if y = (f(x))" then % =n(f(x))"-1f"(x)

d
Y~ Fgtg’ W)

dx

« if y = f(g(x)) then

dy 1

dy dx
dy

The product rule:

dyv dv du
« If y=uv then 40 u— + v—, where u and v are functions of x.
dx dx dx

« IFf(x) = g()h(x) then f'(x) = g()h’(x) + h(x)g’ (x)

The quotient rule:
e gy

d )
« Ify= %, then bt s dx dx e

dx pe

X h Vo' (x) — : h!
10 2 5% then ) o MXE ) = g o)
) (hco)?

Differentiation
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11

12

13

14

15

16
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dv
If y =tan kx, then o4 k sec? kx
dx

d
If y = cosec kx, then d—y = —k cosec kx cot kx
X

d
If y = seckx, then d_y = kseckx tan kx
X

d ]
If y = cot kx, then e 48 — k cosec®kx

dx
dy 1
« If y = arcsin x, then — =
g dx 1-x2
y 1
+ If y = arccos x, then — = —
. dx v1 = x?
dy 1
+ If y = arctan x, then — =
¥ dx 1+ x?
dy
: . ) dy 4
If x and y are given as functions of a parameter, #: W e
X ax
ds

d d}’
e f A _fr —
q ((})) = (}’) q

d - n—lﬂ
&{y") ~E dx
dy

d
dx" T g Y

« The function f(x) is concave on a given interval if and only if f"(x) < 0 for every value of x
in that interval.

« The function f(x) is convex on a given interval if and only if f"(x) = 0 for every value of x in
that interval.

A point of inflection is a point at which f"(x) changes sign.

You can use the chain rule to connect rates of change in situations involving more than two
variables.



Numerical
methods

After completing this chapter you should be able to:

® Locate roots of f(x) = 0 by considering changes of sign - pages 274-277
® Use iteration to find an approximation to the root of the

equation f(x) =0 -» pages 278-282
® Use the Newton-Raphson procedure to find approximations

to the solutions of equations of the form f(x) =0 - pages 282-285
® Use numerical methods to solve problems in context - pages 286-289

7

@

__p—

Prior knowledge check C T J

"1 f(x) = x2 - 6x + 10. Evaluate:
a f(1.5) b f(-0.2) + GCSE Mathematics

Find f'(x) given that:

You can use numerical methods to a f(x)=3Vx + 4x% - % « Year 1, Chapter 12
find solutions to equations that are 2
A : = .
hard or impossible to solve exactly. b fx)=5In{x+2) +7e s=Section I
Al o 5 ;
The Newton-Raphson method was ¢ f(x) =x*sinx—4cosx =Section 9.4 I
~ developed 400 years ago to describe T s . -~
#_l p , 4 & . & 3 Giventhatu, . ,=u,+ o and that u, = 1, 5,002
. the positions of planets as they orbit ", Uy, 0o

. | the sun. - Exercise 10D Q1 ' find the values of u,, u, and u;. « Section 3.7 /.-'-i;ﬁ
0 ';; gL T, ‘;';.-..l.lr h . 1,827 - = _,—- " ! ﬁhhﬁ“
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@ Locating roots

A root of a function is a value of x for
which f(x) = 0. The graph of y = f(x) will
cross the x-axis at points corresponding
to the roots of the function.

You can sometimes show that a root exists within a given interval by showing that the function
changes sign (from positive to negative, or vice versa) within the interval.

® |f the function f(x) is continuous on the m Continaous means that the
interval [«, 5] and f(«) and f(b) have function does not ‘jump’ from one value to

opposite signs,.then f'(x) has at least another. If the graph of the function has a
one root, x, which satisfies a < x <b. vertical asymptote between « and b then

the function is not continuous on [a, b].
Example o

The diagram shows a sketch of the curve y = f(x), VA
where f(x) = x3 = 4x2 + 3x + 1.

The following two things are identical:
+ the roots of the function f(x)
« the roots of the equation f(x) =0 < Year 1, Section 2.3

I
L

flx)=x"—4x " +3x + 1

N
JmAVA

The graph of y = f(x) crosses the x-axis whenever
f(x) =0.

a Explain how the graph shows that f(x) has
a root between x =2 and x = 3.

b Show that f(x) has a root between
x=14and x=1.5.

a The graph crosses the x-axis between
x = 2 and x = 3. This means that a root of

f(x) lies between x = 2 and x = 3.

b {(1.4) = (1.4)° — 4(1.4)* + 3(1.4) + 1 = 0.104
f(1.5) = (1.5 = 4(1.5)2 + 3(1.5) + 1 = ~0125
There is a change of sign between 1.4 and

f(1.4) > 0 and f(1.5) < 0, so there is a change of
sign.

1.5, s0 there is at least one root between

s U il RS f(x) changes sign in the interval [1.4, 1.5], so f(x)

must equal zero within this interval.

There are three situations you need to watch out for when using the change of sign rule to locate
roots. A change of sign does not necessarily mean there is exactly one root, and the absence of a sign
change does not necessarily mean that a root does not exist in the interval.

VA Yk VA

¥y =fl(x)

L2
@ \J

h ‘i 0

<]
o
= Y
QS
-y

There are multiple roots within the
interval [a, b]. In this case there is
an odd number of roots

274

There are multiple roots within the
interval [, b], but a sign change
does not occur. In this case there

is an even number of roots.

There is a vertical asymptote within
interval [a, b]. A sign change does
occur, but there is no root.



Numerical methods

The graph of the function A

f(x) = 54x3 — 225x2 4+ 309x — 140 is shown in 1 Feien
the diagram.
A student observes that f(1.1) and f(1.6) are A .
both negative and states that f(x) has no roots 0 I \j S
in the interval (1.1, 1.6).
a Explain by reference to the diagram why 1
the student is incorrect.
b Calculate f(1.3) and f(1.5) and use your answer
to explain why there are at least 3 roots in the interval 1.1 < x < 1.7.
a The diagram shows that there could be w The interval (1.1, 1.6) is the set of all
two roots in the interval (1.1, 1.6). real numbers, x, that satisfy 1.1 < x < 1.6.
b (1) = -0476 < O
) = QLo > U Calculate the values of f(1.1), f(1.3), f(1.5) and
f(1.5)=-05<0 f(1.7). Comment on the sign of each answer.
1.7) = 0352 >0

There is a change of sign between 1.1 and f(x) changes sign at least three times in the

1.3, between 1.3 and 1.5 and between 1.5 interval 1.1 < x < 1.7 so f(x) must equal zero at
and 1.7. so there are at least three roots in |\ least three times within this interval.

the interval 1.1 < x < 1.7

a Using the same axes, sketch the graphsof y=Inxand y = % Explain how your diagram shows

that the function f(x) = In x - % has only one root.
b Show that this root lies in the interval 1.7 < x < 1.8.

¢ Given that the root of f(x) is a, show that a = 1.763 correct to 3 decimal places.

a

y=lInx Sketchy=Inxand y = l\, on the same axes.

Notice that the curves do intersect.

1

hx-5=0=Inx= % f(x) has a root where f(x) = 0.

| o .
The equation Inx = ¢ has only one solution, The curves meet at only one point, so there is only
50 f(x) has only one root. " one value of x that satisfies the equation In x = :

X
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b ) = Inx -+

H17):= 17 - —— = —0057C...
17
1
(1.8) = In1.8 - = = 00322...

N
@ Locate the root of f

f(x) =Ilnx - % using technology.

f(1.7) <0 and f(1.8) > 0, so there is a change of

There is a change of sign between 1.7 and
1.8, so there is at least one root in the

sign.

You need to state that there is a change of sign in

interval 1.7 < x < 1.8.

¢ f(1.7625) = -0.00064... < 0O
f(1.7635) = 0.00024... > 0O

your conclusion.

There is a change of sign in the interval Problem-solving

(1.7625, 1.7635) s0 1.7625 < a < 1.7635,
so a = 1.763 correct to 3 d.p.

Exercise @

To determine a root to a given degree of accuracy
you need to show that it lies within a range of
values that will all round to the given value.

Numbers in this range will
round up to 1.763 to 3 d.p.

———F————t————+—>
1.762 1.7625 1.763 1.7635 1.764 ¥

1 Show that each of these functions has at least one root in the given interval.

a f(x)=x3-x+5,-2<x<~-1 b f(x)=x2-Vx-10,3<x<4
c f(x)=x3-%— 2,-0.5<x<-0.2 d f(x)=e¥-Inx-5,165<x<1.75

@ 2 f(x)=3+x2-x°

a Show that the equation f(x) = 0 has a root, a,

in the interval [1.8, 1.9]. (2 marks)

b By considering a change of sign of f(x) in a suitable interval, verify that o = 1.864

correct to 3 decimal places. (3 marks)
3 h(x)= Vx — cos x — 1, where x is in radians.
a Show that the equation h(x) = 0 has a root, o, between x = 1.4 and x = 1.5. (2 marks)

b By choosing a suitable interval, show that a = 1.441 1s correct to 3 decimal places. (3 marks)

4 f(x)=sinx - Inx, x>0, where x is in radians.

a Show that f(x) = 0 has a root, «, in the interval [2.2, 2.3]. (2 marks)
b By considering a change of sign of f(x) in a suitable interval, verify that a = 2.219

correct to 3 decimal places.

5 f(x) =2+ tanx, 0 < x < &, where x is in radians.

(3 marks)

a Show that f(x) changes sign in the interval [1.5, 1.6].

b State with a reason whether f(x) has a root in the interval [1.5, 1.6].
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6 A student observes that the function f(x) = l.‘_ + 2, x # 0, has a change of sign on the interval

(E7P) 10

EP 11

[-1. 1]. The student writes:

¥ = f(x) has a vertical asymptote within this interval so even
though there is a change of sign, f(x) has no roots in this interval.

By means of a sketch, or otherwise, explain why the student is incorrect.

f(x) = (105x3 — 128x2 + 49x — 6) cos 2x, where x is in radians. VA

The diagram shows a sketch of y = f(x). 0.51

a Calculate f(0.2) and f(0.8). [\ .

b Use your answer to part a to make a conclusion about the 0 \V/ S
number of roots of f(x) in the interval 0.2 < x < 0.8. Py

¢ Further calculate £(0.3), f(0.4), f(0.5), f(0.6) and f(0.7). N y=1(x)

d Use your answers to parts a and ¢ to make an improved conclusion

about the number of roots of f(x) in the interval 0.2 < x < (.8.

Using the same axes, sketch the graphs of y =e¢~ and y = x°.
Explain why the function f(x) = e~ — x* has only one root.
Show that the function f(x) = e — x2 has a root between x = 0.70 and x = 0.71.

On the same axes, sketch the graphs of y=Inx and y =¢* - 4.
Write down the number of roots of the equation In x = e* - 4.
Show that the equation In x = ¢* — 4 has a root in the interval (1.4, 1.5).

h(x) = sin 2x + e¥

Show that there is a stationary point, a, of y = h(x) in the interval -0.9 < x < -0.8. (4 marks)

By considering the change of sign of h'(x) in a suitable interval, verify that o = -0.823

correct to 3 decimal places. (2 marks)
2
x

. . . = 2
With reference to your sketch, explain why the equation v.x = T

On the same axes, sketch the graphs of y=Vx and y = (2 marks)

has exactly one real root.
(1 mark)

Given that f(x) = Vx - % show that the equation f(x) = 0 has a root r, where 1 < r < 2. (2 marks)

d Show that the equation Vx = -2{ may be written in the form x” = ¢, where p and ¢ are integers
to be found. (2 marks)
e Hence write down the exact value of the root of the equation vx — % =0. (1 mark)
f(x)=x*-21x-18
a Show that there is a root of the equation f(x) = 0 in the interval [-0.9, —0.8]. (3 marks)
b Find the coordinates of any stationary points on the graph y = f(x). (3 marks)
¢ Given that f(x) = (x = 3)(x* + ax? + bx + ¢), find the values of the constants a, b and ¢. (3 marks)
d Sketch the graph of y = f(x). (3 marks)
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@ Iteration

An iterative method can be used to find a value of x for which f(x) = 0. To perform an iterative
procedure, it is usually necessary to manipulate the algebraic function first.

® To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the
form x = g(x) and use the iterative formula x,,, , = g(x,).

Some iterations will converge to a root. This can happen in two ways. One way is that successive
iterations get closer and closer to the root from the same direction. Graphically these iterations create
a series of steps. The resulting diagram is sometimes referred to as a staircase diagram.

f(x) = x¢ = x = 1 can produce the iterative formula x,,, = /x, + 1 when f(x) = 0. Let x, = 0.5.
Successive iterations produce the following staircase diagram.

VA 354

y=vy+1 Read up from x, on the vertical axis
Z ’ to the curve y = Vx+ 1 to find x,.

4 ‘) You can read across to the line y = x
: s to ‘map’ this value back onto the

; x-axis. Repeating the process shows
the values of x,, converging to the

. 4 root of the equation v = Vx + 1,
' which is also the root of f(x).

0 X X;  X2X3

The other way that an iteration converges is that successive iterations alternate being below the
root and above the root. These iterations can still converge to the root and the resulting graph is

sometimes called a cobweb diagram.
" ) _ m By rearranging the same function
f(x) = x* — x — 1 can produce the iterative formula in different ways you can find different iterative

X, = 1 _when f(x) = 0. Let x, = —2. formulae, which may converge differently.

X,—1
Successive iterations produce the cobweb diagram, shown on. _ . VA
the right. : i —
Not all iterations or starting values converge to a root. ] e i
When an iteration moves away from a root, often I L
increasingly quickly, you say that it diverges. } \

=Y

f(x) = x2 = x = 1 can produce the iterative formula
Xpe1 =X, —1whenf(x) =0.Let x,=2. V=x

Successive iterations diverge from the root, as shown in the diagram.

]'=,\‘2—'1{

VA

Y

-

=]

oM deesaaa
-y
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f(x)=x2-4x+1

a Show that the equation f(x) = 0 can be written as x =4 - % xz0.
f(x) has a root, «, in the interval 3 < x < 4.

: : 1 .
b Use the iterative formula x, , | =4 —  with x;, = 3 to find the value of x|, x, and x;.
-n

a f(x) =0
x> =4x+1=0
X2 =4x -1 Add 4x to each side and subtract 1 from each side.
.\'=4—%..\‘=O
' L Divide each term by x. This step is only valid if
b x, =4 - - = 3666666... X%
g e B
% = Y=g =Rl @ Use the iterative formula to
-4 ~ 373170 work out x;, x, and x;. You can use your J
A S Ry o calculator to find each value quickly.

f(x)=x3=-3x2-2x+5

a Show that the equation f(x) = 0 has a root in the interval 3 < x < 4.

I, 3
X, —2x,+ 5
b Use the iterative formula x,. | = \;ﬂ . 3 “— to calculate the values of x,, x, and x;.

giving your answers to 4 decimal places and taking:
ix=1.5 ii xp=4

a f(3)=(3P2-33P2-2(3)+5=-1
f(4) =4)P - 34?7 -24 +5=13
There is a change of sign in the interval
3 <x< 4, and fis continuous, so there is
a root of f(x) in this interval.

— x=4.
g = 2X, ¥ 5
bi x5 = \ > 3 = 1.33865...
X3 = 2x, + 5
.Y;; — \‘ 3 - 12544
o (X3 -2x,+5 i S Each iteration gets closer to a root, so the
X3 = 3 T sequence xg, X, X;, X3,... IS convergent.

Numerical methods

The graph crosses the x-axis between x =3 and
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.- LS
Ix3 = 2x,+ 5 m Explore the iterations O

X =y 3 graphically using technology.
flx? -2x,+5
X5 \ 3 = 54058
| X3 =2%, #5 Each iteration gets further from a root, so the

Sequence Xy, Xy, Xz, X3,... is divergent.

Exercise @

®) 1 f(x)=x-6x+2
a Show that f(x) = 0 can be written as:

_x2+2

. -~ La ] 2
ix= i x=V6x -2 i x=6-=

6 X
b Starting with x;, = 4, use each iterative formula to find a root of the equation f(x) = 0.
Round your answers to 3 decimal places.

¢ Use the quadratic formula to find the roots to the equation f(x) = 0, leaving your answer in
the form a + /b, where a and b are constants to be found.

@ 2 f(x)=x?-5x-3

a Show that f(x) = 0 can be written as:

i x=/5x+3 i x= "'2; 2

b Let x, = 5. Show that each of the following iterative formulae gives different roots of f(x) = 0.
JE— x:-3
i X,,1=y5x,+3 i x,, = 5
3 f(x)=x2-6x+1

a Show that the equation f(x) = 0 can be written as x = V6x — 1. (1 mark)
b Sketch on the same axes the graphs of y=xand y = /6x - 1. (2 marks)
¢ Write down the number of roots of f(x). (1 mark)
d Use your diagram to explain why the iterative formula x,,, = /6x, — | converges to

a root of f(x) when x;, = 2. . (1 mark)

f(x) = 0 can also be rearranged to form the iterative formula x, ., = 6

e By sketching a diagram, explain why the iteration diverges when x; = 10.
(2 marks)

® 4 f(x)=xe*—x+2

. . X
a Show that the equation f(x) = 0 can be written as x = ]n|

x-2

I, x+ 2

f(x) has a root, o, in the interval -2 < x < —1.

Xy

X, =

b Use the iterative formula x,,, =1n ., X # 2 with x; = -1 to find, to 2 decimal places,

the values of x,, x, and x;.

280



Numerical methods

® 5 f(x)=x}+5x*-2

a Show that f(x) = 0 can be written as:

—
§ pmie s PO Pl
—'__\‘2 ) _v 3

2

. 3..’
i x=vV2-5x

b Starting with x, = 10, use the iterative formula in part a (i) to find a root of the equation
f(x) = 0. Round your answer to 3 decimal places.

¢ Starting with x, = 1, use the iterative formula in part a (iii) to find a different root of the
equation f(x) = 0. Round your answer to 3 decimal places.

d Explain why this iterative formulae cannot be used when x, = 2.

f(x)=x4-3x3-6
a Show that the equation f(x) = 0 can be written as x = \/px* + ¢, where p and ¢ are constants
to be found. (2 marks)
b Let x, = 0. Use the iterative formula x,, ; = {/px* + ¢, together with your values of
p and ¢ from part a, to find, to 3 decimal places, the values of x;, x, and x;. (3 marks)
The root of f(x)=01s a.
¢ By choosing a suitable interval, prove that o = —1.132 to 3 decimal places. (3 marks)

f(x)=3cos(x}) +x -2

a Show that the equation f(x) = 0 can be written as x = (arccos (2 ; \)) (2 marks)

3

1
2-x,\|
b Use the iterative formula x,, , = (arccos ( ')) ., Xy = 1 to find, to 3 decimal places,
the values of x;, x, and x. (3 marks)

¢ Given that f(x) = 0 has only one root, «, show that o = 1.1298 correct to 4 decimal
places. (3 marks)

f(x) =4cotx = 8x + 3, 0 < x < 7, where x is in radians.

a Show that there is a root o of f(x) = 0 in the interval [0.8, 0.9]. (2 marks)
b Show that the equation f(x) = 0 can be written in the form x = ,; ;‘:’1\\ + % (3 marks)
) _ cCosXx, 3
¢ Use the iterative formula x,,, = =———— + 5, X, = 0.85 to calculate the values of
2sinx, 8
X, X, and x; giving your answers to 4 decimal places. (3 marks)

d By considering the change of sign of f(x) in a suitable interval, verify that o = 0.831
correct to 3 decimal places. (2 marks)

g(x)=ex-1+2x-15

a Show that the equation g(x) =0 can be writtenas x =In(15-2x)+ 1, x < 12—5 (2 marks)
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The root of g(x)=01s a.

The iterative formula x,,, =In(15 - 2x,) + 1, x, = 3, 1s used to find a value for a.

b Calculate the values of x,, x, and x; to 4 decimal places. (3 marks)
¢ By choosing a suitable interval, show that o« = 3.16 correct to 2 decimal places. (3 marks)
10 The diagram shows a sketch of part of the curve with equation VA

y = f(x), where f(x) = xe¥ — 4x . The curve cuts the x-axis at the
points A and B and has a minimum turning point at P,
as shown in the diagram.

a Work out the coordinates of 4 and the coordinates
of B. (3 marks)

A
b Find ' (x). (3 marks) 0]
¢ Show that the x-coordinate of P lies between 0.7 g
and 0.8. (2 marks)
d Show that the x-coordinate of P is the solution to the equation x = In (r j 1 ) (3 marks)

L . : . 4
To find an approximation for the x-coordinate of P, the iterative formula x,,, =In (\: 5 1)
“*n

1s used.

e Let x, = 0. Find the values of x,, x,, x; and x,. Give your answers to 3 decimal places.
(3 marks)

@ The Newton-Raphson method

The Newton-Raphson method can be used to find numerical solutions to equations of the form
f(x) = 0. You need to be able to differentiate f(x) to use this method.

= The Newton-Raphson formula is The Newton-Raphson method
f(x,) is sometimes called the Newton-Raphson
Tt = Hg f(x,) process or the Newton-Raphson procedure.
n

The method uses tangent lines to find increasingly accurate approximations of a root. The value of
X, 1 1S the point at which the tangent to the graph at (x,, f(x,)) intersects the x-axis.

VA y=f(x), Tangent line at
point (xg, f(xy))

Tangent line at
point (x;, f(xy))

“y
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If the starting value is not chosen carefully, the Newton-Raphson method can converge on a root very
slowly, or can fail completely. If the initial value, x,, is near a turning point or the derivative at this
point, f'(x,), is close to zero, then the tangent at (x,, f(xp)) will intercept the x-axis a long way from x.

3
y=1fx)
Because x; is close to a turning
Xo point the gradient of the tangent at

Vi

“vY

0 X (xo, f(xg)) is small, so it intercepts
the x-axis a long way from x.
(x, fxg)
If any value, x;, in the Newton-Raphson method is at a turning A b= )
point, the method will fail because f'(x,) = 0 and the formula \ '
would result in division by zero, which is not valid. Graphically,
the tangent line will run parallel to the x-axis, therefore never
intersecting. >
g ¢ \ / ’
i il
tangent line will never

intersect x-axis

The diagram shows part of the curve with ra pe )

equation y = f(x), where f(x) = x> + 2x2 - 5x — 4. '

The point 4, with x-coordinate p, is a stationary

point on the curve. /\

The equation f(x) = 0 has a root, a, in the >
X

interval 1.8 < a < 1.9. \K

a Explain why x, = p is not suitable to use as a first
approximation to & when applying the Newton-Raphson
method to f(x).

b Using x, = 2 as a first approximation to a, apply the Newton-Raphson procedure twice to f(x)
to find a second approximation to a, giving your answer to 3 decimal places.

¢ By considering the change of sign in f(x) over an appropriate interval, show that your answer to
part b is accurate to 3 decimal places.
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a It's a turning point, so f'(p) = O, and you

cannot divide by zero in the Newton-
Raphson formula.

b ff(x) =3x?+4x-5

Using xo = 2
f(xp)
\.1 =X - ¥
f f-\'o)
—p_2
Xy = 2 5
Y, = 1.86
f(x,) =
Xa =Xy —
. f'(x,)
— . 01398517
X2 =186~ 15515092
.\‘2 = 1.&558 -

X, = 1.856G to three decimal places

c f(1.6555) = -0.003486 < O,
f(1.8565) = 0.009286 < O.

Sign change in interval [1.8555, 1.856 LS
gchangs in inkerval | ] @ Explore how the Newton- O

therefore x = 1.656 is accurate to
3 decimal places.

Exercise @

1 f(x)=x*-2x-1

Use 4 (ax") = anx"~1
dx

Use the Newton—-Raphson process twice.

Substitute x, = 1.86 into the Newton—-Raphson
formula.

Use a spread sheet package to find successive
Newton-Raphson approximations.

Raphson method works graphically
and algebraically using technology.

a Show that the equation f(x) = 0 has a root, «, in the interval 1 < o < 2.
b Using x, = 1.5 as a first approximation to «, apply the Newton-Raphson procedure once to
f(x) to find a second approximation to «, giving your answer to 3 decimal places.

@ 2 f(x)=x3—_4;+6x— 10, x 2 0.
a Use differentiation to find f'(x).

(2 marks)

The root, o, of the equation f(x) = 0 lies in the interval [-0.4, —0.3].
b Taking —0.4 as a first approximation to «, apply the Newton-Raphson process once to f(x) to

obtain a second approximation to . Give your answer to 3 decimal places. (4 marks)
3 The diagram shows part of the curve with equation 4
y = f(x), where f(x) = XI—e* 4+ ~l—_~ -2, x>0.
VX

The point 4, with x-coordinate ¢, is a stationary point on the curve. y =)
The equation f(x) = 0 has a root « in the interval [1.2, 1.3]. /
a Explain why x;, = ¢ is not suitable to use as a first approximation .

when applying the Newton—Raphson method. (1 mark) o \._/ *

A

b Taking x, = 1.2 as a first approximation to «, apply the Newton-

Raphson process once to f(x) to obtain a second approximation

to . Give your answer to 3 decimal places.
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f(x)=1-x—cos(x?)

a Show that the equation f(x) = 0 has a root « in the interval 1.4 <« < 1.5. (1 mark)

b Using x, = 1.4 as a first approximation to «, apply the Newton-Raphson procedure once to
f(x) to find a second approximation to «, giving your answer to 3 decimal places. (4 marks)

¢ By considering the change of sign of f(x) over an appropriate interval, show that your answer
to part b is correct to 3 decimal places. (2 marks)

f(x) = x2 - x=0

x4
a Show that a root « of the equation f(x) = 0 lies in the interval [1.3, 1.4]. (1 mark)
b Differentiate f(x) to find f'(x). (2 marks)
¢ By taking 1.3 as a first approximation to «, apply the Newton-Raphson process once to f(x)
to obtain a second approximation to «. Give your answer to 3 decimal places. (3 marks)

y = f(x), where f(x) = x>sinx — 2x + 1. The points P, Q, and R are roots of the equation.
The points 4 and B are stationary points, with x-coordinates a and b respectively.

a Show that the curve has a root in each of the following intervals:

i [0.6,0.7] (1 mark)

i [1.2, 1.3] (1 mark)

iii [2.4,2.5] (1 mark)
b Explain why x; = a is not suitable to use as a first approximation to « when applying

the Newton—Raphson method to f(x). (1 mark)
¢ Using x; = 2.4 as a first approximation, apply the Newton-Raphson method to

f(x) to obtain a second approximation. Give your answer to 3 decimal places. (4 marks)

f(x)=In(3x-4)-x*+ 10, x> %

a Show that f(x) = 0 has a root a in the interval [3.4, 3.5]. (2 marks)

b Find f'(x). (2 marks)

¢ Taking 3.4 as a first approximation to «, apply the Newton—Raphson procedure once to f(x)
to obtain a second approximation for «, giving your answer to 3 decimal places. (3 marks)

Challenge

f(x) =+ + xe~~ VA

The diagram shows a sketch of the curve y = f(x). The curve has a

a Prove that the Newton-Raphson method will fail to converge on a

b Taking —0.5 as a first approximation, use the Newton-Raphson

horizontal asymptote at y = ¢.

root of f(x) = O for all values of x, > i,u

method to find the root of f(x) = 0 that lies in the interval [-1, 0],
giving your answer to 3 d.p.
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@ Applications to modelling

You can use the techniques from this chapter to find solutions to models of real-life situations.

The price of a car in £s, x years after purchase, is modelled by the function

f(x) = 15000 (0.85)* — 1000 sin x, x >0

Show that f(x) has a root between 19 and 20.
Find f'(x).

e 6 T o=

Use the model to find the value, to the nearest hundred £s, of the car 10 years after purchase.

Taking 19.5 as a first approximation, apply the Newton—-Raphson method once to f(x) to obtain

a second approximation for the time when the value of the car is zero. Give your answer to

3 decimal places.

e Criticise this model with respect to the value of the car as it gets older.

a f(10) = 15000 (0.85)"° — 1000 sin 10
= 3497.13...

After 10 years the value of the car is £3500

to the nearest £100.

b {(19) = 15000 (0.85)"” = 1000 sin 19
= 534.11... >0

f(20) = 15000 (0.85)"? — 1000 5sin 19

= =331.55... <0

There is a change of sign between 19 and 20,
so there is at least one root in the interval
19 x-< 20

c f'(x) = (15000)(0.85)(In0.85) — 1000 cos x

d {(19.5) = 15000 (0.85)"®> - 1000 sin 19.5
= 25.0693...
f'(19.5) = (15 000)(0.85)">(In 0.865)
- 1000c¢c0512.5 = -6286.3009... .

f(x)
f'(x)
__25.0693...

-696.3009...

= 19.528

-‘u+' = AH -

12:5

1l

e In reality, the car can never have a negative
value so this model is not reasonable for
cars that are approximately 20 or more
years old.
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Substitute x = 10 into the f(x).

Unless otherwise stated, assume that angles are
measured in radians.

Substitute x = 19 and x = 20 into f(x).

f(x) changes sign in the interval [19, 20], and f(x)
is continuous, so f(x) must equal zero within this
interval.

d
dx

Use the fact that — (¢") = a* Ina.

Substitute x = 19.5 into f(x) and f'(x).

Apply the Newton-Raphson method once to
obtain an improved second estimate.
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Exercise @

@1

An astronomer is studying the motion of a planet moving along an elliptical orbit. She formulates
the following model relating the angle moved at a given time, E radians, to the angle the planet
would have moved if it had been travelling on a circular path, M radians:

M=E-0.1sinE,E=0
In order to predict the position of the planet at a particular time, the astronomer needs to find

the value of E when M=%

a Show that this value of E is a root of the function f(x) = x = 0.1 sin x — k where k 1s a constant
to be determined.

b Taking 0.6 as a first approximation, apply the Newton—Raphson procedure once to f(x) to

obtain a second approximation for the value of E when M =%

¢ By considering a change of sign on a suitable interval of f(x), show that your answer to part b
is correct to 3 decimal places.

The diagram shows a sketch of part of the curve with v
equation v = f(z), where f(7) = (10 - %(r + 1)) In(z+1).

>

The function models the velocity in m/s of a skier
travelling in a straight line.

a Find the coordinates of 4 and B.
b Find f'(7).

¢ Given that P is a stationary point on the curve,
show that the 7-coordinate of P lies between
5.8 and 5.9.

d Show that the t-coordinate of P is the solution to

e 20
T l4+In(t+1)

~Y

An approximation for the 7-coordinate of P is found using the iterative formula

20 1
1 +In(z,+ 1)

fn+l =

e Let ¢, =5. Find the values of ¢,, f, and 75. Give your answers to 3 decimal places.

The depth of a stream is modelled by the function YA

d(x)=e%(x2-3x),0=<x=<3

where x is the distance in metres from the left bank of the 0
stream and d(x) is the depth of the stream in metres.

=Y

y=d(x)
The diagram shows a sketch of y = d(x).
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a Explain the condition 0 = x = 3.

b Show thatd'(x) = —%e‘“-‘i"(ar.\-2 + bx + ¢), where a, b and ¢ are constants to be found.
¢ Show that d'(x) = 0 can be written in the following ways:

i x= |’|[M i x= 3x*+ 15 - 19x - 15
R ST AR

d Let x, = 1. Show that only one of the three iterations converges to a stationary point of
v = d(x), and find the x-coordinate at this point correct to 3 decimal places.

¢ Find the maximum depth of the river in metres to 2 decimal places.

Ed throws a ball for his dog. The vertical height of the ball is ¥4
modelled by the function y=h(1)

h(r) = 405111(10) 9cos(10) 0.52+9 1=0

= h(¢) 1s shown in the diagram.

a Show that the 7-coordinate of A4 is the solution to

1

0 A
fa= 18+8051n( ) lScos( E ) (3 marks)
| 10 10
To find an approximation for the 7-coordinate of A, the iterative formula
r,,+1—\|18+805m(10) 18(:05(10) 1s used.
b Let ¢, = 8. Find the values of ¢,, #,, 1y and 1. Give your answers to 3 decimal places. (3 marks)
¢ Find h'(7). (2 marks)

d Taking 8 as a first approximation, apply the Newton-Raphson method once to h(7)
to obtain a second approximation for the time when the height of the ball is zero.
Give your answer to 3 decimal places. (3 marks)

e Hence suggest an improvement to the range of validity of the model. (2 marks)

The annual number of non-violent crimes. in thousands,
in a large town x years after the year 2000 is modelled by
the function

c(x) = 5e* +4sm(2) +— 0=x=<10

2°

The diagram shows the graph of y = c(x).

a Find ¢'(x). (2 marks)

b Show that the roots of the following equations correspond ——
to the turning points on the graph of y = ¢(x). 0 2 4 6 8 10 ¥
N i E -X __ l
i x=2arccos ( 5€ 4) (2 marks)
ii x=1In “3. (2 marks)

4 cos (E) + 1
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| 5 - .
¢ Letxp=3andx,,,=2 arccos(—f:‘-"» - —). Find the values of x,, x,, x3 and x4. Give your

2 4
answers to 3 decimal places. (3 marks)
d Letxo=1land x,,,=1In IHO . Find the values of x,, x,, x; and x,. Give your
4cos (—") +1
2
answers to 3 decimal places. (3 marks)

A councillor states that the number of non-violent crimes in the town was increasing between
October 2000 and June 2003.

e State, with reasons whether the model supports this claim. (2 marks)

Mixed exercise @

E/P) 1

f(x)=x3—-6x-2

a Show that the equation f(.x) = 0 can be written in the form x = i\,f"a + % and state the values
of the integers « and b. (2 marks)

f(x) = 0 has one positive root, cv.

. b
The iterative formula x,, ,, = \,I' a+ -, Xo = 21is used to find an approximate value for a.
“*n

b Calculate the values of x,, x,, x; and x4 to 4 decimal places. (3 marks)
¢ By choosing a suitable interval, show that & = 2.602 is correct to 3 decimal places. (3 marks)

f(x) = +3

1
4-x
a Calculate f(3.9) and f(4.1). (2 marks)
b Explain why the equation f(x) = 0 does not have a root in the interval 3.9 < x <4.1. (2 marks)
The equation f(x) = 0 has a single root, «.
¢ Use algebra to find the exact value of «. (2 marks)

p(x) =4 — x? and q(x) =e*.
a On the same axes, sketch the curves of y = p(x) and y = q(x). (2 marks)

b State the number of positive roots and the number of negative roots of the equation
x2+er=4=0. (1 mark)

¢ Show that the equation x> + e* — 4 = 0 can be written in the form x = +(4 — e*): (2 marks)
The iterative formula x, , , = —(4 — e¥)?, x, = -2, is used to find an approximate value for the
negative root.

d Calculate the values of x,, x,, x3 and x4 to 4 decimal places. (3 marks)

e Explain why the starting value x;, = 1.4 will not produce a valid result with this formula.
(2 marks)
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gx)=x"-5x-6
a Show that g(x) = 0 has a root, o, between x = 1 and x = 2. (2 marks)

b Show that the equation g(x) = 0 can be written as x = (px + ¢q) ', where p. q and r are integers
to be found. (2 marks)

The iterative formula x,,., = (px + ¢)". xo = 1 is used to find an approximate value for c.
¢ Calculate the values of x;, x, and x; to 4 decimal places. (3 marks)

d By choosing a suitable interval, show that o = 1.708 is correct to 3 decimal places. (3 marks)

g(x)=x*=3x-5

a Show that the equation g(x) = 0 can be written as x = v3x + 5. (1 mark)
b Sketch on the same axes the graphs of y = xand y = /3x + 5. (2 marks)
¢ Use your diagram to explain why the iterative formula x,.; = /3x, + 5 converges

to a root of g(x) when x, = 1. (1 mark)

x; =5
g(x) = 0 can also be rearranged to form the iterative formula x, ., = 3
d With reference to a diagram, explain why this iterative formula diverges when x, = 7.
(3 marks)

f(x) = 5x = 4sin x — 2, where x is in radians.
a Show that f(x) = 0 has a root, a, between x = 1.1 and x = 1.15. (2 marks)
b Show that f(x) = 0 can be written as x = psin x + ¢ , where p and ¢ are rational

numbers to be found. (2 marks)
¢ Starting with x, = 1.1, use the iterative formula x, ., = psinx, + ¢ with your values

of p and ¢ to calculate the values of x;, x,, x5 and x, to 3 decimal places. (3 marks)
a On the same axes, sketch the graphs of y = % and y=x+ 3. (2 marks)
b Write down the number of roots of the equation % =X+3 (1 mark)
¢ Show that the positive root of the equation % = x + 3 lies in the interval

(0.30, 0.31). (2 marks)
d Show that the equation % = x + 3 may be written in the form x2+ 3x -1 = 0. (2 marks)
e Use the quadratic formula to find the positive root of the equation x>+ 3x—-1=0

to 3 decimal places. (2 marks)

gx)=x-T7x>+2x +4
a Find g'(x). (2 marks)
A root « of the equation g(x) = 0 lies in the interval [6.5, 6.7].

b Taking 6.6 as a first approximation to a, apply the Newton—-Raphson process once
to g(x) to obtain a second approximation to «. Give your answer to 3 decimal places.
(4 marks)
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¢ Given that g(1) = 0, find the exact value of the other two roots of g(x). (3 marks)
d Calculate the percentage error of your answer in part b. (2 marks)
f(x) =2secx + 2x - 3, “‘% < X % where x is in radians.

a Show that f(x) = 0 has a solution, «, in the interval 0.4 < x <0.5. (2 marks)

b Taking 0.4 as a first approximation to «, apply the Newton-Raphson process once
to f(x) to obtain a second approximation to «. Give your answer to 3 decimal places.

(4 marks)
¢ Show that x = —1.190 is a different solution, 3, of f(x) = 0 correct to 3 decimal places.
(2 marks)
f(x) =8 — 1 JXE=
3-2x 2
a Show that the equation f(x) = 0 can be written as x = 1.5 = 0.5¢ 708, (3 marks)
b Use the iterative formula x,,, = 1.5 = 0.5¢79% with x, = 1.3 to obtain x,, x, and x;.
Hence write down one root of f(x) = 0 correct to 3 decimal places. (2 marks)
¢ Show that the equation f(x) = 0 can be written in the form x = pIn (3 - 2x),
stating the value of p. (3 marks)

d Use the iterative formula x, ., ; = pIn (3 — 2x,) with x;, = —2.6 and the value of p found in
part ¢ to obtain x,, x, and x;. Hence write down a second root of f(x) = 0 correct to

2 decimal places. (2 marks)
a By writing y = x"in the form In y = x In x, show that a =x*(Inx + 1). (4 marks)
b Show that the function f(x) = x¥ — 2 has a root, «, in the interval [1.4, 1.6]. (2 marks)
¢ Taking x, = 1.5 as a first approximation to «, apply the Newton—Raphson procedure once

to obtain a second approximation to «, giving your answer to 4 decimal places. (4 marks)
d By considering a change of sign of f(x) over a suitable interval, show that o = 1.5596,

correct to 4 decimal places. (3 marks)
The diagram shows part of the curve with equation VA
vy = f(x), where f(x) = cos (4x) - %\ 29
a Show that the curve has a root in the interval [1.3, 1.4]. b= ()

(2 marks) 1_\ ’

b Use differentiation to find the coordinates of A .

point B. Write each coordinate correct to 0 1 2 =

3 decimal places. (3 marks) 1
¢ Using the iterative formula x, , | = %arecos(%.\‘n). ; B

with x, = 0.4, find the values of x,, x,, x; and x,.

Give your answers to 4 decimal places. (3 marks)
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d Using x, = 1.7 as a first approximation to the root at D, apply the Newton—Raphson
procedure once to f(x) to find a second approximation to the root, giving your answer to
3 decimal places. (4 marks)

e By considering the change of sign of f(x) over an appropriate interval, show that the answer
to part d is accurate to 3 decimal places. (2 marks)

Challenge

f()=xb+x*-Tx2-x+3
The diagram shows a sketch of y = f(x). Points 4 and B are the points of
inflection on the curve.

VA
Y

/TN

AOB

=V

a Show that equation f"(x) = 0 can be written as:

: 1 —15x% O | e 41 —3X
I = 3 i'1_15x3+3 iili x= 15

b By choosing a suitable iterative formula and starting value, find an
approximation for the x-coordinate of B, correct to 3 decimal places.

¢ Explain why you cannot use the same iterative formula to find an
approximation for the x-coordinate of 4.

d Use the Newton-Raphson method to find an estimate for the
x-coordinate of 4, correct to 3 decimal places.

Summary of key points

1 If the function f(x) is continuous on the interval [, b] and f(a) and f(h) have opposite signs,
then f(x) has at least one root, x, which satisfies a < x < b.

2 To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the
form x = g(x) and use the iterative formula x,, ., = g(x,).

3 The Newton-Raphson formula for approximating the roots of a function f(x) is

f(x,)
T f(x,)

Xps1 =Xy
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Integration

After completing this chapter you should be able to:

® Integrate standard mathematical functions including trigonometric
and exponential functions and use the reverse of the chain rule to

integrate functions of the form f(ax + b) -» pages 294-298
Use trigonometric identities in integration -» pages 298-300
Use the reverse of the chain rule to integrate more complex
functions - pages 300-303
® Integrate functions by making a substitution, using integration by
parts and using partial fractions -» pages 303-313
® Use integration to find the area under a curve -» pages 313-317

Use the trapezium rule to approximate the area under a curve.
—» pages 317-322

® Solve simple differential equations and model real-life situations
with differential equations -» pages 322-329

~ Prior knowledge check
1 Differentiate;
a 2x-7)°¢ b sinb5x

€ e « Sections 9.1, 9.2, 9.3

1

Given f(x) = 8x% — 6x
a find [f(x)dx

b find .Lgf(_\‘) dx & Year 1, Chapter 13

Write % as partial fractions.

(4x — 1)(x + 3)

« Section 1.3

Find the area of the region R bounded
by the curve y = x? + 1, the x-axis and
the lines x=-1and x = 2.

Integration can be used to solve differential
equations. Archaeologists use differential
equations to estimate the age of fossilised
plants and animals. -» Exercise 11K Q9 | ' « Year 1, Chapter 13
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@ Integrating standard functions

Integration is the inverse of differentiation. You can use your knowledge of derivatives to integrate

familiar functions.
n+1

+C

m This is true for all values of n

— except -1.

@ fx"dx=:+1
@ fe-‘dx=e-‘+c

m When finding f % dx it is usual to

©) f%dx:lnlxl-a-c

%) fcosxdx:sinx+c

write the answer as In|x| + ¢. The modulus
sign removes difficulties that could arise when
evaluating the integral for negative values of x.

® fsinxdx:-cos.r+c
fseczxdx=tanx+c
@ fcosecxcot.rdx:—cosecx+c
fcoseczxdxz—cotx+c

©) fsecxtanxdx:secx+c

Find the following integrals.

a (2 COS X + é - v"?) dx b
X

dx
This means that f (=sin x)dx = cos x + ¢ and

d
Em For example, if y = cos x then e = =Sin X.

hence f sinxdx = —cos x + ¢. « Section 9.1

- ?.e"') dx

Integrate each term separately.

a {2 cosXdx =2sinx + ¢

'[3d.\‘= 3in|x| + ¢

\— Use @
ot

x

Use @

fﬂ".\' dx = J.\' Zdx = %\ P40
So J(Z cosX + % = x-"}) dx
=2sinx + 3ln|x| - g—\ + ¥

cosx _cosx 1
sin® x sinx  sinx

b

Use @

This is an indefinite integral so don’t forget the
| 4e

= cotxcosecx

Look at the list of integrals of standard functions
- and express the integrand in terms of these

f (cot x cosec x) dx = —cosec x
fZe-" dx = 2e*

So j‘(cos.\' - 2e" dx)

sin? x

= —cosecXx — 2¢* + ¢

294
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Given that a is a positive constant and
f%azx + 1

a

ax

= ff"(z + %) dx

J‘ 3ua 2.\'\.-4- 1

dx =1n12, find the exact value of a.

Integration

Problem-solving

Integrate as normal and write the limits as « and
3a. Substitute these limits into your integral to get
an expression in @ and set this equal to In12, Solve
the resulting equation to find the value of a.

| Separate the terms by dividing by x, then

= [2x + Inx]34

integrate term by term.

= (Ga + In3d) - (2a + Ina)

L Remember the limits are ¢ and 3a.

= 4a + [n(?z:")

Substitute 3¢ and «a into the integrated expression.

—— Use the laws of logarithms: Ina — Inb = In (%)

=4q + In3
So, 4a + In3 =In12
4a =In12 = In3
4a = In4
=% In4

Exercise @

1 Integrate the following with respect to x.

5 2
a 3sec’x+—+—
x  x?

¢ 2(sinx —cosx + Xx)

e Se*+4cosx - %
11,1

g% x2 X3

i 2cosecxcotx - secx

2 Find the following integrals.

| | )
i d.-
a f(cos2 X * x?2 .

l+cosx 1+x
¢ — =
sinZx X

) dx
e f sin x(1 + sec® x)dx
g f cosec? x(1 + tan? x)dx

i f sec’ x(1 + e*cos? x)dx

L In12 - In3 = in(lz) In4

3

m Use your calculator to check %

your value of a using numerical integration.

5¢* —4sinx + 2x3

Isecxtanx — F7
I

— + 2cosec? x
25

e’ + SN X + COS X

= = A T

: X l__ ~anl 3
] € +\' COSCC- X

=

f(s"” +2e )dr
COS“ X

o e

f f cos x(1 + cosec? x)dx

h f sec? x(1 — cot? x)dx

1 +sinx .
i ————ukcos xsecx]dx
cos’ x

3 Evaluate the following. Give your answers as exact values.

a L 72{:-" dx

c f =5sinxdx

61 +x
b =5

0
d f .sec x(secx + tan x)dx
~a

m When applying

limits to integrated trigonometric
functions, always work in radians.

295




Chapter 11

2a3x — 1

4 Given that a is a positive constant and L T dx=6+ in(%),

find the exact value of a. (4 marks)

y : 5 3 1
5 Given that a is a positive constant and fl nnlﬂe" +eXdx= 478, find the exact value of @. (4 marks)

6 Given j; h(3e-" + 6e72¥) dx = 0, find the value of b. (4 marks)

7 f)=txi-2 x>0
a Solve the equation f(x) = 0. (2 marks)
b Find [f(v)dx. (2 marks)

¢ Evaluate fl i f(x) dx, giving your answer in the form p + ¢ Inr, where p, ¢ and r are
rational numbers. (3 marks)

@ Integrating f(ax + b)

If you know the integral of a function f(x) you can integrate a function of the form f(ax + b) using the
reverse of the chain rule for differentiation.

Find the following integrals.

a f cos (2x + 3)dx b fe“-"* Tdx ¢ f sec? 3xdx
a Consider y = sin(2x + 3): Integrating cos x gives sin x, so try sin (2x + 3).
dy
j =cos(2x + 3) x 2
. " 1 Use the chain rule. Remember to multiply by the
S0 JCO‘-‘"’ (2x + 3)dx =zsin(2x + 3) + ¢ derivative of 2x + 3 which is 2.

This is 2 times the required expression so you
need to divide sin (2x + 3) by 2.

b Consider y = e+

dy .
i S A
So fe‘*-‘ +ldy = 4_‘c4v+' +c The integral of e is e*, so try e4*+1,

c Consider y = tan 3x: o ) . .
v This is 4 times the required expression so you

T = %ec” 3x ® 3 divide by 4.

So faecz 3xdx = stan3x + ¢

Recall @ Let y = tan 3x and differentiate using
——— the chain rule. This is 3 times the required
expression so you divide by 3.
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In general:
o [flax+ By dx=2fax+b)+c

Find the following integrals:

a f3xl+ 2dx

Integration

m You cannot use this method to

integrate an expression such as cos (2x? + 3)
since it is not in the form f(ax + b).

b [(2x+3)*dx

a Consider y = In(3x + 2)

dy 1

S 3

Integrating % gives In|x| so try [n (3x + 2).

°dx"3x+2

L
5"[3_\-+2d"'3

b Consider y = (2x + 3)°

n|3x+ 2| +¢

The 3 comes from the chain rule. It is 3 times the
required expression, so divide by 3.

1

d) ,
So—=5x2x+3%x2
dx

=10 x (2x + 3)4

To integrate (ax + b)" try (ax + b)"+1.

The 5 comes from the exponent and the 2 comes

: F
So '[(2.\ + 3)dx = 0

Exercise @

1 Integrate the following:

a sm(2x+1)
¢ der+S
e cosec?3x
g 3sin(3x+ 1)
2 Find the following integrals.
a f(ezf" - %sin 2x-=1))dx

c f sec? 2x(1 + sin 2x) dx

(2x + 3)" + ¢

b 362,\'
d cos(l —=2x)
f sec4xtandx

h sec?(2 - x)

e f(e3‘ Y4+sin(3-x)+cos(3-x))dx

3 Integrate the following:

]
2x + 1

3
]l —4x

f

1
(2x + 1)2

3
(1 = 4x)?

from the chain rule.

This answer is 10 times the required expression,
so divide by 10.

m For part a consider y = cos(2x + 1).
You do not need to write out this step once

you are confident with using this method.

i cosec2xcot2x j cos3x —sin3x

b [+ 1) 2dx

3 - 2cosix
d f i dx
sin?3x
3
7y 2
¢ 2x+1) d Ix—1
g (3x +2)° T
’ (1 -2x)}
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4 Find the following integrals.

: . 4 . 5x ) -
a f(3sm(2.\+l)+2x+])d,\ b [(e%+(1- v)%)dx
| 1 1 5 1 )
. f(sin3 2x T+’ (1+ 2.\')3) dz 4 f((3JL L (3x + 2)3) o
5 Evaluate:
a L cos(m — 2x) dx b j G- 2\)4 c fq sec(m — 3x)dx d L7 o dx
(E/P) 6 Given [ (2x - 6 dx = 36, find the value of b. (4 marks)
7 Given —d\ & l, find the value of k. (4 marks)
4
8 Given [.(1 - 7 sin kx)dx = (7 - 6/2), Problem-solving
find the exact value of k. (7 marks) Calculate the value of the indefinite integral in
terms of k and solve the resulting equation.
Challenge
Given f dx = (%’:}-] and that @ and b

b
are mtegers Wlth O<ac< 10, find two different

pairs of values for @ and b.

@ Using trigonometric identities

= Trigonometric identities can be used to Make sure'vouate Ramiliar withi the
integrate expressions. This allows an standard trigonometric identities. The list of

expression that cannot be integrated to identities in the summary of Chapter 7 will be
be replaced by an identical expression useful. « page 196
that can be integrated.

Find f tan? xdx

: 2 m % . .
Since sectx ™1 + tan®x You cannot integrate tan? x but you can integrate

fan® o = am? g et | sec?xdirectly.

So I tan® xdx = f(ﬁeca x —1)dx

= fseci’ .l\'d.\' - f1 ax

=tanx-x+c¢

Using @
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Example o
x 1=-v2

Show that f]_ sin“xdx = a3 + g

Recall cos2x =1 - 2sin®x

You cannot integrate sin®x directly. Use the

Use the reverse chain rule. If y = sin 2x,

S0 sin?x = %(1 - CO52X) »
& P I A 1 N
So J sincx dx = ’ (5 o 5052.\) ax

ﬁ = 2 cos2x. Adjust for the constant.

Substitute the limits into the integrated
expression.

Problem-solving

Integration

trigonometric identity to write it in terms of cos 2x.

You will save lots of time in your exam if you are
familiar with the exact values for trigonometric

functions given in radians.

3r 2w 1-v2
48 45) &
- T + 1 - \"é
45 5

b

Write sin(d

) in its rationalised denominator form,

as — rather than i. This will make it easier to

2 V2
simplify your fractions.

LGLEIN This is a ‘show that’ question so

don't use your calculator to simplify the fractions.

Show each line of your working carefully.

Example o
Find:
a f sin 3x cos 3x dx b f (secx + tan x)*dx

Remember sin2A4 = 2 sin A cos A, so

a fsin 3xcos3xdx = f % sin6x dx

i - ']
= —T;cosé.\ + ¢

b (secx + tanx)®

secix + 2secXtanx + (secéx — 1)
1

sin 6x = 2 sin 3x cos 3.x.

- —% X ,—;5056.\' + ¢ j
— Use the reverse chain rule.

sec’X + 2 sec xtan x + tanx ’—|_

—— Simplify % X %to 313

Multiply out the bracket.

2secix + 2secxtanx - 1

So

— ll

(sec X + tanx)?dx

= f(2 sec?x + 2 sec .I\'tan,\: - 1)dx

|_ Write tan?x as sec?x — 1. Then all the terms are
standard integrals.

=2tanx + 2secx - X+ ¢

Integrate each term using @ and @
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Exercise @

1 Integrate the following:

@ For part a, use 1 + cot’x = cosec®x.

a cot’x b cos’x For part ¢, use sin 24 = 2 sin 4 cos A4,

¢ sin2xcos2x d (1 +sinx) making a suitable substitution for A.

e tan?3x f (cotx — cosecx)?

g (sinx + cos x)? h sin? xcos? x i i (cos2x—1)2

sin® x cos> x

2 Find the following integrals.

fl — sin X4 b | + c;os A o f cos?.x
cos? X sin® x Cos? x
cos? x (I +cosx)* _ .
d f i e f oty dx f f (cotx — tan x)*dx
g f (cosx — sin x)*dx h f (cos x — sec x)*dx i f T cos2 3% dx
3 Show that ﬁ_Tsinz.\' dx= 2 ; £ (4 marks)
4 Find the exact value of each of the following:
£ (1 + sin x)? I sin2x
- ! —dx b f (sinx —cosecx)’dx ¢ f —dx d _;,'%dx
& SIN“ X COS” X cos> x 5 1 —sin*2x
(E/P) 5 a By expanding sin (3x + 2x) and sin (3x — 2x) using the double-angle formulae,
or otherwise, show that sin 5x + sin x = 2 sin 3x cos 2x. (4 marks)
b Hence find [sin 3x cos 2x dx (3 marks)
6 f(x)=5sin’>x+ 7cos’x
a Show that f(x) = cos 2x + 6. ) (3 marks)
b Hence, find the exact value of fﬂ “f(x) dx. (4 marks)
7 a Show that cos*x = §cos 4x + 3 €08 2x + 3 (4 marks)
b Hence find f cos* xdux. (4 marks)

Reverse chain rule

f'(x)
f(x)

If a function can be written in the form k
for differentiation.

Sedi el o Problem-solving

Find If f(x) = 3 + 25sin x, then f'(x) = 2 cos x.
By adjusting for the constant, the numerator is
the derivative of the denominator.

, you can integrate it using the reverse of the chain rule

2x ) cos x )
o b Jh3+2$inx .
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a lLet

2x

I= ax

X2+ 1

Consider y = In|x? + 1|

~ Thisis equal to the original integrand, so you

don't need to adjust it.

— Try differentiating y = In|3 + 2 sin x|.

The derivative of In|3 + 2 sin x| is twice the

Then i‘—: 1 X 2X
ax x2 41
So I=in|x?+1| +¢
b Let I= f% X
Let y=In|3 + 2sinx]|
ay 1
kel r— X 2cos X
o ]=jf:|n|3+25in.\'| +c

= To integrate expressions of the form

f'(x) . .
f k fx) dx, try In|f(x)| and differentiate

to check, and then adjust any constant.

original integrand, so you need to divide it by 2.

m You can't use this method to

integrate a function such as because the

xé+3
derivative of x? + 3 is 2x, and the top of the
fraction does not contain an x term.

You can use a similar method with functions of the form kf'(x)(f(x))".

Find:

a f 3cos xsin® xdx b j x(x* + 5)%dx

a let I= f3 COS X 5in® x dx

— Try differentiating sin’ x.

Consider y = sin®x ~—

This is equal to the original integrand, so you
don't need to adjust it.

ay .-
— = 3s5incXco5X -«
dx

So I=sinrPx +c¢

— Try differentiating (x2 + 5).

— The 2x comes from differentiating x? + 5.

This is 8 times the required expression so you

b Let I= f.\‘(.\‘-"-’ + 5)3dx
Then let  y = (x* + 5)*
dy -
— = 4(x= 4+ 5)3'x2x
ax
= Bx(x? + 5)3
So I'= g‘(\ + 5% + ¢

divide by 8.

= To integrate an expression of the form f kf'(x)(F(x))" dx, try (f(x))"* ! and differentiate to

check, and then adjust any constant.

Integration

Since integration is the reverse of differentiation.
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Use integration to find f

cosec? x .
(2 4+ cotx)®

This is in the form fkf'(x) (f(x))" dx with

f(x) =2 + cot xand n = -3.

|— Use the chain rule.

This is 2 times the required answer so you need

cosec? x

=t I'=
= f (2 + cot \}5
Let y = (2 + cot x)?

ay .

c; = =2(2 + cot x)™3 x (~cosec?x)

= 2(2 + cot X)™° cosecix

So 1= %(2 + cotx)? + ¢

Example @

, 6
Given that fo Stanxsectxdx = 4

‘9
Let I'= jo Stanxsec* xdx

to divide by 2.

15 where 0 < # <=, find the exact value of 6.

2

This is in the form fkf’ (x) (F(x))" dx with
f(x) =secxand n = 4.

Let y = sec?x
day N
$ =4s5ec’X X secxtanx
s A G e Tl.1i? is g- ti:nes the required answer so you need to
P divide by ¢
15
So I'= 45c3c: # =
» Substitute the limits into the integrated expression.
5 4 > 1S r
—sectl) — | =-sec O) =—
4 4 4 1 1
i secl=——===1
" 5 15 cos0 1
—secil ——=—
4 4 4
—— Take the 4th root of both sides.
S ectg = 20
4 4
g 1 7w 37 5w
The solutionsto cos=+—are = -, —, —, —
sec? = 4 2 44 4" 4

secl =+ 2

="

|7 The only solution within the given range for @ is i

4

Exercise @

1 Integrate the following functions.

. X g2r
x2+4 e + 1
ey o C08 2x
(e** + 1)} 3 +sin2x
g xev h cos2x(l + sin2x)*

302

4
@ Check your solution by using

your calculator.
m Decide carefully
whether each expression
X f
—_— f'(x)
c 2 S
(x2 + 4) is in the form & ) or
sin 2x Kf () (F())n.

(3 + cos 2x)°

i secixtan’x i sec’x(l +tan’x)



Integration

2 Find the following integrals.

a f (x + 1)(x% + 2x + 3)*dx b f cosec’ 2x cot 2x dx

c f sin’ 3x cos 3x dx d f cos x ey dx

e f ezfi 3 dx f f x(x2 + 1)% dx

g f Qx+ WX+ x+5dx h \,% dx
o | [

3 Find the exact value of each of the following:

a jl ‘3(3){3 + 10x)0Wx3 4+ 5x2+ 9 dx b ffj::—l:&' X
¢ 47.\'31; 1 dx d fﬂ %seczx gty gy
4 Given that f:'kxze Ydx = _%(f:8 — 1), find the value of &. (3 marks)
@ 5 Given that fo "4 sin 2x cos* 2x dx = % where 0 < @ <, find the exact value of 6.
6 a By writing cot x = Zf:: find f cot xdux. (2 marks)
b Show that ftan xdx = In|sec x| + c. (3 marks)

@ Integration by substitution

= Sometimes you can simplify an integral by changing the variable. The process is similar to
using the chain rule in differentiation and is called integration by substitution.

In your exam you will often be told which substitution to use.

Find [xvV2x + 5 dx using the substitutions:

au=2x+5 b #»=2x+5
You need to replace each ‘x’ term with a
2 bek Fa [_\,‘,-2_\. T 5 di corresponding ‘u’ term. Start by finding the

relationship between dx and du.
let u=2x+5

So dx =+ du.
So 28 - 2 B €
dx
So dx can be replaced by % du. F Next rewrite the function in terms of u = 2x + 5.
/2x+5 =Vu=u’

" Rearrange u = 2x + 5 to get 2x = u — 5 and hence
W=

x= 5 - x=“_5
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Do I'= J‘(u - 5):,:% X %du

2
= [;‘-{(u - 5)11%.:11:

= f%(”i - 5u”) du

_(2x+5) 5(2x+5)

So = 10 z +c

b Let = f xy2x + 5dx

> =2x+ 5
au
2:18-_1—_ =
So replace dx with udu.
[2Xx¥5 =u
sl - 1{‘12— 5
ue - 5
So I—f( > )uxudu
wt Su°
- f("g_ ~ 2 )d” >
-
10 6
(2x+5)° 5(2x + 5)°
So I= 0 - z + ¢

Use the substitution # = sin x + | to find

f cos xsinx (1 + sin x)*dx

Let I = fcosa xsinx (1 + sinx)2dx
Let H=snx+1

. COS X *

dx ™ )

So substitute cos x dx with du.

304

Rewrite 7 in terms of u and simplify.

Multiply out the brackets and integrate using
rules from your Year 1 book. « Year 1, Chapter 13

Simplify.
Finally rewrite the answer in terms of x.

First find the relationship between dx and du.

Using implicit differentiation, cancel 2 and
rearrange to get dx = udu.

Rewrite the integrand in terms of . You will need
to make x the subject of u? = 2x + 5.

Multiply out the brackets and integrate.

Rewrite answer in terms of x.

First replace the dx.

cos x appears in the integrand, so you can write
this as du = cos x dx and substitute.



(sinx + 12 = ;_;3—|

Integration

Use u = sin x + 1 to substitute for the remaining

sinx=u-1 J

terms, rearranging where required to get
sinx=u-1.

So I= f(u - Nu® du

o= j(u4 - 1:5)@1::7

L Rewrite 7 in terms of u.

w ut
=i
o 4 J

| Multiply out the brackets and integrate in the
usual way.

(sinx +1)° (sinx + 1)* .
S0 ' 5 5 F) ni Problem-solving
Although it looks different, f sin2x(1 + sinx)’ dx
can be integrated in exactly the same way.
Remember sin2x = 2 sinx cos.x, so the above
Example @ integral would just need adjusting by a factor of 2.
Prove that f ,1 =dx = arcsin x + c.
- Y"
i T [_ L This substitution is not obvious at first. Think
g Sl — how the integral will be transformed by using
(k. % = b trigonometric identities. « Chapter 7
ax _ g dx
T The substitution is in the form x = f(6), so find =

So replace dx with cosf db.

do
to work out the relationship between dx and d#.

-

Make the substitution, and replace dx with cosé dé.

I'= I—jﬁcosﬁdﬁ
{1 = sinf
1
= — 0 d)
[‘\ 605’9605
=f’
cosl
= [1d0 =0+ c

X =s5inf = @ = arcsinx

cosf db

L Remember sin4 + cos?4 =1

Remember to use your substitution to write the

So I=arcsinx + ¢

Use integration by substitution to evaluate:
a j; x(x + 1) dx

b fn'cos xv1 +sinxdx

final answer in terms of x, not 6.

m If you use integration by substitution

to evaluate a definite integral, you have to be
careful of whether your limits are x values or u
values. You can use a table to keep track.
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s0 replace dx with du and replace (x + 1)°
with ©3, and x with u — 1.

X u

2 9
) 1

S56 I'= [1 3(u — D du
= f!j(u“* - u3) du

= ‘_-;3
w o _u
-2 |

-(22-2)-(-3)
=484 - 20 =284

b jﬂ"cos xv1 + sinxdx

l

. au
u=1+sinx = e COs X, 50 replace

cos X dx with du and replace V1 + sinx with

u-,

u

- (22') - (3

So I=%(2V2 - 1)

Exercise @

1 Use the substitutions given to find:

a f.w'l +xdx;u=1+x
c fsin-‘ xdx; u=cosx

e fs&ac2 xtanxyl +tanxdx;u’=1+tanx

Replace each term in x with a term in w in the
usual way.

Change the limits. When x=2,u=2+1=3 and
when x=0,u=1.

Note that the new u limits replace their
corresponding x limits.

Multiply out and integrate. Remember there is no
need for a constant of integration with definite
integrals.

The integral can now be evaluated using the
limits for « without having to change back into x.

Useu=1+sinx.

Remember that limits for integrals involving
trigonometric functions will always be in radians.

m
x=E, meansu=1+1=2and x=0, means

u=14+0=1,

Rewrite the integral in terms of u.

- —
L Remember that 2° = V8 = 22,

Problem-solving

You could also write convert the integral back into
a function of x and use the original limits.

l +sin x ;
b Wdﬁ, U=SsImx
2 —
d f ——dx;u=vx
Vx(x —4)

f [sec*xdx;u=tanx

2 Use the substitutions given to find the exact values of:

5 —_—
a fo.w.\'+ 4dx;u=x+4

b fuzx('Z +xPdx;u=2+x

¢ fo *sinxv/3cosx + 1 dx; u=cosx m First apply a trigonometric identity.

3 —e
d fo secxtanxyvsecx + 2dx; u =secx
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Integration

@ 3 By choosing a suitable substitution, find:

c f\!m dx

X

a [x(3+2v)dx

® 4 By choosing a suitable substitution, find the exact values of:

PR | _ ¢ sin20
a | x/2+xda b [, = dx T 40
@ 5 Using the substitution #* = 4x + 1, or otherwise, find the exact value of f 5% 1 dx. (8 marks)
4x +
4x
(E/P) 6 Use the substitution u? = e* — 2 to show that hh: f_ 5dx = E + ¢Ind, where a, b, ¢

and d are integers to be found. (7 marks)

(E/P) 7 Prove that f

(E/P) 8 Use the substitution u = cos x to show

dx = arccos x + c. (5 marks)

/1 -2

) m Use exact trigonometric values to
3. 47 et soerer
j(' sin’x cos®x dx = 3¢5 (7 marks) change the limits in x to limits in u.

. 9 Using a suitable trigonometric substitution for x, find f /1 = x2dx. (8 marks)

Challenge

By using a substitution of the form x = k sinu, show that

f 1 V9 - x2
X

e dx = ox T ¢

@ Integration by parts

You can rearrange the product rule for differentiation: o e b
a5 d ¥ d” functions of x. & Section 9.4
(ut)
d.\ d.\
Mﬂ = d (uy) — v—
dx dx dx
dv du
d = |[—(u)dx - |v—d
X = f -(uv) dx — |v dx X

Diﬁerentiating a function and then integrating it leaves the original function unchanged.

So, f E% (tv) dx = uv.

= This method is called integration by parts. f u:—; dx=wuyv- |y d—"dx

dx
To use integration by parts you need to write the function you are integrating in the form u?
X

You will have to choose what to set as u and what to set as g—:-
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Find f xcos xdx

let I= f XCcos xdx

u=Xx = @ = ]
- dx
dv

— = CcOsX = V=5n .\J
ax

Using the integration by parts formula:

I =xsinx — fainx x 1dx

= XSINX +Ccosx + ¢

Find f x2ln xdx

let I= f.ﬁln X dx

du 1
= | Ay et
u nx =>ci.\ ‘\W
ﬂﬁgm_ﬁj
ax ~ 3
X x 1
lzgln\—IBx?d.\
—%-ln\—f'—g—d\
—ﬁln\—£+c'
-3 >,

Problem-solving

For expressions like x cos x, x?sin x and x’e* let u
equal the x" term. When the expression involves
Inx, for example x?n x, let # equal the In x term.

Letu=x and-d—-cosr
dx

Find expressions for u, v, g"
X
Take care to differentiate u but integrate -c%

and dv

Notice that vd—“ dx is a simpler integral than

dv dv . dx
dx
Since there is a In x term, let u = Inx and % = x°.
Find expressions for u, v, Ox and 2
dx dx

Take care to differentiate u but integrate 2.
X

— Apply the integration by parts formula.

d

— Simplify the vEH term.

dx

It is sometimes necessary to use integration by parts twice, as shown in the following example.

Find f x?e¥dx

let I= f.\'z’e"d.\'

dut
—H 2 — —; 2 B
U X d.\' X ﬂ‘

So I=x%"- l 2xe’dx
Tk

dut
Rl S ———
ax
dv
—=e‘'=>v=e'
ax
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There is no In x term, so let u = x? and % =Y,

X
Find expressions for u, v, — du — and oy

"dx dx
Take care to differentiate v but integrate gy

dx

Apply the integration by parts formula.

Notice that this integral is simpler than 7 but
still not one you can write down. It has a similar

structure to Jand so you can use integration by

parts again with u = 2x and oV e~

dx



S50 I=x% = (2,\'6‘ - IZe‘d.\f)

= x%e¥ — 2xe* + J 2e¥dx

= x%e" - 2xe* + 2e* + ¢

Evaluate f I' In x dx, leaving your answer in terms of natural logarithms.

gt F= IE Inxdx = fﬂ Inx x 1dx

I_ thenu:lnxand%: 1.
) au 1 : X S
u=inx = Tx % Remember if an expression involves [n x you
4o ' should always set u = In x.
Do y=2x
dx

2 2 1
I=[xinx]? = ["x x —dx Problem-solving

:{2!n2)—(1m1)—‘[21dx

) separately.
= 2In2 - [x];
=2In2 - (2 - 1)
—— Evaluate the limits on uv and remember In1 =0.
=2In2 -1

Exercise @

1 Find the following integrals.

Apply the integration by parts formula for a
second time.

Write the expression to be integrated as Inx x 1,

m You will need to use these

Integration

Apply limits to the uv term and the f v%':-dx term

a fx sin x dx b f xe*dx c f xseczxdx standard results. In your exam they will
” be given in the formulae booklet:
d f xsecxtanxdx e f g%
sin” x - f tan x dx = In|sec x| + ¢
2 Find the following integrals. . f secxdx = In|sec x + tan x| + ¢
a f3 In xdx b fxlnxdx c %dx . fcotxdx: In|sin x| + ¢
d f (In x)? dx & f(xz + 1)Inxdx . f cosec x dx = —In|cosec x + cot x| + ¢

3 Find the following integrals.

a fx—’e‘-"dx b fx3 cosxdx ¢ f 12x*(3 + 2x)°dx  d f2xzsin 2xdx e fz_rzseczx tan x dx

4 Evaluate the following:

X T

a f' :nzxel" dx b fn “xsinxdx c L *xcosxdx
¢ fn 143((1 + x)3dx f fn “x cos%x dx g L i sin x In (sec x) dx

d [

In x
—dx
x
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®Sa

b

6a

11.7

Use integration by parts to find f xcos4xdx. (3 marks)
Use your answer to part a to find f x?sin4xdx. (3 marks)
Find |V8 — x dx. (2 marks)
Using integration by parts, or otherwise, show that

f(..\' -2)V8-xdx= -—%(8 - x);(x +2)+¢ (6 marks)
Hence find f: (x — 2)V8 — x dx. (2 marks)
Find [sec?3xd.x. (3 marks)
Using integration by parts, or otherwise, find f xsec?3xdx. (6 marks)
Hence show that f]_,fx sec’3xdx = pr — ¢lIn 3, finding the exact values of the
constants p and g. (4 marks)

Partial fractions

= Partial fractions can be used to integrate algebraic fractions.

Using partial fractions enables an expression that looks

hard to integrate to be transformed into two or more
expressions that are easier to integrate.

Use partial fractions to find the following integrals.

|
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r_

5

ot Dx=2) dx

2 X= - i _
x+1)x-2) x+1 x-=-2

Sox-5=A(x-2)+ B(x + 1)
~6=A(-3)s0Ad=2 |

A

B

8x2—19x + 1

(2x + 1)(x = 2)?

dx

Let x = ~1:
Let x:= 2: -3 =B(3)s0 B = —TJ
xX-5 )
% [e3 e — 2
W 2 ! !
‘j(xﬂ"x—'z)d"
=2n|lx+1| -In|lx=-2| +¢
(x +1)?
=In —| €
X =

Make sure you are confident
expressing algebraic fractions as

partial fractions « Chapter 1

c fl _2x2d:c

Split the expression to be integrated into partial
fractions.

Let x = -1 and 2.

Rewrite the integral and integrate each term as in
« Section 11.2

Remember to use the modulus when using In in
integration.

The answer could be left in this form, but
sometimes you may be asked to combine the In
terms using the rules of logarithms.

« Year 1, Chapter 14



Integration

l
b let I =

Bx2 =19x + 1

ax

J@2x+ Yx-2)2
Bx2-19x+1 _ A

B

C

L It is sometimes useful to label the integral as 1.

Remember the partial fraction form for a

= - rotd o
Rx+1Nx-22 2x+1 (x-2P¢ x-2
Bx2 =19x+1=Ax -2+ B2x+ 1)+

repeated factor in the denominator.

C2x + (x - 2)
let x=2:=-5=0+5B+0s0 B=-1
let x=—3:123=224+0+050 A4 =2
ek =08 Then 1= 444 B=2C ___ Rewrite the intergral using the partial fractions.
i Note that using I saves copying the question again.
S0 1=28-1-2Cs50C=3
I's [ ( E e : + 2 ) dx Don't forget to divide by 2 when integrating
\N2x¥#1 @x-2F x-2
: 1 and remember that the integral of
=-2-in|2.\'+1\+\__2+3in\.\‘—2|+(' ex+1
' L__does not involve In.
. 1 _ 3 (x - 2)?
=In|2x + 1| + — +Inlx-2°+c¢
X =2
=In|(2x + 1)(x — 2)3| + -1_%2- + ¢ Simplify using the laws of logarithms.
tI= X
c Le f‘i = dx
2 2 __4 B Remember that 1 — x? can be factorised using
1-x2 (1=-x0+x) 1-x 1+x the difference of two squares.

S0

2=A01+ x) + B(1 = x)
let x==-1then2=2BsoB=1
let x=1then2=2A4As504 =1

Rewrite the integral using the partial fractions.

Notice the minus sign that comes from

1 1 ‘
]_f(1+.\'+1—x)d'\
=hn|t+x| =-In|1=-x| +¢
T
14+ X
—|I"I‘1_ + ¢

integrating ﬁ

When the degree of the polynomial in the numerator is greater than or equal to the degree of the
denominator, it is necessary to first divide the numerator by the denominator.

9x2=3x+2
9x* -4

Find

Let

I =

dx

‘Ox2 - 3x +

2 ax

9x? — 4.

First divide the numerator by 9x2 — 4,

9x2 + 9x? gives 1, so put this on top and subtract

1 x (9x2 — 4). This leaves a remainder of =3x + 6.
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so I= ’.(1 + 5 _3"()&.\'

9x? - 4
6—-3x _ A g B Factorise 9x? — 4 and then split into partial
Ox2 -4  3x-2 3x+2 fractions.

let x = —% then & = -4Bso B =-2

Let.\'=%thenf-‘%:4,4 soAd=1
Rewrite the integral using the partial fractions.
So I=[(1+55-=)dx [ & &
3x=-2 3x+2
=x+4in|3x=2| - &In|3x + 2|+ ¢ — Integrate and don't forget the 3

o] 3x-=-2
=X+ zin|———
> (3x + 2)2

Exercise @

1 Use partial fractions to integrate the following:

" 3x+5 b 3x -1 o 2x -6 d 3
(x+ I)(x+2) 2x+ I)(x-2) (x+3)x-1) 2+ x)(1-x)

Simplify using the laws of logarithms.

2 Find the following integrals.

x>+ 3x=1) X3+ 23242 X2 X2+ x+2
" f(x+l}(2..\‘—l)dx b f x(x+1) = = fxz—4d'\ - f3—2x—x3

dx

3= 4 .
=i -2y Y52

a Given that f(x) = 2\_A+ l + l _Bz‘_, find the value of the constants 4 and B. (3 marks)
b Hence find f f(x) dx, writing your answer as a single logarithm. (4 marks)

¢ Find f] “f(x) dx, giving your answer in the form Ink where & is a rational constant. (2 marks)

17 < 8x 3
4 () =G n 02 2 <¥<2%

a Express f(x) in partial fractions. (4 marks)
17 - 5x L .
b Hence find the exact value of fo 31200 — 0 d.x, writing your answer in the form
a + Inb, where ¢ and b are constants to be found. (5 marks)

Lo9x*+4 2
5 f(.\)—9-r1_4,..\¢¢3

a Giventhatf(x)=4 + 3\_3_ 3 - 3\‘(_7'_ 7 find the values of the constants 4, Band C. (4 marks)
b Hence find the exact value of Problem-solving
k 9‘; it dx, writing your answer in the Simplify the integral as much as possible before
$9x* -4 substituting your limits.
form a + b Inc¢, where a, b and ¢ are
rational numbers to be found. (5 marks)
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Integration

6 f(x)= % XA
a Express f(x) in partial fractions. (4 marks)
b Hence find the exact value of :% dx, writing your answer in the form @ + Inb,
where a and b are rational numbers to be found. (5 marks)
32x%+4 B C

7 T YT T R T

a Find the value of the constants A, B and C. (4 marks)

32x2+4
(4x + 1)4x - 1)

2
b Hence find the exact value of f] dx writing your answer in the form

2 + k Inm , giving the values of the rational constants k and m. (5 marks)

@ Finding areas

You need to be able to use the integration techniques from this chapter to find areas under curves.

. 9
The diagram shows part of the curve y = ——— 3 b9
Va4 +3x T VE+3x
The region R is bounded by the curve, the x-axis
and the lines x = 0 and x = 4, as shown in the R ;
diagram. Use integration to find the area of R. 1 1 1 ;
_ Remember —=—=x" L
AT 0 4 X
Area = : , -_9_-_____'51_\ L
" V4 + 3x | Use the chain rule in reverse. If y = (4 + 3x)’,
—9f4(4+3\')_':d1‘ dy 3 -1
— Yo ‘ ' F = 3(4 +3x) °. Adjust for the constant.
14 X
=dm+3nL

—cl(a+3x47-(4+3x0y) — Substitute the limits.

= 6(/16 - V4)
12 r

You don't need to give units when finding areas
under graphs in pure maths.

= The area bounded by two curves can be found using integration:
Area of R = Lb(f(x) - g(x))dx = Lbf(x)dx = f:g(x)dx

f(x)

two curves do not intersect between a and b.

=Y

g(x) m You can only use this formula if the
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Example @ "
I - y = f(x)

The diagram shows part of the curves y = f(x) and y = g(x), y=2gx)

where f(x) = sin2x and g(x) =sinxcos’x, ) < x < %

The region R is bounded by the two curves. Use integration to
find the area of R. 0

b

SRR

e Lﬁ(f(x) — AN — Theregion Ris bounded by two curves.

Substitute the limits and functions given in the
question.

= f (5in 2x = sin X c0%2X) dx

1 | g z
= [—3 cos 2X + .—j.co:aﬂ\‘]G

L Use the reverse chain rule to integrate

= (-2=1 + X0) - (- + ) sin x cos?x.

A
@ Explore the area between

two curves using technology.

Exercise @

1 Find the area of the finite region R bounded by the curve with equation y = f(x), the x-axis and
the lines x =@ and x = b.

i

3
e f(x)=xv4-x%a=0,b=2

a f(x)= = ~a=0,b=1 b f(x)=secx;a=0,b= ¢c f(x)=Inx;a=1,b=2

l +x

d f(x)=secxtanx;a=0,b= %

2 Find the exact area of the finite region bounded by the curve y = f(x), the x-axis and the lines
x =a and x = b where:

4x — | X
a f(x)= (x+2)(2x + 1),a—(), b=2 b f(x)= x + l)2,4:11'— 0.b=2
¢ f(x)=xsinx;:a=0,b= % d f(x)=cosxy2sinx+1:a=0,b =%
e f(x)=xe*a=0,b=1n2
@ 3 The diagram shows a sketch of the curve with equation, y = f(x), VA

4x + 3 1
x+2)2x—-1y" 72
Find the area of the shaded region bounded by the curve,
the x-axis and the lines x = 1 and x = 2. (7 marks)

where f(x) =

(8]
L
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@ 4 The diagram shows a sketch of the curve with equation y = f(x), where f(x) = %" + :I,E, x> 0.

® s

Find the area of the shaded region bounded by the curve, the x-axis and the lines

Integration

x=2and x =4. (7 marks)

VA

The diagram shows a sketch of the curve with equation y = g(x), where g(x) = xsin x.

y
VA y= g(\_)

A B C

>

O X
a Write down the coordinates of points m Bind the area ot exch regioh

A, Band C. separately and then add the answers. Remember
b Find the area of the shaded region. areas cannot be negative, so take the absolute

value of any negative area.

The diagram shows a sketch of the curve with equation y = x?In x.
The shaded region is bounded by the curve, the x-axis and
the line x = 2.

a Use integration by parts to find fxz In x dx. (3 marks)
b Hence find the exact area of the shaded region, giving your

answer in the form %(a In2 + b), where a and b are integers.
(5 marks)
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7 The diagram shows a sketch of the curve with equation y = 3cos xvsinx + 1.

a Find the coordinates of the points 4, B, C and D. (3 marks)

b Use a suitable substitution to find f 3cosxvsinx + | dx. (5 marks)

¢ Show that the regions R, and R, have the same area, and find the exact value of this
area in the form Va , where a is a positive integer to be found. (3 marks)

® 8 f(x)=x?and g(x) = 3x — x?
a On the same axes, sketch the graphs of y = f(x) and y = g(x), and find the coordinates of any

points of intersection of the two curves.

b Find the area of the finite region bounded by the two curves.

9 The diagram shows a sketch of part of the curves with equations y =2cosx + 2 and y = -2cos x + 4.

VA

y= -2cosx +4

2cosx +2
0 x
a Find the coordinates of the points A, Band C. (2 marks)
b Find the area of region R, in the form av3 + b(_:rr where a, b and ¢ are integers to be
found. (4 marks)
¢ Show that the ratio of R,: R, can be expressed as (3v3 + 27) : (3V3 — 7). (5 marks)

® 10 The diagrams show the curves y =sinf,0 <6 <27 and y =sin260,0 < 6 < 2.

By choosing suitable limits, show that the total shaded area in the first diagram is equal to the
total shaded area in the second diagram, and state the exact value of this shaded area.

VA
] -

vy =sinf
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Integration

® 11 The diagram shows parts of the graphs of y = sin x and y = cos x.

VA

a Find the coordinates of point 4.
b Find the areas of:
i R, ii R, iii R,
¢ Show that the ratio of areas R, : R, can be written as v2 :2.

Challenge

The diagram shows the curves y =sin2xand y=cosx, 0= x = %

VA
1 — V=5in2x
_ ) ::
" = COSX
‘
1
I
1
'l
:
0 T X
4

Find the exact value of the total shaded area on the diagram.

@ The trapezium rule

If you cannot integrate a function algebraically, you can use a numerical method to approximate the
area beneath a curve.

VA L ]
Consider the curve y = f(x): y=fx)

A g

L

0| a b

To approximate the area given by f:’y dx, you can divide 4

the area up into n equal strips. Each strip will be of width A,

where h = b ; & vl

Ry
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Chapter 11

Next you calculate the value of y for each value of x that forms a
boundary of one of the strips. Soyou find y forx =a, x=a + A,
x=a+2h,x=a+3handsoonuptox=h.

You can label these values yg, vy, y5, s, ...

YA

A

EJ’O E_."l E.VE E .VH‘-li )"ni

@ Notice that for n strips

there will be n + 1 values of x

and n + 1 values of y.
' yn'

ol a

X

Finally you join adjacent points to form n trapezia and approximate the original area by the sum of

the areas of these n trapeziums.

You may recall from GCSE maths that the area of a trapezium like this:

is given by %(yo + y)h. The required area under the curve is therefore given by:

b
L ydx = %’f()’o + ) + %11(}’1 +))+ ...+ 'é“h(}’n 1%+ Vn)

Factorising gives:

b
b ] "~1 y r ¥ 1] i Y ]
'L V dx ""fh(.}() th Nttt ) Va1t Vaa +,}’n)

b
or L ydx = %h(yo +2(V1+ Vo o F Va1 + 1)

This formula is given in the formula booklet but you will need to know how to use it.

» The trapezium rule:

where h =

b
Lydx = (Yo +2(y1 + V2 eee 4 Yua) + 1)

b-a

n

and y;=f(a + ih)

The diagram shows a sketch of the curve y = sec x. The finite region R YA
y =secx
is bounded by the curve, the x-axis, the y-axis and the line x =% ’
The table shows the corresponding values of x and y for y = sec.x.
I I A i
* | 0 2| 6| 4| 3 i g
¥ I 1.035 2 R |
0 v *
3
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a Complete the table with the values of y corresponding to x = % and x
to 3 decimal places.

4!

Integration

giving your answers

b Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate for
the area of R, giving your answer to 2 decimal places.

¢ Explain with a reason whether your estimate in part b will be an underestimate or an

overestimate.
™ 1
a 5666 = — = 1.155
5056
™ 1
secy = T = 1.414
4
‘ gl 2| =X
X O > z 5 :
y | 1 [1035]|1155 | 1414 | 2
b 1
b I= L yax = sh(yo+ 200+ y, ... + Y1) + )
f“"z(%) (1 + 21.035 + 1155 + 1.414) + 2)
m
= 2? x 10.2086
1.336 224 075..... = 1.34 (2 d.p)

c The answer would be an overestimate. The graph
is convex so the lines connecting two endpoints
would be above the curve, giving a greater
answer than the real answer

Exercise @

a Complete the table with the values for y corresponding to x =

I
3

3 T T
x 0 12 6 3
y 1 1.2559 1.6529

Substitute & = —— and the five y-values into
the formula.

rule, using GeoGebra.

Problem-solving

If f(x) is convex on the interval

m Explore under- and over-

estimation when using the trapezium

[@, b] then the trapezium rule
will give an overestimate for

b
fa f(x) dx. If it is concave then it

will give an underestimate.

=Vl +tanx

X

12

T
—and x =

@ 1 The diagram shows a sketch of the curve with equation y =1 +tanx,0 < x <

LS
4

m

3

¢

« Section 9.9

(1 mark)
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Given that [ = j; V1 + tanx dx,

b use the trapezium rule:
i with the values of y at x =0,

to 4 significant figures;

il with the values of y at x =0,

NE

o3

answer to 4 significant figures.

and

w3

ENE

™
ags

and

Ll
3

The diagram shows the region R bounded by the x-axis and the

curve with equation y = cos % - % VS %
The table shows corresponding values of # and y for y = cos L
T S L8
a 5|70 Y [ 10| 53
y 0 1 0

a Complete the table giving the missing values for y to 4 decimal places.

2

to find an approximate value for /, giving your answer
(3 marks)

to find an approximate value for 7, giving your
(3 marks)

(1 mark)

b Using the trapezium rule, with all the values for y in the completed table, find an

approximation for the area of R, giving your answer to 3 decimal places.

(4 marks)

¢ State, with a reason, whether your approximation in part b is an underestimate or
an overestimate.

d Use integration to find the exact area of R.

e Calculate the percentage error in your answer in part b.

The diagram shows a sketch of the curve with equation y =

(1 mark)
(3 marks)
(2 marks)

veY + 1

The shaded region R is bounded by the curve, the x-axis, the y-axis and the line x = 2.

a Complete the table giving values of y to 3 decimal

places.
X 0 0.5 I 1.5 2
y |[0.707 | 0.614 | 0.519 0.345

b Use the trapezium rule, with all the values from your
table, to estimate the area of the region R, giving
your answer to 2 decimal places.

The diagram shows the curve with equation y=(x - 2)Inx + I, x> 0.

(2 marks)

(4 marks)

r“

VA

a Complete the table with the values of y corresponding to PRt =2 §
x=2and x=235. (1 mark)
X 1 1.5 2 2.5 3
y 1 0.7973 2.0986
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Integration

Given that I = | ((x=2) Inx + 1) dx,

b use the trapezium rule

i with values of yat x =1, 2 and 3 to find an approximate value for /, giving your
answer to 4 significant figures. (3 marks)

ii with values of yat x=1, 1.5, 2, 2.5 and 3 to find another approximate value for 7,
giving your answer to 4 significant figures. (3 marks)

¢ Use the diagram to explain why an increase in the number of values improves the
accuracy of the approximation. (1 mark)

d Show by integration, that the exact value of j; 3((:«: —2)inx + 1)dx1s —%In 3+4. (6 marks)

5 The diagram shows the curve with equation y = xv2 - x, 0 < x < 2.

a Complete the table with the value of y corresponding VA
fox=1.5. (1 mark)
X 0 0.5 1 1.5 2
y 0 0.6124 1 0

Given that I = J; ; xv2 — xdx,

E ;

b use the trapezium rule with four strips to find an
approximate value for /, giving your answer to 4 significant figures. (5 marks)
¢ By using an appropriate substitution, or otherwise, find the exact value of L ‘WI—x dx,
leaving your answer in the form 29p, where p and ¢ are rational constants. (4 marks)
d Calculate the percentage error of the approximation in part b. (2 marks)
6 The diagram shows part of the curve with equation VA
)= 4x — 5 4x-35
PR e-3)ax+ TEERx D)
a Show that the coordinates of point 4 are (%, 0]. (1 mark)
b Complete the table with the value of y corresponding to
x = 0.75. Give your answer to 4 decimal places. (1 mark) 3 b
1 X
X 0 0.25 0.5 0.75 1 1.25
y 1.6667 | 0.9697 | 0.6 0.1667 0

4x -5
(x=3)2x+1)

Given that / = fﬂ . dx,

¢ use the trapezium rule with values of y at x =0, 0.25, 0.5, 0.75, 1 and 1.25 to find an

approximate value for 7, giving your answer to 4 significant figures. (3 marks)

d Find the exact value of f : 4\ —3 dx, giving your answer in the form In (2) (4 marks)
0 (x=-3)2x+1) 7 b

e Calculate the percentage error of the approximation in part c. (2 marks)
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7 1= [’ dx

a

Given that y = e">*I, complete the table of values of y corresponding to x = 0.5,

1 and 1.5. (2 marks)
X 0 0.5 1 1.5 2 2.5 3
y 2.7183 9.3565 | 11.5824 | 14.0940
Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate
for the original integral, /, giving your answer to 4 significant figures. (3 marks)
Use the substitution 7 = V2x + | to show that / may be expressed as J; bkre" dz,
giving the values of the constants a, b and k. (5 marks)

Use integration by parts to evaluate this integral, and hence find the value of 7 correct

to 4 significant figures. (4 marks)
Given that y = cosec x, complete the table with values of y corresponding to
5= 51_1;, g and % Give your answers to 5 decimal places. (2 marks)

P s o L I 2n

3 12 2 12 3

y 1.15470 1.15470
Use the trapezium rule, with all the values of y in the completed table, to obtain an
estimate for _L'Tcosec x dx. Give your answer to 3 decimal places. (4 marks)
Show that f;COSGC xdx=1In3. 3109 For part ¢ you may use the standard

' integral for cosec x from the formulae booklet:
f cosec xdx = - In|cosec x + cot x| + ¢
(3 marks)

Calculate the percentage error in using the estimate obtained in part b. (2 marks)

m Solving differential equations

Integration can be used to solve differential
equations. In this chapter you will solve first order
differential equations by separating the variables.

d
= When d—y = f(x)g(y) you can write

m A first order differential equation

contains nothing higher than a first order

dy
derivative, for example d_ A second order
X

differential equation would have a term that
contains a second order derivative, for

d?
example K};

X
fﬁdy:ff(x)dx

The solution to a differential equation will be a function.

When you integrate to solve a differential equation you still need to include a constant of integration.
This gives the general solution to the differential equation. It represents a family of solutions, all
with different constants. Each of these solutions satisfies the original differential equation.
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Integration

d »
For the first order differential equation = 40 12x?% -1, the general solution is y = 4x3 — x + ¢,

ory=x(@2x-102x+1) +c. dx

Each of these curves represents a particular
solution of the differential equation, for different
values of the constant ¢. Together, the curves
form a family of solutions.

a1/ /L O 1 ] X
? 2 LY
/—:l‘ @ Explore families of solutions

using technology.

y
Find a general solution to the differential equation (1 + x*)—— = xtan y.

dx
L A R WA the squationin he form — = fixigly)
% ToaZ 20 rite the equation in the orma_ (x)g(»).
LI T
Jtany 1 + X2 [ Now separate the variables:
| X 1
j cotydy = f T 2 20) dy = f(x) dx
In|siny| = %In|1 + 2| +¢
or In|siny| =3In|1+ x%| +Ink Use coty = tany
In|siny| = In|kv1 + x2|
— cot xdx = In|sin x| + ¢
S0 siny = kV1 + x? { f [ |

— Don't forget the +¢ which can be written as In k.
Finally remove the [n. Sometimes you might be

asked to give your answer in the form y = f(x).
This question did not specify that so it is
acceptable to give the answer in this form.

— Combining logs.

Sometimes you are interested in one specific solution to a differential equation. You can find a
particular solution to a first-order differential equation if you know one point on the curve.
This is sometimes called a boundary condition.

Find the particular solution to the differential equation m e Boundary
dy _ -3(y - 2) condition in this question is
dx ~ 2x+ 1)(x+2) that x = 1 when y = 4.

given that x = | when y = 4. Leave your answer in the form y = f(x).
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» -3 -
j}-‘ - dy = f(2\ + 1)(x + 2>d.\

-3 A B

Cxax+2) - @x+1 " 5+2)
-3 =Alx+ 2)+ B(2x + 1)

let x ==2: -3 =-3B s0 B=1
Let x = —: -3=24 s0 A=-2
So

First separate the variables. Make sure the
t function on the left-hand side is in terms of y
only, and the function on the right-hand side is in
terms of x only.

Convert the fraction on the RHS to partial
fractions.

S | 1 2
/ S —p = / (;;—é B Xﬂ) X

Injy = 2| =lnjx+ 2| =In|2x + 1| + Ink

Rewrite the integral using the partial fractions.

Integrate and use +In k instead of +c.

k(x + 2)‘

Inly=2] =In % 1 ]

Combine In terms.

Remove In.

Use the condition x = 1 when y = 4 by
— substituting these values into the general

solution and solving to find k.

il k(é\-.:+21)
4 =P k(-12++—21) = k=2
So y=2+ 2(-‘21:\_:21)
Sk b 2A\‘3+ 1 —

Exercise @

1

Substitute k = 2 and write the answer in the form
y = f(x) as requested.

Find general solutions to the following differential equations, Give your answers in the
form y = f(x).
dy dy
a:(l + ¥)(1 - 2x) a=ytanx
9 d}’ o AT d"]‘ -
¢ cos'-xa = p?sin®x d = 2ex-)
Find particular solutions to the following differential equations using the given boundary
conditions.
dy | y 'y dy 5 5 iy
a P sin x cos*x; y=0, x = 3 dx = Secixsecy; y = 0, x= 4
dy , , T . dy cosy
¢ 3= 2COs*ycos?x; y = 2 X= 0 d sinycos X gy -cosx V= 0,x=0
a Find the general solution to the differential equation
dy m Begin by factorising
X2 a—; = y + Xy, giving your answer in the form y = g(x). the right-hand side of the

equation.

b Find the particular solution to the differential equation that
satisfies the boundary condition y = e*at x = —1.
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@ 4 Given that x = 0 when y = 0, find the particular solution to the differential equation

.
2y +2 y.r)3 =1 - y?, giving your answer in the form y = g(x). (6 marks)

5 Find the general solution to the differential equation e"‘*-“d—'Y = 2x + xe’, giving your answer
in the form In|g(y)| = f(x). ) (6 marks)

},‘
@ 6 Find the particular solution to the differential equation (1 - xz)a'—\_ = xy + y, with boundary

condition y = 6 at x = 0.5. Give your answer in the form y = f(x). (8 marks)

d »
@ 7 Find the particular solution to the differential equation (1 + -\:3}5}\. = x — xy2, with boundary

condition y = 2 at x = 0. Give your answer in the form y = f(x). (8 marks)
: : : . : . dy . o
@ 8 Find the particular solution to the differential equation A xe™, with boundary condition
y=1In2at x =4. Give your answer in the form y = f(x). (8 marks)
: . : . . . dy - ae it
(E/P) 9 Find the particular solution to the differential equation dx = CosTy +cos 2x cosy, with
boundary condition y = % atx= % Give your answer in the form tan y = f(x). (8 marks)
. ™ . . . dy .
@ 10 Giventhaty=1atx= > solve the differential equation qx = Xysmx. (6 marks)
® 11 a Find [2X1 %45, x>0, o (2 marks)
. ' : : . dy 3xyy+4yy
b Given that y = 16 at x = 1, solve the differential equation F P % giving
your answer in the form y = f(x). ) (6 marks)
@ 12 a Express L md in partial fractions. (3 marks)
Bx-8)(x -2)
b Given that x = 3, find the general solution to the differential equation
dy
(x-2)3x-8 d_\ =(8x - 18)y (5 marks)
¢ Hence find the particular solution to this differential equation that satisfies y =8 at x = 3,
giving your answer in the form y = f(x). (4 marks)

d y
® 13 a Find the general solution of d—"; =2x -4,

b On the same axes, sketch three different particular solutions to this differential equation.

dy ]

(E/P) 14 a Find the general solution to the differential equation T 1) (3 marks)
b On the same axes, sketch three different particular solutions to this differential

equation. (3 marks)

¢ Write down the particular solution that passes through the point (8, 3.1). (1 mark)
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A

15 a Show that the general solution to the differential equation — = - X can be written in

e dx =77
the form x* + y* =c. (3 marks)
b On the same axes, sketch three different particular solutions to this differential
equation. (3 marks)
¢ Write down the particular solution that passes through the point (0, 7). (1 mark)

m Modelling with differential equations

Differential equations can be used to model real-life situations.

The rate of increase of a population P of microorganisms at time ¢, in hours, is given by

dP
T 3P,k>0

Initially the population was of size 8.

a Find a model for P in the form P = Ae¥, stating the value of A4.

b Find, to the nearest hundred, the size of the population at time 7 = 2.

¢ Find the time at which the population will be 1000 times its starting value,
d State one limitation of this model for large values of .

dP
dr ~ _E
l* il 4P = f 3 4t Integrate this function by separating the
J P variables.
inP=3t+c
P=gd3%c=g3 x e° Apply the laws of indices.
P = Ae:ﬂ |_
A= gl A=g e“ is a constant so write it as 4.
FP= Be e : ;
You are told that the initial population was 8. This

b P=8e™ gives you the boundary condition P =8 when 1 =0.
P=8e3%% = et
= 32274... = 3200

L Substitute ¢ = 2.

¢ P =1000 x & = 8000
= 3t
8000 = e Solve by taking the natural log of both sides of
2
1000 = e~ T the equation.
in1000 = 3t
= +In1000 ; : -
C | m Explore the solution to this O
= 2.3 hours = 2h 1&mins example graphically using technology.
d The population could not increase in size in
this way forever due to limitations such as m When commenting on a model you
available food or space. should always refer to the context of the question.
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Water in a manufacturing plant is held in a large cylindrical tank of diameter 20m. ¢ >

Water flows out of the bottom of the tank through a tap at a rate proportional

to the cube root of the volume.

a Show that r minutes after the tap is opened,
b Show that the general solution to this differential equation may be written

ash=(P- Qt)'i, where P and Q are constants.

dh Ay
o = —kVh for some constant k. h

Integration

Initially the height of the water is 27 m. 10 minutes later, the height is 8 m.

¢ Find the values of the constants P and Q.

d Find the time in minutes when the water 1s at a depth of I m.

a

V =arch = 1007h

dl 100
dh
dV _ _ eV
dt .*
= — ¢ V1007h
dh _ dh ) dv
dr — dV " di
dh 1 S
4 = ooz X ¢ V100wh)
| S ATO0R | 10
- 100 /'
- Vh __ ¢V100%
So ke -kVh, where k = 2

fh_.':: dh = —fk dt

2h' = ki + ¢
W= -2kt + 2¢
h=-Q1+ P
h=(P- 0l
=20 h= 27
27=P = P=9
i=10 h=8
8 = (9 - 10Q)°
4=9-10Q
Q=7

Use the formula for the volume of a cylinder. The
diameter is 20, so the radius is 10.

Problem-solving

You need to use the information given in the
question to construct a mathematical model.
Water flows out at a rate proportional to the cube

root of the volume.

aF is negative as the water is flowing out of the

dr
tank, so the volume is decreasing.

Use the chain rule to find dh

dt

. dh dVv
Substitute for % and

dr
dh _ 1 _ 1
dy dV 100w
dh

¢ was the constant of proportionality and = is
¢ x V1007

= k is a constant.
1007 -

constant so

Integrate this function by separating the
variables.

Let Q=%kand P=%¢
Use the boundary conditions to find the values
of P and Q. If there are two boundary conditions

then you should consider the initial condition
(when ¢t = 0) first.
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d h=(9—%f)'

1 =1(9 =L1)
(9 - 21) Set i =1 and solve the resulting equation to find

1=9 -3t the corresponding value of 1.

t=16 minutes |

Exercise @

@® 1

The rate of increase of a population P of rabbits at time ¢, in years, is given by %? =kP, k>0.

Initially the population was of size 200.

a Solve the differential equations giving P in terms of k and «. (3 marks)
b Given that k = 3, find the time taken for the population to reach 4000. (4 marks)
¢ State a limitation of this model for large values of 1. (1 mark)

The mass M at time ¢ of the leaves of a certain plant varies according to the differential equation
dm

C Sl
a Given that at time 1 = 0, M = 0.5, find an expression for M in terms of 1. (5 marks)
b Find a value of M when 7 = In 2. (2 marks)
¢ Explain what happens to the value of M as t increases. (1 mark)

The thickness of ice x, in cm, on a pond is increasing at a rate that is inversely proportional
to the square of the existing thickness of ice. Initially, the thickness is | cm. After 20 days, the
thickness is 2cm.

a Show that the thickness of ice can be modelled by the equation x = 1:, %r + 1. (7 marks)
b Find the time taken for the ice to increase in thickness from 2cm to 3cm. (2 marks)

A mug of tea, with a temperature 7°°C is made and left to cool in a room with a temperature of
25°C. The rate at which the tea cools is proportional to the difference in temperature between

the tea and the room.

a Show that this process can be described by the differential equation % = —k(T - 25),
explaining why k is a positive constant. (3 marks)

Initially the tea is at a temperature of 85°C. 10 minutes later the tea is at 55°C.

b Find the temperature, to 1 decimal place, of the tea after 15 minutes. (7 marks)

The rate of change of the surface area of a drop of oil, 4 mm?, at time 7 minutes can be

El

. d4 A
modelled by the equation ar =108

Given that the surface area of the dropis Imm?at 7 =1,

a find an expression for 4 in terms of 7 (7 marks)
b show that the surface area of the drop cannot exceed %]-mmz. (2 marks)
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6 A bath tub is modelled as a cuboid with a base area of 6000 cm?. Water flows into the bath tub
from a tap at a rate of 12000 cm?¥/min. At time 7, the depth of water in the bath tub is /# cm.
Water leaves the bottom of the bath through an open plughole at a rate of 500/ cm*/min.

a Show that r minutes after the tap has been opened, 60% =120 - 5h. (3 marks)
When t=0, i =6cm.
b Find the value of r when 2 = 10cm. (5 marks)
1 . : :
7 a Express P(10000 = P) using partial fractions. (3 marks)
The deer population, P, in a reservation can be modelled by the differential equation
dP 1
ar =200 P(10000 — P)
where 7 is the time in years since the study began. Given that the initial deer population is 2500,
b solve the differential equation giving your answer in the form P = ﬁ (6 marks)
¢ Find the maximum deer population according to the model. (2 marks)

8 Liquid is pouring into a container at a constant rate of 40cm?*s™! and is leaking from the

container at a rate of 7/ cm®s~!, where Vcm? is the volume of liquid in the container.

a Show that — %[; = V- 160. (2 marks)

Given that V' = 5000 when 7 = 0,

1
b find the solution to the differential equation in the form V = a + be™', where ¢ and b are
constants to be found (7 marks)

¢ write down the limiting value of Vas t — <. (1 mark)

9 Fossils are aged using a process called carbon dating. The amount of carbon remaining in a fossil,

R, decreases over time, 7, measured in years. The rate of decrease of carbon is proportional to the
remaining carbon.

a Given that initially the amount of carbon is R,, show that R = R,e (4 marks)

It is known that the half-life of carbon is 5730 years. This means that after 5730 years the
amount of carbon remaining has reduced by half.

b Find the exact value of k. (3 marks)
¢ A fossil is found with 10% of its expected carbon remaining. Determine the age of the
fossil to the nearest year. (3 marks)

Mixed exercise @

1 By choosing a suitable method of integration, find:

a [(2x-3)"dx b fxv“ 4x -1 dx ¢ f sin? x cosx dx
o 4sinxcosx , 1 _
d f.\ Inxdx 24— 8sinlx dx f f3 —x dx
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2 By choosing a suitable method, evaluate the following definite integrals. Write your answers as

(E/P) 3

(E/P) 4
(E/P) 5

EP) 10

330

exact values.

a f_t:x(xz + 3)5dx

c f:(lﬁ.\'% - %) dx
4

%
b f o X sec? xdx

d f_ﬁ(cos X + sin x)(cos x — sin x)dx
12

N n2 ]
e | 16x7+8x-3%" et
e] 2
a Show thatfl ;ln,x-d;\—= -5
i P | 1 4p—2
b Given that p > 1, show that | PFRT RIS kL

Given flb(% - -\—5) dx = %, find the value of 5.

9

Given chos xsin? x dx = g, where 6 > 0, find the smallest possible value of 6.

Using the substitution > = x + 1, where x > -1,

X )
a find f\‘“x = dx.

3
b Hence evaluate dx.

0 vx.\' + 1

a Use integration by parts to find f xsin 8x dx.

b Use your answer to part a to find fx3 cos 8xdx.

5x2 - 8x + 1
) == - 1)
. A B C
a Given that f(x) = S + N + -1 find the values of the constants 4, B and C.

b Hence find ff'(x)dx.

¢ Hence show that Lgf(x)dx =n(F) -3

: 1 48
Given that y = x* + —, x > 0,
’ dy

dx
b Show that the value of y which you found is a minimum.

a find the value of x and the value of y wher

The finite region R is bounded by the curve with equation y = X4 g the lines x = 1,
X =4 and the x-axis.

¢ Find, by integration, the area of R giving your answer in the form p + gInr,
where the numbers p, g and r are constants to be found.

a Find [x?In2xdx.

b Hence show that the exact value of j; 3.\'3 In2xdx1s 91n6 — 215

72

(5 marks)

(5 marks)

(4 marks)

(4 marks)

(5 marks)
(2 marks)

(4 marks)
(4 marks)

(4 marks)
(4 marks)
(4 marks)

(3 marks)
(2 marks)

(4 marks)

(6 marks)
(4 marks)
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11 The diagram shows the graph of y=(1 +sin2x)2, 0 = x =< %TW VA y

Show that (1 + sin 2x)? = %( 3+4sin2x —cos4x). (4 marks)

a SRR ) ) ,
b Hence find the area of the shaded region R. (4 marks) ) Y
¢ Find the coordinates of A4, the turning point on
the graph. (3 marks)
o Iz X
=5
@ 12 a Find fxe“" dx. (4 marks)
b Given that y = % at x = 0, solve the differential equation
dy X
©dx " sin2y (f marks)
@ 13 a Find fx sin 2x dx. (5 marks)
b Giventhat y=0at x = % solve the differential equation d—i = x sin 2x cos?y. (5 marks)
14 a Obtain the general solution to the differential equation
Y B 5 3 mark
=V (3 marks)
b Given also that y = | at x = |, show that
2 3<x<V3
—1 —_/ ¥ f
yET X <\
is a particular solution to the differential equation. (3 marks)
The curve C has equation y = T +/3
¢ Write down the gradient of C at the point (1, 1). (1 mark)
d Hence write down an equation of the tangent to C at the points (1, 1), and find the
coordinates of the point where it again meets the curve. (4 marks)
® 15 a Using the substitution # = 1 + 2x, or otherwise, find
4x I
P — ] -1 3 - : —
1+ 20 dx, x > (5 marks)
b Given that y = % when x = 0, solve the differential equation
W x
(1 + 2x)- dx = o (5 marks)
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@ 16

EP) 18

(® 19

332

" . . > 1 | ;
The diagram shows the curve with equation y = xe**, -5 < x <3 T4 o rad

The finite region R, bounded by the curve, the x-axis and the
line x = —% has area A4,.

The finite region R, bounded by the curve, the x-axis and the
line x = % has area 4.

a Find the exact values of A4, and 4, by integration. (6 marks)

o] — PR

b Show that 4,: 4,=(e —2):¢ (4 marks) X
a Find fxze‘-" dux. (5 marks)
dy
b Use your answer to part a to find the solution to the differential equation a = X2 =X
given that y = 0 when x = 0. Express your answer in the form y = f(x). ' (7 marks)
The diagram shows part of the curve y = ¢’ + 1 and the line y = 8. é‘ﬂ i e“; I
The curve and the line intersect at the point (A, 8). ] -
a Find A, giving your answer in terms of natural -"' ,
logarithms. (3 marks) :
The region R is bounded by the curve, the x-axis, ;
the y-axis and the line x = /. p B0
b Use integration to show the area of Ris 2 + %ln 7. (5 marks) % ; .
0 h x
a Given that
X2 B &
x? =1 =A+x—l TS
find the values of the constants 4, B and C. (4 marks)
b Given that x =2 at r = 1, solve the differential equation
dx 2
—= ) m—— Y
3 2 o x> 1
You do not need to simplify your final answer. (7 marks)
The curve with equation y=e** —e™, 0 < x < |,isshown  »a
in the diagram. The finite region enclosed by the curve, el e
the x-axis and the line x = 1 is shaded. ’
The table below shows the corresponding values of x and y y
with the y values given to 5 decimal places as appropriate. g
rl’-.;
x 0 0.25 0.5 0.75 | ,3.
y 0 0.86992 | 2.11175 7.02118 ) :i ¥
a Complete the table with the missing value for y.
Give your answer to 5 decimal places. (1 mark)
b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for
the area of R, giving your answer to 4 decimal places. (3 marks)



Integration

¢ State, with a reason, whether your answer to part b is an overestimate or an

underestimate. (1 mark)
d Use integration to find the exact value of R. Write your answer in the form
e’+ Pe+Q
e where P and Q are constants to be found. (6 marks)
e Find the percentage error in the answer to part b. (2 marks)

21 The rate, in cm?s~!, at which oil is leaking from an engine sump at any time 7 seconds is
proportional to the volume of oil, ¥'cm?, in the sump at that instant. At time t =0, V' = A.

a By forming and integrating a differential equation, show that

V=Aek
where k is a positive constant. (5 marks)
b Sketch a graph to show the relation between V and . (2 marks)
Given further that V' = %A att=T,
¢ show that kT =1n2. (3 marks)
; ; . . dy %
(E/P) 22 a Show that the general solution to the differential equation — = can be
: . . dx k-y
written in the form x> + (y - k)’ = c. (4 marks)
b Describe the family of curves that satisfy this differential equation when k = 2. (2 marks)
23 The diagram shows a sketch of the curve y = f(x), VA

where f(x) = %lenx -x+2,x>0.
The region R, shown in the diagram, is bounded by the

curve, the x-axis and the lines with equations x = 1 i
and x =4. g
The table below shows the corresponding values of x and ] i
y with the y values given to 4 decimal places as appropriate. 0 l 4 &
x 1 1.5 2 2.5 3 3.5 4
y 1 0.6825 | 0.5545 | 0.6454 1.5693 | 2.4361
a Complete the table with the missing value of y. (1 mark)
b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for
the area of R, giving your answer to 3 decimal places. (3 marks)
¢ Explain how the trapezium rule could be used to obtain a more accurate estimate for
the area of R. (1 mark)
d Show that the exact area of R can be written in the form% + g Ine, where a, b, c. d
and e are integers. (6 marks)
e Find the percentage error in the answer in part b. (2 marks)
() 24 a Find [x(1+ 22 dx. (3 marks)
b Given that y = % at x = 0, solve the differential equation
dy
K = x(1 + 2x%)° cos?2y (5 marks)
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25 By using an appropriate trigonometric substitution, find f l +l \‘zd.\‘. (5 marks)

26 Obtain the solution to
dy

x(x + 2)-& =y,y>0,x>0
for which y = 2 at x = 2, giving your answer in the form )? = f(x). (7 marks)
27 An oil spill is modelled as a circular disc with radius » km and area 4 km?. The rate of increase

of the area of the oil spill, in km?/day at time ¢ days after it occurs is modelled as:

d_A:ksin(L),(}srs 12

ds 37
dr k . [t
a Show that i ( 3ﬂ) (2 marks)

Given that the radius of the spill at time 7 = 0 is 1 km, and the radius of the spill at time
t=m2is 2km:
b find an expression for #? in terms of ¢ (7 marks)

¢ find the time, in days and hours to the nearest hour, after which the radius of the spill
1s 1.5 km. (3 marks)

Challenge m Draw a sketch of each function.

Given f(x) = x2 — x =2, find:

a [ [fty]dx b [ f(x dx
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Summary of key points

.n+1

1 ﬁﬂdx-n +c j&dx:eﬂ+c f%dx=h¢d+c

+1
fcosxdx =sinx +c¢ fsin xdx=-=cosx + ¢ fseczx =tanx + ¢

fcosec xcotxdx = —cosecx + ¢ fcosecax dx=-cotx+c¢ f secxtanxdx =secx + ¢

2 [flax+B)dx=1fax+b)+c

3 Trigonometric identities can be used to integrate expressions. This allows an expression that
cannot be integrated to be replaced by an identical expression that can be integrated.

x, try In|f(x)| and differentiate to check, and

4 To integrate ex

then adjust any constant. f( )

5 To integrate an expression of the form fkf "(xX)(F(x))"dx, try (f(x))" * ! and differentiate to
check, and then adjust any constant.

6 Sometimes you can simplify an integral by changing the variable. This process is similar to
using the chain rule in differentiation and is called integration by substitution.

du

vdxd

7 The integration by parts formula is given by: fug-%dx =uy -

8 Partial fractions can be used to integrate algebraic fractions.
9 The area bounded by two curves can be found using integration:

Area of R = _E (f(x) — g(x))dx = f:f(x) dx= fg(x) dx

10 The trapezium rule is:

b
Lyd-m%h(ywz(yl + Y2 it Yn-1) + V)

where i = b 4 and v, = fla + ih).

dy
11 When d_) = f(x)g(y) you can write

f—dy [ dx
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2 Vectors

After completing this chapter you should be able to:

® Understand 3D Cartesian coordinates -» pages 337-338
® Use vectors in three dimensions - pages 339-343
® Use vectors to solve geometric problems -» pages 344-347
® Model 3D motion in mechanics with vectors -» pages 347-349

Prior knowledge check
1 Given that p=3i-jand q = -i + 2j, calculate:
azp+q b -3p +4q
« Year 1, Section 11.2
2 Given that a = 5i — 3}, work out:
a the magnitude of a

b the unit vector that is parallel to a.

« Year 1, Section 11.3

3 M isthe midpoint of the line segment AB.

You can use vectors to
describe relative positions
in three dimensions.

This allows you to solve
geometrical problems

in three dimensions and
determine properties of 3D
2 solids. - Mixed exercise Q9

Given that AB = 4i + J
_—
a find BM interms of i and .
The point P lies on AB such that AP: PB=3:1.
b Find AP interms of i andj.

« Year 1, Section 11.5




Vectors

@ 3D coordinates

Cartesian coordinate axes in three dimensions are usually called x-, y- and z-axes, each being at right
angles to each of the others.

The coordinates of a point in three dimensions are written as (x, y, z).

i m To visualise this, think of the x- and
y-axes being drawn on a flat surface and the

z-axis sticking up from the surface.

W
_1‘

You can use Pythagoras’ theorem in 3D to find distances on a 3D coordinate grid.

= The distance from the origin to the point (x, y, 7) is /x2 + y2 + 72,

Find the distance from the origin to the point P(4, -7, —1).

OP = |42 + (-7)% + (-1)? Substitute the values of x, y and z into the
=6 +49 +1 formula. You don't need to give units with

o distances on a coordinate grid.
=y

You can also use Pythagoras’ theorem to find the distance between two points.

= The distance between the points (x,, y,, z,) and (x;, y,, 2,) is

\'/(xl = X2)2 + (y1 = p2)% + (21— 22)?

Find the distance between the points A(1, 3, 4) and B(8, 6, -5), giving your answer

told.p.
AB=\/(1-8)"+(3 -6)" + (4 - (-5))7 —————— Be careful with the signs - use brackets when you
= J(=7)2 + (-3)2 + 92 substitute.
=vV49 + 9 + 81

=139 = 11.8 (1 d.p)
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The coordinates of 4 and B are (5, 0, 3) and (4, 2, k) respectively.
Given that the distance from A4 to B is 3 units, find the possible values of k.

Problem-solving

AB=(5-4)72+(0-2)2+3-k)? =
Use Pythagoras’ theorem to form a quadratic

T+4+@-ck+k)=3

equation in k.
1+4+9-6k+k?=9
k#-6k+5=0 — Square both sides of the equation.
(k =5)k-1=0
k=1ork=5 — Solve to find the two possible values of k.

@ Explore the solution to this O

example visually in 3D using GeoGebra.

Exercise @

1 Find the distance from the origin to the point P(2, 8, —4).

2 Find the distance from the origin to the point P(7, 7, 7).

3 Find the distance between 4 and B when they have the following coordinates:
a A(3,0,5)and B(l, -1, 8)
b A8, 11,8)and B(-3, 1, 6)
¢ A(3,5,-2)and B(3, 10, 3)
d A(-1.-2,5)and B4, -1. 3)

® 4 The coordinates of 4 and B are (7, -1, 2) and (k, 0, 4) respectively.
Given that the distance from A4 to B is 3 units, find the possible values of k.

® 5 The coordinates of 4 and B are (5, 3, —8) and (1, k., —3) respectively.
Given that the distance from 4 to B is 3V10 units, find the possible values of k.

Challenge

a The points A(1, 3, =2), B(1, 3, 4) and C(7, -3, 4) are three vertices of a
solid cube. Write down the coordinates of the remaining five vertices.

An ant walks from A4 to C along the surface of the cube.

b Determine the length of the shortest possible route the ant can take.
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@ Vectors in 3D

You can use 3D vectors to describe position and displacement relative to the x-, y- and z-axes.
You can represent 3D vectors as column vectors or using the unit vectors i, j and k.

= The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively.

(1) (o) (o)
i=|0 j=(1 k=|0
0 0 1 m 3D vectors obey all the same addition and

P scalar multiplication rules as 2D vectors.
= Forany 3D vectorpi+gj+rk=|g & Year 1, Chapter 11
r

Consider the points A(1, 5, -2) and B(0, -3, 7).

a Find the position vectors of 4 and B in ijk notation.
—_

b Find the vector AB as a column vector.

. DA =i4 5§ — 2k OB = — 35 + 7k The pt.)SEtIOﬂ vector {-}f a point is the vector from
| the origin to that point.
— _— —

b AB = OB - 04 OB has no component in the i direction. You

0 1 -1 could write it as 0i - 3j + 7k.
7 -2 o

L When adding and subtracting vectors it is often
easier to write them as column vectors.

SETE o
2 4 :
The vectors a and b are given as a = (-—3) and b = (-—2). m Betioin cReuiaHons of %

5 0 3D vectors using your calculator.

a Find:
i 4a+Db ii 2a-3b

b State with a reason whether each of these vectors is parallel to 4i - 5k.

2 4 Use the rules for scalar multiplication and
a i 4a+b= 4(-—3) - (-—2) | |l addition of vectors:

G0 | 0

20 O

12
()

20
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{33

-14
b i 4a+b=(—14)=33

(0

1

Q-3
9

20

20
3

4

which is not a multiple of ( @) )
=5

4a + b is not paraliel to 4i — S5k

(@)

4
which is a multiple of ( @) )
-5
2a — 3b is parallel to 4i — 5k

Find the magnitude of a = 2i — j + 4k and hence find @, the unit vector in the direction of a.

The magnitude of a is given by

V27 + (=1)% + 47
V21

@ Check your answer using the

vector functions on your calculator.

You can find the angle between a given vector and any of the coordinate
axes by considering the appropriate right-angled triangle. 0

= [f the vector a = xi + yj + zk makes an angle 6, with the positive

x-axis then cos 6, =

340

.4

=

and similarly for the angles 6, and 6,

Two vectors are parallel if one is a multiple of
the other. Make the x-components the same and
compare the y- and z-components with 4i - 5k.

4 — 5k = 4i + 0j — 5k. Make sure you

include a 0 in the j-component of the column

vector.

Use Pythagoras’ theorem.

You could also write this as L_i -
vel

1
V21

4
vl

Y

m This rule also

works with vectors
in two dimensions.



Find the angles that the vector a = 2i — 3j — k makes with each of the positive coordinate axes

to 1 d.p.

Vectors

|a| = 1_-"22 + (—3)3 - f—1)2 =v4 + 9 +1=y14

X

6, = 143.3° (1 d.p)

—_—

|a 1
0. = 105.5° (1 d.p)

cosl. =
\.

First find |a| since you will be using it three times.

= (0.5345...
. Write down at least 4 d.p., or use the answer
button on your calculator to enter the exact value.
= -0.8017.
The formula also works with negative
components. The y-component is negative, so the
= -0.2672 " vector makes an obtuse angle with the positive

y-axis.

The points 4 and B have position vectors 4i + 2j + 7k and 3i + 4j — k relative to a fixed origin, O.

—_—
Find AB and show that AOAB is isosceles.

- 4\ _, 3

OA=a=|2|.0B=b-= (4) Write down the position vectors of 4 and B.

7 -1
— 3 4 - o
AB=b-a=|4|-|2]|=]| 2 Use AB=b-a.
-1 7 -5

4B = /)2 + 22

+(-8)? =/69 This is the length of the line segment 4B.

|0_A’| =42 4 22 4 7%

loBl = 32+ 47 ¢

So AOAB is isosceles, with AB = OA.

Exercise @

1 The vectors a and b are defined by a = (

a Find:

i a-b

V69

|

(-1)2 = V26 _J

| Find the lengths of the other sides O4 and OB

of AOAB.

w Explore the solution to this

example visually in 3D using GeoGebra.

| 4
2 landb=|-3].
-4

3

ii —a+3b

b State with a reason whether each of these vectors is parallel to 6i — 10j + 18k.
-3
-2

3
2 Jland b= :
-1 4

Show that the vector 3a + 2b is parallel to 6i + 4j + 10k.

2 The vectors a and b are defined by a = (
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1 4
® 3 The vectors a and b are defined by a = ( 2 ) and b = (q)
4 r

Given that a + 2b = 5i + 4j, find the values of p, g and r.
4 Find the magnitude of:

a 3i+5j+k b 4i-2k ci+j-k
d 5i-9j- 8k e i+5j-7k

5 2 7
5 Given thatp = (0) q= ( 1 ) andr = (—4). find in column vector form:

2 -3 2
ap+q bq-r cp+q+r
d 3p-r e p-2q+r

6 The position vector of the point A4 is 2i — 7j + 3k and E =5i+4j-k.
Find the position vector of the point B.

® 7 Given that a = 7i + 2j + 3k, and that |a| = 7, find the possible values of .
(P) 8 Given thata =5 + 2¢j + k, and that [a] = 3/T0, find the possible values of 7.

9 The points 4, B and C have coordinates (2, 1, 4), (3, -2, 4) and (-1, 2, 2).

a Find, in terms of i, jand k:
i the position vectors of 4, Band C

i AC
b Find the exact value of:

—_—

i [acl

i [oC|

10 P is the point (3, 0, 7) and Q is the point (-1, 3, -5). Find:

—_
a the vector PQ

b the distance between P and QO

—
¢ the unit vector in the direction of PQ.

11 OA is the vector 4i — j — 2k and OB is the vector 2i + 3j + k. Find:

—_—
a the vector AB
b the distance between 4 and B

—
¢ the unit vector in the direction of AB.
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12 Find the unit vector in the direction of each of the following vectors.
3 V2 /5
ap= (—4) bq=| -4 ¢ ¥=|=22
=2 —\“;7 —\-'F?;

8 8 12
13 The points 4, B and C have position vectors (—7), (—3) and (—6) respectively.

e - 4 3 3
a Find the vectors AB, AC and BC. (3 marks)
b Find |E L |‘R'+ | and |B_C: | giving your answers in exact form. (6 marks)
¢ Describe triangle ABC. (1 mark)

@ 14 A is the point (3, 4, 8), B is the point (1, =2, 5) and C'is the point (7, -5, 7).

) —_— — e
a Find the vectors AB, AC and BC. (3 marks)
b Hence find the lengths of the sides of triangle ABC. (6 marks)
¢ Given that angle 4 BC = 90° find the size of angle BAC. (2 marks)

15 For each of the given vectors,

3 2
a -i+7j+k b |4 c |0
7 -3
find the angle made by the vector with:
i the positive x-axis ii the positive y-axis iii the positive z-axis

® 16 A scalene triangle has the coordinates (2, 0, 0), (5, 0, 0) and (4, 2, 3).
Work out the area of the triangle.

17 The diagram shows the triangle POR. R
Given that PQ = 3i — j + 2k and

—_— . " P
OR = -2i + 4j + 3k, show that
<POR=78.5°to 1 d.p.

(5 marks)

Challenge

Find the acute angle that the vector a = -2i + 6j — 3k makes with the x-y plane.
Give your answer to 1 d.p.
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@ Solving geometric problems

You need to be able to solve geometric problems involving vectors in three dimensions.

A, B, Cand D are the points (2, -5, -8), (1, =7, =3), (0, 15, —=10) and (2, 19, —20) respectively.
a Find AB and DC giving your answers in the form pi + q] + rk
b Show that the lines 4B and DC are parallel and that DC‘ 2A B.

¢ Hence describe the quadrilateral ABCD.

m AB refers to the line segment

between A and B (or its length), whereas E
refers to the vector from A4 to B. Note that

—_— —
AB=BAbut AB = BA.

a AB = OB - OA
=(i-7j- 3k - (2i - 5j - 8k)
=-i-2j+ 5k

DC = OC - OD
M
= _2i - 4j + 10k Problem-solving C

If you can’t work out what

b 2A4B =_ 2{; i.l * ?{:‘i DC shape it is, draw a sketch 2
= ) = H)F showing AB and DC. B
S0 AB is parallel to DC and half as long. A

¢ There are two unequal parallel sides, so

ABCD is a trapezium.
w Explore the solution to this
example visually in 3D using GeoGebra.
Example @

P, Q and R are the points (4, -9, =3), (7. =7, =7) and (8, -2, -0) respectively. Find the coordinates
of the point S so that PORS forms a parallelogram.

- Draw a sketch. The vertices in a 2D shape are

given in order, either clockwise or anticlockwise.

R(8, -2, 0) It doesn’t matter if the positions on the sketch
don't correspond to the real positions in 3D ~ it is
still a helpful way to visualise the problem.

P4, -9, =3)

X7, =7, =7}
[R— —_—
Since PORS is a parallelogram, QP = RS.

—_— — s — —

S50 OS =OR + RS =O0OR + QP

S &
OR =|-2 | and

: O 4 7 -3
QP =0P-0Q =|-9]|-|-7]|= —2)
-3 -7 4
. 8 i 5 You could also go from O to Svia P:
56 OS = (—2) + (—2) — (—4) -—-)— ——
o 4 4 OS =O0P + PS
which means that S is the point (5, -4, 4) =0P +0OR
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In two dimensions you saw that if a and b are two non-parallel
vectors and pa + gb = ra + sb then p = r and ¢ = 5. In other words,

m Coplanar vectors

are vectors which are in the

in two dimensions with two vectors you can compare coefficients same plane
on both sides of an equation. In three dimensions you have to Non-coplanar vectors are
extend this rule: vectors which are not in the

= Ifa, b and ¢ are vectors in three dimensions which do same plane.

not all lie on the same plane then you can compare their
coefficients on both sides of an equation.

In particular, since the vectors i, j and k are non-coplanar, if pi + gj + rk = ui + vj + wk
thenp=u,g=vandr=w.

Given that 3i + (p + 2)j + 120k = pi — gj + 4pgrk, find the values of p, g and r.

_ o o Since i, j and k do not lie in the same plane you
Comparing coefficients of i gives p = 3. :
can compare coefficients.

Comparing coefficients of j gives p + 2 = —¢

b L S When comparing coefficients like this just write

Comparing coefficients of k gives the coefficients. For example, write 3 = p, not
W . B 3i = pi.
120-4;7({:50:—4)(3)((_5}- 2 P

The diagram shows a cuboid whose vertices are Hint
O, A, B, C,D, E, Fand G. Vectors a, b and ¢ are
the position vectors of the vertices 4, Band C that both diagonals are bisected.
respectively. Prove that the diagonals OF and BG

bisect each other.

Bisect means ‘cut into two equal
parts”. In this case you need to prove

F E
i Problem-solving
C G If there is a point of intersection, H, it must lie on
- L ! both diagonals. You can reach H directly from O
Cle B, (travelling along OE), or by first travelling to B
b then travelling along BG. Use this to write two
|‘ . ﬂ
5 - p’ expressions for OH.
Suppose there is a point of intersection, H, ~_ Hlies on the line OE, so ()_H) must be some
i —
Ci?E 31‘8(" scalar multiple of OE.
OH = rOE for some scalar r.
B8ut OH = OB + BH and BH = sBC il Use the fact that H lies on both diagonals to find

-

—_— = = two different expression for OH. You can equate
for some scalar s, so OH = OB + sBG. . P . g
these expressions and compare coefficients.
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So rOE = OB + sBG () a, b and c are three non-coplanar vectors so you

Now OE: - OA’ ¥ ADr +DEcat bt e can compare coefficients.

DB =band . BG =06 = 0B =ata=b

So (1) becomes rla+b +c)=b +s@a+c-b) In order for the lines to intersect, the values of r
Comparing coefficients in a and b gives r = s ——  and s must satisfy equation (1) completely:

and r=1-3s — s@+b+¢=b+;@+c-b)

Solving simultaneously gives r = s = % The coefficients of a, b and ¢ all match so both

These solutions also satisty the coefficients Wegs OFWIBIRE e veCion CH dre Identicat

of e s0 the lines do intersect at H.

OH = LOE so H bisects OE. Vecto:r proofs such as this; one often avoid any
” coordinate geometry, which tends to be messy
BH = 7BG so H bisects BG, as required. and complicated, especially in three dimensions.

Exercise @

@1

1 4 10
The points A, B and C have position vectors (—4), (4) and ( 0 ) relative to a fixed origin, O.

8 7 30
a Show that:

i lodl=losl i [acl=[BC]
b Hence describe the quadrilateral OACB.

The points A, B and C have coordinates (2, 1, 5), (4, 4, 3) and (2, 7, 5) respectively.
a Show that triangle ABC is 1sosceles.

b Find the area of triangle ABC.

¢ Find a point D such that ABCD is a parallelogram.

The points 4, B, C and D have coordinates (7, 12, 1), (11, 2, =9), (14, =14, 3) and (8, 1, 15)
respectively.

a Show that AB and CD are parallel, and find the ratio AB: CD in its simplest form.
b Hence describe the quadrilateral ABCD.

Given that (3a + b)i + j + ack = 7i — bj + 4Kk, find the values of @, b and c.

The points 4 and B have position vectors 10i — 23j + 10k and pi + 14j — 22k respectively, relative
to a fixed origin O, where p is a constant.

Given that AOAB is 1sosceles, find three possible positions of point B.
The diagram shows a triangle ABC. B

Given that AB = 7i - j + 2k and BC =i + 5k
a find the area of triangle ABC. (7 marks) P c

. X —_— — . . ve—r —
The point D is such that AD = 3A4B, and the point £ is such that AE =3A4C.
b Find the area of triangle ADE. (2 marks)
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® 7 A parallelepiped 1s a three-dimensional figure
formed by six parallelograms. The diagram shows a
parallelepiped with vertices O, A, B, C, D, E, F, and G.

o —— —_— )
a, b and c are the vectors OA4, OB and OC respectively.
Prove that the diagonals OF and AG bisect each other.

d A

® 8 The diagram shows a cuboid whose vertices are O, A, B, C, D, E, F
and G. a, b and ¢ are the position vectors of the vertices A, Band C
respectively. The point M lies on OF such that OM: ME=3:1. The
straight line 4 P passes through point M. Given that AM: MP =3:1,
prove that P lies on the line EF and find the ratio FP: PE.

Challenge

iy 2 -5
1 a, band care the vectors (O), ( 0 ) and ( 3 ) respectively. Find scalars
4/ \-3 1

28
p. g and r such that pa+ gb + rc = (alz)
-4
2 The diagram shows a cuboid with vertices O, 4, F M E
B, C, D, E, Fand G. M is the midpoint of FE
and N is the midpoint of AG.

a, b and c are the position vectors of the < &
vertices A, B and C respectively. Bl- D x m Trisect means
Prove that the lines OM and BN trisect the b 4€ divide into three equal
diagonal AF. , parts.

0 a A

@ Application to mechanics

3D vectors can be used to model problems in mechanics in the same way as you have previously used
2D vectors.

A particle of mass 0.5 kg is acted on by three forces:
F,=Qi-j+2k)N
F,=(-i+3j-3k)N
Fy;=(4i-3j-2k)N
a Find the resultant force R acting on the particle.
b Find the acceleration of the particle, giving your answer in the form (pi + ¢j + rk) ms=2.
¢ Find the magnitude of the acceleration.
Given that the particle starts at rest,
d find the distance travelled by the particle in the first 6 seconds of its motion.

347



Chapter 12

> -1 4 5 R=F,+F,+F;
a (—T) + ( 3 ) + (-3) = (—1) It is easier to add vectors in column vector form.
2 -3 -2 -3
R=(5i~-j-3kN Use the vector form of F = ma. This is Newton's
b F=ma - second law of motion.
(5i-j-3k=05a & Statistics and Mechanics Year 1, Chapter 10

a=(10i - 2j - ckkms—?

. : 2 _ Because the particle starts from rest the
c |a| =102 + (-2)? + (-6)? =140 ms™2 : : o
jal = Sl et acceleration acts in the same direction as the

d u=0a=y140ms™, 1 =6s §=7 -  motion of the particle. So it is moving in a straight

1 - . . .
§ = ut + ar line with constant acceleration. You can use the
=5 x V140 x 62 suvat formulae to find the distance travelled.
= 36/35m « Statistics and Mechanics Year 1, Chapter 9

Exercise @

1

@ 2

A particle is acted upon by forces of (3i — 2j + k) N, (7i + 4j + 3k) N and (-5i - 3j) N.
a Work out the resultant force R.
b Find the exact magnitude of the resultant force.

A particle, initially at rest, is acted upon by a force that causes the particle to accelerate at
(4i — 2j + 3k)m s~ for 2 seconds. Work out the distance travelled by the particle.

A body of mass 4 kg is moving with a constant velocity when it is acted upon by a force
of (2i — 5§+ 3k)N.

a Find the acceleration of the body while the force acts.

b Find the magnitude of this acceleration to 3 s.f.

A particle of mass 6kg is acted on by two forces, F, and F,. Given that F; = (7i + 3j + k) N, and
that the particle is accelerating at (2i — k)ms=, find F,, giving your answer in the form
(pi+qgj+rk)N.

A particle of mass 2kg is in static equilibrium and 1s acted upon by three forces:
F,=(@{i-j-2k)N
F,=(-i+3j+bk)N
F;=(aj-2k)N
a Find the values of the constants @ and b.
F, is removed. Work out:
b the value of the resultant force R
¢ the acceleration of the particle, giving your answer in the form (pi + gj + rk) ms=2
d the magnitude of this acceleration
e the angle the acceleration vector makes with the unit vector j.
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6 In this question i and j are the unit vectors due east and north, and k 1s the unit vector vertically
upwards. An aeroplane of mass 1200 kg 1s initially in level flight. The forces of thrust T, lift L,
and the combined forces of wind and air resistance F, acting on the aeroplane are modelled as:

T = 2800i — 1800j + 300k
L = 11000k
F = -900i + 500j

a Taking ¢ =9.8 ms~2, find the magnitude of the acceleration of the aeroplane.

b Determine whether the aeroplane 1s ascending or descending, and find the size of the obtuse
angle its acceleration makes with the vector k.

Mixed exercise @

® 1 The points A(2, 7, 3) and B(4, 3, 5) are joined to form the line segment 4 B. The point M is the
midpoint of 4B. Find the distance from M to the point (5, 8, 7).

@ 2 The coordinates of P and Q are (2, 3, a) and (a — 2, 6, 7). Given that the distance from P to Q is
V14, find the possible values of a.

— - e — —
® 3 AB is the vector -3i + 7j + 5k, where 7 > 0. Given that |AB| = 5v2, show that 4B is parallel to
6i — 8j — 37k

(P) 4 Pisthe point (5, 6,-2), Qs the point (2, -2, 1) and R is the point (2, -3, 6).
a Find the vectors @ P_R) and Q_I?

b Hence, or otherwise, find the area of triangle POR.

1\ /5 2
5 The points D, E and F have position vectors (0) (3) and (—l) respectively.

0/ \4 8
a Find the vectors D_f ; E}? and ﬁ : (3 marks)
b Find |ﬁ : E? | and |E | giving your answers in exact form. (6 marks)
¢ Describe triangle DEF. (1 mark)
@ 6 P is the point (-6, 2, 1), Q is the point (3, -2, 1) and R is the point (1, 3, -2).
a Find the vectors P_Q) , PR and ﬁ (3 marks)
b Hence find the lengths of the sides of triangle POR. (6 marks)
¢ Given that angle QRP = 90° find the size of angle POR. (2 marks)
7 The diagram shows the triangle 4ABC. C

Given that AB = —i + jand BC =i-3j+k,
find zABC to 1 d.p. A

B (5 marks)
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8

350

The diagram shows the quadrilateral ABCD. C

. 6 . 15

Given that AB =| =2 | and AC =| 8 |, find the area of the
11 5

quadrilateral. (7 marks)

o

A

A is the point (2, 3, =2), B is the point (0, =2, 1) and C'is the point (4, -2, —=5). When 4 is
reflected in the line BC it is mapped to the point D.

a Work out the coordinates of the point D.
b Give the mathematical name for the shape ABCD.
¢ Work out the area of ABCD.

The diagram shows a tetrahedron OABC. a, b and c are the
position vectors of 4, B and C respectively.

P, O, R, S, Tand U are the midpoints of OC, AB, OA, BC,
OB and AC respectively.

Prove that the line segments PQ. RS and TU meet at a point
and bisect each other.

A particle of mass 2 kg is acted upon by three forces:
F,=(i+2j+k)N
F,=3i-bhj+2k)N
F;=(-2i+2j+ (@4 -hk)N
Given that the particle accelerates at 3.5 m s2, work out the possible values of b.

In this question i and j are the unit vectors due east and due ==
north respectively, and k is the unit vector acting vertically = i
upwards. EEms
: : . : ==
A BASE jumper descending with a parachute is modelled as a TITT
T

particle of mass 50 kg subject to forces describing the wind, W,
and air resistance, F, where:

W = (20i + 16j) N
F = (=4i - 3j + 450k) N

a With reference to the model, suggest a reason why the k component of F is greater than the
other components.

b Taking g = 9.8 ms~2, find the resultant force acting on the BASE jumper.

¢ Given that the BASE jumper starts from rest and travels a distance of 180 m before landing,
find the total time of the descent.
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Challenge

A student writes the following hypothesis:

If a, b and e are three non-parallel vectors in three dimensions, then
pa+gb+re=sa+tbtuc=p=s,g=tandr=u

Show, by means of a counter-example, that this hypothesis is not true.

Summary of key points

1

2

The distance from the origin to the point (x, y, z) is /x2 + y2 + z2

The distance between the points (x;, vy, z;) and (x;, V5, 25) i/ (x; = )2 + (1, = y2)2 + (2; — 2,)2

The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively.

B

P
Any 3D vector can be written in column form as pi + gj + rk = (q)
r

If the vector a = xi + yj + zk makes an angle 6, with the positive x-axis then cosf, = -~ and
similarly for the angles 6, and 6.. lal

If a, b and ¢ are vectors in three dimensions which do not all lie in the same plane then you
can compare their coefficients on both sides of an equation.
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Review exercise

A curve has equation y = %.\-3 + 4 cosx.
Show that an equation of the normal to

T.
the curve at x = 518

88 —m — 16x + T2 —87 +8)=0  (7)

&« Section 9.1

A curve has equation y = e* — In(x?).

Show that an equation of the tangent at

x=2isy—-3Be®=1x-2+Ind4 + 5¢%=0
(6)

&« Section 9.2

A curve has equation

3 2
“a-6x2" * 3
Find an equation of the normal to the
curve at x = 1 in the form ax + by + ¢ =0,
where a, b and ¢ are integers. (7)

« Section 9.3

.l! =

A curve C has equation y = (2x — 3)% .

a Use the product rule to find E 3)
b Hence find the coordinates of the
stationary points of C. 3)

« Section 9.4

; (x—1)?
The curve C has equation y = =
sin.x
a Use the quotient rule to find K 3)
b Show that the equation of the
tangent to the curve at x = % 1s
y=r-2x+ (1 - 7;) 4)

¢ Section 9.5

6 a Show that if y = cosec x then

9

dy

—— = —Cosec x cot x 4

5 v )
b Given x = cosec 6y, find E in terms

of x. (6)

« Section 9.6

Assuming standard results for sin x and
cos x, prove that the derivative of arcsin x

is —— 5)
V1l = x*

+ Section 9.6

A curve has parametric equations

x=2cott, y=2sin’t, 0<t 5:';
. Findd—':; - 3)
b Find ah equation of the tangent to the
curve at the point where 7 = % 3)

¢ Find a Cartesian equation of the curve
in the form y = f(x). State the domain
on which the curve is defined. 3)

« Section 9.7

The curve C has parametric equations

l 1 1*=L, -l<t<l
+1 - -t

X e

The line /1s a tangent to C at the point

where 1 = %

a Find an equation for the line /. (5)

b Show that a Cartesian equation for the
curve Cis y = = 3)

2x -1
« Section 9.7
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EP) 1

EP) 12

EP 13

) 14

A curve C is described by the equation
3 =2 +2x-3y+5=0

Find an equation of the normal to C at

the point (0, 1), giving your answer in the

form ax + by + ¢ =0, where a, b and ¢ are

integers. (7)

+ Section 9.8

A set of curves is given by the equation
sinx + cosy =0.5
a Use implicit differentiation to find an

_ dy
expression for T (4)
For-n<x<mand -r<y<w
b find the coordinates of the points
dy
where A= 0. 3

« Section 9.8

A curve C has equation
y=x%* x<0

&)

« Sections 9.4, 9.9

Show that C is convex for all x < 0.

The volume of a spherical balloon of
radius rcm is Vem?, where V = 37,

. . dV
a Find a4 (1

The volume of the balloon increases with
time ¢ seconds according to the formula

dy __1000
dr ~ (2t+1)*

b Find an expression in terms of r and ¢
dr
for — (3)
« Section 9.10

= ().

dt

g(x)=x'-x2-1
a Show that there is a root av of g(x) =0
in the interval [1.4, 1.5]. (2)

b By considering a change of sign of
g(x) in a suitable interval, verify that
a = 1.466 correct to 3 decimal places.

3

« Section 10.1

Review exercise 3

@ 15 p(x)=cosx+e™™

a Show that there is a root «v of p(x) =0
in the interval [1.7, 1.8]. (2)

b By considering a change of sign of f(x)
in a suitable interval, verify that
« = 1.746 correct to 3 decimal places.

©)

« Section 10.1

f(x)=e¥2-3x+5
a Show that the equation f(x) = 0 can be
written as
x=In(Bx-5)+2,x> 2—
The root of f(x) =01s a.

The iterative formula
X+ =In(3x, = 5) + 2,x,=41s used to
find a value for a.

b Calculate the values of x, x, and x; to
4 decimal places. 3)

+ Section 10.2

(2)

f(x) = +4x2 x#2

1
(x—2)
a Show that there is a root a of f(x) =0

in the interval [0.2, 0.3]. (2)

b Show that the equation f(x) = 0 can be

=+ ®

¢ Use the iterative formula

written in the form x = + 2.

-1
X ay= {llﬁ + 2, xo = 1 to calculate the

values of x;, x5, x; and x, giving your
answers to 4 decimal places. 3)

d By considering the change of sign of
f(x) in a suitable interval, verify that
a = 1.524 correct to 3 decimal places.
(2)

« Section 10.2

353



EP) 18

354

Review exercise 3

The diagram shows part of the curve
with equation y = f(x), where

= Lx?-e-" —2x = 10. The point 4,

10
with x-coordinate a, is a stationary point
on the curve. The equation f(x) = 0 has a
root «v in the interval [2.9, 3.0].

\

Vi

A

Explain why x, = a is not suitable to
use as a first approximation if using
the Newton—-Raphson process to find
an approximation for a. (1)

Taking x , = 2.9 as a first approximation
to a, apply the Newton-Raphson
process once to find f(x) to obtain a
second approximation to «. Give your
answer to 3 decimal places. 4)

+ Section 10.3

3 .3 3 l :
10.1 —.\-+x—4,,\¢0

Show that there is a root « of f(x) =0
in the intervals

i [0.2,0.3] (1)
ii [2.6,2.7] (1)
Show that the equation f(x) = 0 can be
written in the form

3110 |
X = \IT(4 X F = ;)
¢ Use the iterative formula,
i 3“0
Xns1 = VT

flx)=

a

3

(4 + x,f: - AL) xy=2.5t0

calculate the values of x |, x,,xyand x4
giving your answers to 4 decimal places.

3

E/P) 20

d Taking x , = 0.3 as a first approximation
to «, apply the Newton-Raphson
process once to find f(x) to obtain a
second approximation to a. Give your
answer to 3 decimal places. (4)

« Sections 10.2, 10.3

The value of a currency x hours into a
14-hour trading window can be modelled
by the function

v(x)=0.12 cos(%) - 0.35sIn (2?\) + 120
where 0 < x < 14,
B

e

A

x
Given that v(x) can be written in the form

Rcos(E + a)

5 v'vhf:re1R>Oand0~--=£mc<E

=7

a find the value of R and the value of a,
correct to 4 decimal places. (4)
b Use your answer to part a to find v'(x).
3
¢ Show that the curve has a turning
point in the interval [4.7, 4.8]. (1)
d Taking x=12.6 as a first
approximation, apply the Newton-—
Raphson method once to v'(x) to
obtain a second approximation for
the time when the share index is a
maximum. Give your answer to
3 decimal places. 3)

e By considering the change of sign of
v'(x) in a suitable interval, verify that
the x-coordinate at point Bis 12.6067,
correct to 4 decimal places. (2)

« Sections 7.5, 9.3, 10.4
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Review exercise 3

3
Given f (12 = 3x)*dx = 78, find the value 28 The diagram shows a sketch of part of

4

« Section 11.2

of a.

a By expanding cos (5x + 2x) and
cos (5x — 2x) using the double-angle
formulae, or otherwise, show that
cos7x +cos 3x =2cosSxcos2x. (4)
b Hence find [6 cos 5x cos 2x dx (3)
& Sections 7.1, 11.3

Given that f mxe*'dx = E{e’” - 1),
5 4

find the value of m. (3)

+ Section 11.4

Using the substitution «> = 2x - 1, or
otherwise, find the exact value of

5 Ax
‘£ v2x -1

dx (6)

<« Section 11.5

Use the substitution u = 1 — x* to find the
exact value of

: 3

3 X ‘
fo (1-x?): &

(6)

« Section 11.5
f(x)=(x*+ 1Inx
Find the exact value of f{ c f(x)dx. (7)

« Section 11.6

3

a Express 2% 2 in partial
(2x-3)(x+2)
fractions. 3)
b Hence find the exact value of
6 g S dx, giving your
> 2x-3)(x+2)
answer as a single logarithm. (4)

+ Section 11.7

E/P) 30

the curve with equation y = 8 sinx cos® x .

' A

y = 8sinxcos’ x

0|

2= 4
~Y

Find the area of the shaded region R. (4)
« Sections 11.4, 11.8

The following is a table of values for
=1 + sin x, where x is in radians.

x 0
y | 1
a Find the missing values for p and ¢ in

the table, to 4 decimal places. (2)

b Using the trapezium rule, with all the
values for y in the completed table, find
an approximation for 7, where

05 | 1
1.216] p

1.5 | 2
1.413| ¢

I= fn V1 + sinx dx, giving your

C))

« Section 11.9

answer to 3 decimal places.

0 0.2

L]
L]
L
"
L
L]
L]
1

=Y

04 06 08

The diagram shows the graph of the
curve with equation

y=xe¥* x=0.
The finite region R bounded by the lines

x = |, the x-axis and the curve is shown
shaded in the diagram.
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Review exercise 3

a Use integration to find the exact area

of R. 4)
The table shows values of x and y
between 0 and 1.

X

0f 02 04| 0.6 |08 1

y=

xe?* [0]0.29836 1.99207 7.38906

&P 31

@ »

356

b Find the missing values in the table. (1)

¢ Using the trapezium rule, with all the
values for y in the completed table, find
an approximation for the area of R,
giving your answer to 4 significant figures.

4
d Calculate the percentage error in your
answer 1n part c. (2)

« Sections, 11.6, 11.9

2x -1
(x—1)(2x-3)
fractions. @)
b Given that x = 2, find the general
solution of the differential equation

dy _ _
(2x - 3)(x - 1)5 =(2x - 1)y 4)

a Express in partial

¢ Hence find the particular solution of
this differential equation that satisfies
y =10 at x = 2, giving your answer in
the form y = f(x). (2)
<« Sections 11,7, 11.10

A spherical balloon is being inflated in
such a way that the rate of increase of its
volume, V' ecm?, with respect to time

t seconds 1s given by % = %, where ki1s a
positive constant.
Given that the radius of the balloon is
rcm, and that V= {:—wr-‘,
a prove that r satisfies the differential
equation
dr _B
dr
where B is a constant. 4)
b Find a general solution of the
differential equation obtained in part a.

)

« Sections 9.10, 11.10, 11.11

E&P 34

33 Liquid is pouring into a container at a
constant rate of 20cm*s™" and is leaking
out at a rate proportional to the volume
of the liquid already in the container.

a Explain why, at time ¢ seconds,
the volume, Vecm?, of liquid in the
container satisfies the differential

equation
dv
o 20 -kV
where £ is a positive constant. (2)

The container is initially empty.
b By solving the differential equation,
show that

V=A+ Be™
giving the values of 4 and B in terms
of k. 5)
Given also that (:1—1/ =10 when 7 =3,
¢ find the volume of liquid in the
container at 10 s after the start. (3)

« Sections 11.10, 11.11

The rate of decrease of the concentration
of a drug in the blood stream is
proportional to the concentration C of
that drug which is present at that time.
The time 7 is measured in hours from

the administration of the drug and C'is
measured in micrograms per litre.

a Show that this process is described by

the differential equation %g =-kC,

explaining why k is a positive constant.
(2)
b Find the general solution of the
differential equation, in the form
C=1{1), 4)
After 4 hours, the concentration of the
drug in the bloodstream is reduced to
10% of its starting value C,.
¢ Find the exact value of k. 3)
< Sections 11.10, 11.11
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The coordinates of P and Q are (-1, 4, 6)
and (8, -4, k) respectively. Given that the

distance from P to Qs 75 units, find the
possible values of k. 3)

« Section 12.1

The diagram shows the triangle ABC.
B

C

Given that AB = —i + 6j + 4k and

AC = 5i - 2j - 3k, find the size of ZBAC
to one decimal place. (5)

« Section 12.2

P is the point (-6, 3, 2) and Q is the point
(4, -2, 0). Find:

—

a the vector PQ (1)
b the unit vector in the direction of

e

PQ (2)

_—

¢ the angle PO makes with the positive

Z-axis. (2)

The vector AB = 30i — 15j + 6k.
d Explain, with a reason, whether the

vectors AB and PQ are parallel.  (2)

+ Section 12.2

The vertices of triangle MNP have
coordinates M(-2, 0, 5), N(8, =5, 1) and
P(k, -2, —6). Given that triangle MNP is
isosceles and k 1s a positive integer, find
the value of k. (4)

« Section 12.3

Given that
—6i + 40§ + 16k = 3pi + (8 + gr)j + 2prk
find the values of p, ¢ and r. 3)

« Section 12.3

y=c052x+2,0£.xs.=._?

VA

Review exercise 3

@ 40 A particle of mass 2 kg is in equilibrium

and 1s acted upon by 3 forces:
F,=(ai+2j—4k)N
F,=(-91+5j+ck)N
F,=(3i+bhj+5k)N
a Find the values of a, b and c. (2)
F, is removed. Work out:
b the resultant force R acting on the
particle. (1)
¢ the acceleration of the particle,
giving your answer in the form
(pi+qgj+rk)yms™ (2)
d the magnitude of the acceleration. (2)

« Section 12.4

Challenge

1 The curve C has implicit equation

ay + x° + 4xy = y°

a Find, in terms of @ where necessary, the

d
coordinates of the points such that d—i =0,

b Show that there does not exist a point

d
where d—'}; =0, « Section 9.8

The diagram shows the curves y = sin x + 2 and

37

Find the exact value of the total shaded area on
the diagram.

y=sinx+2

y=Ccos2x+2

X

+ Section 11.8
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Exam-style practice

Mathematics
A Level
Paper 1: Pure Mathematics

Time: 2 hours
You must have: Mathematical Formulae and Statistical Tables, Calculator

. . - ™
1 A curve C has parametric equations x =sin*¢, y =2tanf,0 < 1 < 5
o Y .
Find qc 0 terms of 7.

2 Find the set of values of x for which
a 2(7Tx—5)—-6x<10x-7
b 2x+5-3>0
¢ both2(7x —5) - 6x< 10x — 7 and [2x + 5| - 3 > 0.

3 The line with equation 2x + y — 3 = 0 does not intersect the circle with equation
X +hkx+ )y +4y=4
a Show that 5x° + (k-=20)x + 17> 0.

b Find the range of possible values of k. Write your answer in exact form.

4 Prove, for an angle # measured in radians, that the derivative of cos# is —sin 6.
You may assume the compound angle formula for cos (4 + B), and that

sin /i
()

=

cosh — l):o_

) =1 and Ihml}( i

th

fx)=3+px)°,xER

Given that the coefficient of x? is 19 440,

a find two possible values of p.

Given further that the coefficient of x° is negative,
b find the coefficient of x°,
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Exam-style practice

The point R with x-coordinate 2 lies on the curve with equation y = x* + 4x — 2. The normal
to the curve at R intersects the curve again at a point 7. Find the coordinates of 7, giving your
answers in their simplest form. (6)

A geometric series has first term ¢ and common ratio r. The second term of the series is 96 and
the sum to infinity of the series is 600.

a Show that 25/ - 25r + 4 = 0. 4)
b Find the two possible values of r. (2)
For the larger value of r:

¢ find the corresponding value of a. (1)
d find the smallest value of » for which S, exceeds 599.9. 3)

The diagram shows the graph of f(x). The points B and D are stationary points of the graph.

VA
D|(0, 6)
A C/ \E -
(=10, 0\ (-3,0)/ O|(4.,0) X
B
(=6, -11)
Sketch, on separate diagrams, the graphs of:
a y=|fx) 3)
b y=—f(x)+5 A3)
cC y= 2f(x - 3) (3)

Find all the solutions, in the interval 0 < x < 2r, to the equation 31 — 25cos x = 19 — 12sin’x,
giving each solution to 2 decimal places. (5)

The value, V, of a car decreases over time, 7, measured in years. The rate of decrease in value of
the car is proportional to the value of the car at that time.

a Given that the initial value of the car is V, show that V' = Ve~ 4)
The value of the car after 2 years is £25000 and after 5 years is £15000.

b Find the exact value of k and the value of V, to the nearest hundred pounds. 3)
¢ Find the age of the car when its value is £5000. 3)
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11

12

13

360

The diagram shows the positions of 4 cities: 4, B, C and D. The distances, in miles, between
each pair of cities, as measured in a straight-line, are labelled on the diagram. A new road is to
be built between cities B and D.

A
- B
11
D
19
14
£
a What is the minimum possible length of this road? Give your answer to 1 decimal place. (7)
b Explain why your answer to part a is a minimum. (1)
A footballer takes a free-kick. The path of the ball towards the goal can be modelled by the

equation y = —0.01x* + 0.22x + 1.58, x = 0, where x is the horizontal distance from the goal in
metres and y is the height of the ball in metres. The goal is 2.44 m high.

a Rewrite y in the form 4 — Blx + C)?, where A, B and C are constants to be found. (3)

b Using your answer to part a, state the distance from goal at which the ball is at the greatest
height and its height at this point. (2)

¢ How far from goal is the football when it 1s kicked? (2)

d The football is headed towards the goal. The keeper can save any ball that crosses the goal line
at a height of up to 1.5m. Explain with a reason whether the free kick will result in a goal. (2)

A box in the shape of a rectangular prism has a lid that overlaps the box by 3 cm, as shown.
The length of the box is double the width, x cm. The height of the box is icm. The box and lid
can be created exactly from a piece of cardboard of area 5356 cm®. The box has volume, V'em®.

Length

a Show that V= 3(2678x — 9x? - 2x7) (5)
Given that x can vary
b use differentiation to find the positive value of x, to 2 decimal places, for which V'is

stationary. (4)
¢ Prove that this value of x gives a maximum value of V. (2)
d Find this maximum value of V. (1)

Given that V takes its maximum value,
e determine the percentage of the area of cardboard that is used in the lid. (2)




Exam-style practice

Mathematics
A Level
Paper 2: Pure Mathematics

Time: 2 hours
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 The graph of y = ax® + bx + ¢ has a maximum at (-2, 8) and passes through (-4, 4). Find the
values of a, b and . 3)

2 The points P(6, 4) and Q(0, 28) lie on the straight line /, as shown.

VA

o)

";‘
T
—r 0 \ X
;J
a Work out an equation for the straight line /,. (2)
The straight line /, is perpendicular to /, and passes through the point P
b Work out an equation for the straight line /.. (2)
¢ Work out the coordinates of R. (2)
d Work out the area of APQOR. 3)

3 The function f is defined by f:x — e** -1, x € R.
Find f'(x) and state its domain. 4)

4 A student is asked to solve the equation log,(x + 3) + log,(x + 4) = %
The student’s attempt 1s shown.

l0g4(x + 3) + log,(x + 4) = 7
X+3)+(x+4) =2
2x+7=2

2_\‘ =

X =—=

alan LN
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a Identify the error made by the student. (1)
b Solve the equation correctly. 4)

The function p has domain —14 < x < 10, and is linear from (-14, 18) to (-6, —6) and from
(=6, —6) to (10, 2).

a Sketch y = p(x). (2)

b Write down the range of p(x). (1)

¢ Find the values of a, such that p(a) = -3. (2)

flx)=x=—kx*=10x+ k

a Given that (x + 2) is a factor of f(x), find the value of k. (2)

b Hence, or otherwise, find all the solutions to the equation f(x) = 0, leaving your answers in
the form p + /¢ when necessary. (4)

In ADEF, DE =x —3cm, DF = x — 10cm and ZEDF = 30°. Given that the area of the triangle
is 11 cm?,

a show that x satisfies the equation x*> = [3x = 14 =0 3)
b calculate the value of x. (2)
The curve C has parametric equations x = 6sinz+ 5, y=6cos? — 2, —% st< %TE
a Show that the Cartesian equation of C can be written as (x + h)* + (y + k)* = ¢, where h, k
and ¢ are integers to be determined. 4)
b Find the length of C. Write your answer in the form pm, where p is a rational number to
be found. (3)
4x° + Tx — 44 B . C
(x=2)(x+4) xX—-2 x+4
a Find the values of the constants 4, B and C. (4)
. x>+ 7x . ; _
b Hence, or otherwise, expand -2+ 4) in ascending powers of x, as far as the term in x-.
Give each coeflicient as a simplified fraction. (6)

OAB 1s a triangle. &’: a and O_B: =b. The points M and N are midpoints of OB and BA
respectively.
The triangle midsegment theorem states that ‘In a triangle, the line joining the midpoints of
any two sides will be parallel to the third side and half its length.’

B

0 A

Use vectors to prove the triangle midsegment theorem. 4)



11 The diagram shows the region R bounded by the x-axis and the curve with equation

. 37
y=xA(sinx+cosx),)=x= T

VA

¥ = X(sinx + cos x)

The table shows corresponding values of x and y for y = x*(sin x + cos x).

Exam-style-practice

3 0 LS L 3n LS BLs 3
8 4 8 2 8 4
y 0 0.20149 | 0.87239 | 1.81340 2.08648 0

a Copy and complete the table giving the missing values for y to 5 decimal places.

b Using the trapezium rule, with all the values for y in the completed table, find an
approximation for the area of R, giving your answer to 3 decimal places.

¢ Use integration to find the exact area of R, giving your answer to 3 decimal places.
d Calculate, to one decimal place, the percentage error in your approximation in part b.

12 Ruth wants to save money for her newborn daughter to pay for university costs. In the first

(M

“
(6)
(M

year she saves £1000. Each year she plans to save £150 more, so that she will save £1150 in the

second year, £1300 in the third year, and so on.

a Find the amount Ruth will save in the 18th year.

b Find the total amount that Ruth will have saved over the 18 years.

Ruth decides instead to increase the amount she saves by 10% each year.

¢ Calculate the total amount Ruth will have saved after 18 years under this scheme.

m

13 a Express 0.09 cosx + 0.4 sin x in the form Rcos(x - a),where R>0and 0 < a < 5

Give the value of « to 4 decimal places.

The height of a swing above the ground can be modelled using the equation
16.4

h = ,0=1= 54, where his the height of the swing, in cm, and

0.09 cos (%) + 0.4 sin (-2-)

t is the time, in seconds, since the swing was initially at its greatest height.

(2)
3)

“@

@
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b Calculate the minimum value of /4 predicted by this model, and the value of ¢, to 2 decimal
places, when this minimum value occurs. 3)

¢ Calculate, to the nearest hundredth of a second, the times when the swing is at a height of
exactly 100 cm. 4)

The diagram shows the height, /, in metres of a rollercoaster during the first few seconds of the
ride. The graph is y = A(t), where h(7) = =103 -9 — 1(e"80-64 4+ 70,

VA A

s 4

0
a Find /' (2). 3

3e—0.3[l— 6.4)

b Show that when #'(1) =0, t = % In (—8—) +6.4 (2)

To find an approximation for the 7-coordinate of A, the iterative formula

5 (3e-n.3(.-,,-5,4)) .
b1 =4 In —5 6.4 is used.
¢ Let ¢, = 5. Find the values of 1,, t-, t; and ¢,. Give your answers to 4 decimal places. (3)

d By choosing a suitable interval, show that the r-coordinate of A4 is 5.508, correct to
3 decimal places. (2)



CHAPTER 1
Prior knowledge 1

1 a
2 a
3 a

(x-1)x-5 b (x+4)x-4) ¢ (3x-5)3x+05)
x-3 x+4 _x+5
x+6 3x+1 x+3
even b either ¢ either d odd

Exercise 1A
1 B At least one multiple of three is odd.

2 a
b

At least one rich person is not happy.

There is at least one prime number between

10 million and 11 million.

If p and g are prime numbers there exists a number
of the form (pg + 1) that is not prime.

There is a number of the form 2" - 1 that is either
not prime or not a multiple of 3.

None of the above statements are true.

There exists a number n such that r? is odd but n is
even.

n is even so write n = 2k

n? = (2k)* = 4k* = 2(2k?) = n? is even,

This contradicts the assumption that n* is odd.
Therefore if n* is odd then n must be odd.
Assumption: there is a greatest even integer 2n.

2(n + 1) is also an integer and 2(n + 1) > 2n

2n + 2 = even + even = even

So there exists an even integer greater that 2n.
This contradicts the assumption.

Therefore there is no greatest even integer.
Assumption: there exists a number n such that n?* is
even but n is odd.

n is odd so write n = 2k + 1
n=02k+1)P=8k+12k*+ 6k + 1

= 2(4k* + 6k% + 3k) +1 = n’ is odd.

This contradicts the assumption that n* is even.
Therefore, if n* is even then n must be even.
Assumption: if pg is even then neither p nor g is
even.

pisodd, p=2k + 1

gisodd, g=2m+ 1

pq =2k +1)2m + 1) = 2km + 2k +2m +1

= 2(km + k + m) +1 = pgq is odd.

This contradicts the assumption that pg is even.
Therefore, if pq is even then at least one of p and ¢
is even.

Assumption: if p + ¢ is odd than neither p nor ¢ is odd
piseven, p =2k

qis even, g = 2m

p+q=2k+2m=2k+m)= sop+qiseven

This contradicts the assumption that p + ¢ is odd.
Therefore, if p + g is odd that at least one of p and ¢
is odd.

Assumption: if ab is an irrational number then
neither a nor b is irrational.

a is rational, a = 3 where ¢ and d are integers.

b is rational, b = %where e and f are integers.

ab = %€, ce is an integer, df is an integer.

df

Answers

Therefore ab is a rational number.
This contradicts assumption that ab is irrational.
Therefore if ab is an irrational number that at least
one of @ and b is an irrational number.

b Assumption: if @ + b is an irrational number then
neither a nor b is irrational.

a is rational, @ = 5 where ¢ and d are integers.

b is rational, b = ; where e and fare integers.
cf + de
df
¢f, de and df are integers.
So a + b is rational. This contradicts the assumption
that a + b is irrational.
Therefore if @ + b is irrational then at least one of a
and b is irrational.
¢ Many possible answers e.g. a = 2 - V2, b = V2.
Assumption: there exists integers a and b such that
21la + 14b = 1.
Since 21 and 14 are multiples of 7, divide both sides
by 7.
So now 3a+2b=%
3a is also an integer. 2b is also an integer.
The sum of two integers will always be an integer, so
3a + 2b ="an integer’.
This contradicts the statement that 3a + 2b = % .
Therefore there exists no integers a and b for which
21a + 14b = 1.

a+b=

7 a Assumption: There exists a number n such that n*

is a multiple of 3, but n is not a multiple of 3.
We know that all multiples of 3 can be written in

the form n = 3k, therefore 3k + 1 and 3% + 2 are not

multiples of 3.

Letn=3k+1

n?=3k+1F=9k%+ 6k +1=3(3k*+ 2k) + 1

In this case n? is not a multiple of 3.

Letm=3k+ 2

m*=3k+2°=9k*+12k+4=33k*>+4k+ 1)+ 1

In this case n° is not also not a multiple of 3.

This contradicts the assumption that n? is a multiple

of 3.

Therefore if n? is a multiple of 3, n is a multiple of 3.
b Assumption: V3 is a rational number.

Then V3 = % for some integers a and b.

Further assume that this fraction is in its simplest

terms: there are no common factors between a and b.

So3=g—'zoraz=3b3.

Therefore a* must be a multiple of 3.

We know from part a that this means @ must also
be a multiple of 3.

Write a = 3¢, which means a* = (3¢)* = 9¢%

Now 9¢* = 3b%, or 3¢* = b*.

Therefore & must be a multiple of 3, which implies
b is also a multiple of 3.

If @ and b are both multiples of 3, this contradicts
the statement that there are no common factors
between a and b.

Therefore, V3 is an irrational number.
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Answers

8 Assumption: there is an integer solution to the
equation x* - y* = 2.
Remember that 2 — y* = (x —y)x + y) = 2
To make a product of 2 using integers, the possible
pairs are: (2, 1), (1, 2), (-2,-1) and (-1, -2).
Consider each possibility in turn.

x—y:2andx+y=1:;.1-=%'y=_%
.t—y:]andx+y=2:>x=%,y:.|2.

p— o = - 3 _l
x-y=-2andx+y=-l=x=-3y=5
x—y=-land x +y=-2 ﬂx:—%,y=_.;__

This contradicts the statement that there is an integer
solution to the equation x* - y* = 2.
Therefore the original statement must be true: There
are no integer solutions to the equation x* - y* = 2,

9 Assumption: V2 is rational and can be written in the

3
form v2 = % and there are no common factors between

a and b.
5 _ a? 3 _ B
z_sa—ora”‘-zt)*

This means that @' is even, so a must also be even.
If @ is even, a = 2n.

So a* = 2b* becomes (2n)* = 2b* which means 8n’ = 2b*
or 4n® = b* or 2(2n?) = b3.

This means that 5* must be even, so b is also even,
If @ and b are both even, they will have a common
factor of 2.

This contradicts the statement that a and 6 have no
common factors. )

We can conclude the original statement is true: V2 is
an irrational number.

10 a m could be non-positive, e.g. if n = %

b Assumption: There is a least positive rational
number, n.
= % where a and b are integers.

Let m = 23. Since a and b are integer, m is rational

and m < n.

This contradicts the statement that n is the least
positive rational number.

Therefore, there is no least positive rational number.

Exercise 1B
2 1 1 4 rs
1 £ b " ¥ = =
a o a (:2 5 exz 10
1 a3 x=3 y+1
2 ,
il 20+3 ¥ d 7
x 1 3y-2 . 2x+y)?
o f4
% 5 EZe5 2 -y
-8 x—-8
3 All factors cancel exactly except =—° = =-
4clors cancel exaclly excep S x —[I-—S]
4 a=50b=12
x-4 _20e + 4
5 2x + 10 b T 1-4e
6 g 2-3-2 x-2 _ 2% -3x-2
6xr-8 32+ 14xr-24 6x-8
(3 +14x-24 Qx+Dx-2) (Bx-4)(x+6)
x-2 2(3x - 4) x-2
=121r+1)(:»:~|-6)=2.1:2+133|c+6
2 2

b f'(x)=2x+35 @) =%

Exercise 1C
7 7 p+q 7 3-x 2a- 15
1 — b — — d— f
a1 Y20 g gr ¢ 22 100
x+3 -x+7 8x -2
xlx+ 1) (x = 1x + 2) (22 + llx = 1)
d -X -5 e 2x -4 232+ 9
6 (x + 4)2 6lx + 3llx - 1)
x+3 3x+1 -x-7
x+ 1)2 (x - 2)x + 2 xr+ 1lx + 3%
3xr+3y+2 2x+ 5 7x + 8
(¥ — xj(y + x) (x+ 22x+ 1) (x + 2lx + 3)x - 4)
2x-19
(x + 5)x - 3)
6x2+14x+6 —x2-24x -8
xlx + Vix + 2) 3xix - 202x + 1)
Ox? - 14x -7
(xt-1x+1lx-3
50x + 3
6x + 162 - 1)
7 a 1+ 6 + 36

x+2 x2-2x-8

Cxlx + 2)x - 4) blx — 4] 36
+ +

Tk +2x -4 x+2x-4 (x+2x-4
=x3— 2x2-2x+ 12
(x + 2)x -4

b Divide x* — 2x* - 2x + 12 by (x + 2) to give 2 —4x + 6

Exercise 1D

4 2 3 1

x+3+x—2 b x+1 x+4
5

3
" 2r x-4
2 . 4
x+3 x-3 xr+1 x-4
2 3 1

£ T x+4 tr+5 x-3

3
A=3.B=;
A=24,B=-2
A=1,B=-2,C=3
D=-1,E=2,F=-5

1 2 " 3
x+1 x-2 zx+5
b 1 2 5

" 2x+1 3x-2
3 2 6
x+1 x+2 x-5
3 2 5
W [

k4
1 2
I i T

1 a

=2 T 1 I L R

a

1

Challenge
6 1 2
x-2 x+1 x-3

366 M Full worked solutions are available in SolutionBank. #



Exercise 1E
1 A=0,B=1,C=3 2 D=3E=-2,F=-4
3 P=-20=4,R=2 4 C=3.D=1,E=2
5 A=2,B=-4 6 A=2,B=4,C=11
7 A=4,B=1andC=12
8 4 19 p 2__1 6
x+5 (x+5)2 r 2x-1 (2x-1)72
Exercise 1F
1 A=1.B=1,C=2,D=-6
2 a=2,0=-3,¢=5d=-10
3 pelygedarsd
4 m=2,n=4,p=7
5 A=4,B=1,C=-8and D= 3.
6 A=4B=-13,C=33and D =-27
7 p=1.q=0.r=£’s-0and£-—6
8 a=2,b=1,c=1,d=5ande=-4
9 A=3.B=-4,C=1.D=4,F=1
10 a (*-1D@EF+1D)=Ex-1)x+ 122+ 1)
b (x-1)x*+1),a=1,b=-1,¢=1,d=0ande=1.
Exercise 1G
1 A=1,B=-2,C=8
2 A=1,B=-2.C=3
3 A=1,B=0,C=3D=-4
4 A=2,B=-3,C=5,D=1
8 A=1.B=5,C==5
6 A=2B=-4,C=
2 3 3 2 1
T At el ¥ 5G-g B
8 A=2B=-3, (‘—T*‘I‘.D—{i
9 A=2.B%2.C=3.D=2
10 A=1.B=-1.C=5.D=—%{”—.E=%

Mixed exercise 1

1

Assume 1.'" is a rational number.

Then |  for some integers a and b.

i _
27
Further assume that this fraction is in its simplest
terms: there are no common factors between a and b.

2
S0 0.5 = % or 2a? = b2

Therefore b* must be a multiple of 2.

We know that this means b must also be a multiple

of 2.

Write b = 2¢, which means b* = (2¢)* = 4¢>.

Now 4¢* = 2a*, or 2¢* = a*.

Therefore a* must be a multiple of 2, which implies a is
also a multiple of 2.

If @ and b are both multiples of 2, this contradicts the
statement that there are no common factors between

a and b.

Therefore, | is an irrational number.

' \ 2
Assume that if ¢° is irrational then ¢ is rational.

So write ¢ = % where a and b are integers.

v =

As a and b are integers a” and b* are integers.
So g* is rational.

Answers

This contradicts assumption that ¢* is irrational.

Therefore if ¢* is irrational then ¢ is irrational.

3 a L 2(x* +4)(x - 5) 2v + 3
3 (x? = T)x + 4) X
b _
4 = 2x -4 b 4(e® - 1)
R e -2
5 a a=3b=-L.¢c=-5
b g =3x-L gc2)=-F
6 6x2 +18x + 5
- 3x-10
3 12
7 _
J:+;1r—1 x2+2x-3
_xdx+3e -1 3x+3) 12
k+3lx-1 (x+3x-1 (x+3x-1)
=[xz+3x+3l{x—ll=x2+3x+3
fx+3x-1) x+3
8 A=3,B=-2 9 P=1,0=2,R=-3
10 D=5,E=2 11 A=4,B=-2,C=3
12 D=2,F=1,F=-2
13 A=1,B=-4,C=3.D=28
14 A=2,B=-4,C=6,D=-11
15 A=1,B=0,0=1,853
16 A=1,B=2.C=3,D=4.F=1
9 1
17 A=Z.B=‘-I.C=z
18 P=1,Q=-},R=3
19 a f(-3)=0orflx)=(xr+3)(22x%+ 3x + 1)
1 8 5
b _
Z+3 2x+1 &+l
Challenge

Assume L is not perpendicular to OA. Draw the line
through O which is perpendicular to L. This line meets L at
a point B, outside the circle. Triangle OBA is right-angled at
B, so OA is the hypotenuse of this triangle, so 0A > OB. This
gives a contradiction, as B is outside the circle, so OA < OB.
Therefore L is perpendicular to OA.

CHAPTER 2
Prior knowledge 2
_9-5x _5p-8x 5r-4
1 a y=— b y="3 8 + 9x
2 a 25x°-30x+ 5 or 5(ba?—6x +1)
1 & 3x+7
6x - 14 -x -2
3 a A e b ya
y=¢ y=x(x+4)(x-5)
1
g’/ » ( ‘;
0 x [4 O 5 X
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Answers

C A
14

y:

sinx

0 90° 18%° 270° 60°
=F

=Y
|
\m

4 a 28 b 0 ¢ 18

. b The two graphs do not intersect, therefore there are
Exercise 2A no solutions to the equation |6 — x| = Jx - 5.
1 a3 b 0.28 ¢ 8 d £ e 4 f11 10 Value for x cannot be negative as it equals a modulus.
2 a b b 46 c 40 11 a \ y:_|3‘r+ 4|
3 a 16 b 65 c 0 /
4 a o

y-intercept at (0, 1)

=

y-intercept at (0, 3)

y-intercept at (0, 7)

Y4
Positive |x| graph with vertex at (1, 0),
Positive |x| graph with vertex at (-11, 0),
¢ Positive |x| graph with vertex at (£, 0),
d Positive |x| graph with vertex at (10, 0),

y-intercept at (0, 5)

e Positive |x| graph with vertex at (7, 0),

y-intercept at (0, 7)

f Positive |x| graph with vertex at (3, 0), 12 23 <cx <l

y-intercept at (0, 6)
g Negative |x| graph with vertex and y-intercept at (0, 0)
h Negative |x| graph with vertex at (3, 0), Challenge
y-intercept at (0, -1)

b x<-13andx>1

3
13 a k=-3 b Solution is x = 6.

g a Y4/ fx) = x* + 92 + 8
a Y 3
x)=|4-35x
N lédel
hix)=5
+
0 \ ';}
= gx)=1-2x
0 3 * ;
: b There are 4 solutions: x =-5 + 3/2 and x = -4 + /7
b x:—%andx:ﬁ
6 a r=2andx=-3 b x=7orx=3 Exercise 2B
¢ No solution d r=1landx=-} 1 ai bi /. 6
e x=-2orx=2 f v=240rx=-12 = g ’
C - 1
2 —1>—
7 a YA | ~\ e o )
1=
0 -3
ii one-to-one il many-to-one
\/ iii {flx) =12, 17, 22, 27) jiii {fix)=-3,-2,1, 6}
ol\ Y e 1
b r=-3%
3
8 x=-3,x=4 .
ii one-to-one
i (flx)=1,5.7)
368 m Full worked solutions are available in SolutionBank. #



T RS T

—

=

ii

function
function
not a function
not a function

one-to-one
one-to-one
one-to-many
one to many
one to one
not valid at the asymptote, so not a function.

EEEER

many to one ii function
b +2/5 ¢ 4 d 2,-3
s 5 b i
L ], A ]
2 > 5 Tl
4119 (5]
5 1 R
one-to-one ii one-to-one
d i
> \ .
o
> [
many-to-one ii one-to-one
-2 3.14
-1 >~ 3.37
0—T>1r4
1> 5.72
2 10.39
one-to-one
YA ) i flx)>2
flx) = 3x + 2 iii one-to-one
2 -
0 X
ya i flx)>9
fx)=2%+ 5 iii one-to-one
(2,9)
0 x
YA i O0=flr)=2
flx) = 2sinx iili many-to-one
2 =
0 X
Y flx)=yx +2 i flx) =0

iii one-to-one

Answers

¢ i YA ﬂr):eJ ii ﬂx}ER. ﬂx}g ]
iii one-to-one
1-
0 T
f i u4 i flx)er
flx) = Tlogx iii one-to-one
o) h "
6 a g(x)is not a function because it is not defined for
x=4
b ya '/ e i1 ii 109
d =-86 =
flx)=22+9 g rE=3
4
\ﬂx] =4-x
ol 4 "{c
7 a Y b -7
\ 10 S{I] C -2 and 5
W*% PR
8 a y
4
T 1 T :
-5 0 4 x
b a=-391o0ora=3.58
9 a y
27
14
2 T : 2
10 -4 O] 6 x
b Range {2 = h(x) = 27) ¢ a=-9,a=0
10 c=%d=% 11 a=2.b=-1 12 a=11
Exercise 2C
1 a7 bjor225 c¢025 d-47 e -26
2 a 4x*-15 b 16x*+8x-3 ¢ 1—15-4
d 1.1 e 16x+5
X
3 a fglx)=3x*-2 b x=1
4x - 5 9
4 a q])(.r} = ﬁ b x= I
5 a 23 b r=2andx=1
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Answers

a
a
b

=R o

) = f(—) = —— =22

Sty o X+ 2
P(x]_2x+3

ZENS b 2:+3 c

20x b x*
(x+3P-1,¢px)>-1
999 c r=-8

\"E

10 3+ —

11 a

2
B=x=12 b 6

Exercise 2D

1 a

370

i (yeRr i ) = £

ili Domain: {x € R), Range: (y € R)

iv YA f(x) = 2x + 3
fi(x) = 2= 3

i

"3 X

{:) Miww

|
najue

i {yeR} ii f'lx)=2x-5
iii Domain: {x € R}, Range: {y € R)

iv ya @) =2x-5

_X+5
flx) = 5

4 -x
3
iii Domain: {x € R}, Range: {y € R)

i (yeRr} ii f'(x)=

iV ) =4-3:cV

8 1-x
1 . = ——
{x) 3

0

%\N

i (yeRr) i i) =Vz+7
ili Domain: {x € R}, Range: {y € R)

v iy =a-7

f(x) = H\.?.r -7

g 0 i’

10.

2 a f'x)=10-x,{xeR} b g'k)=>5x{xeR}

¢ hi'(x)= % {x = 0} d k'(x) =x+8, {x e R}
3 Domain becomes x < 4
I 1
4 ai gws=q i gl =2
i reRx<l.g'w=3
v oy
E =3
g'(x) ==
3_
33, ———y
0 L 3 X
b i g)=-1 i gi(x) = %
fii freRx=-11g'x)=0
v A g(l‘)=2x—1
x+1
2
¢ i g)>0 i gin) =22+3
fii (xreR x>0}¢g'x)>2
0 Tt
di gx)=2 ii g'x)=2*+3
fii lreRx=2Lg'lx)=7
iv ya
/g el =%%4+3
?_.
glx)=vx-3
24 —
0" 2 7%
e i glx)>6 ii g'lx)=vxr-2

iii {reR,x>6},g'(x)>2

@ Full worked solutions are available in SolutionBank. #



-1 &

10

11

12

iv ya

g' =
24 /

0 3 3 X
f i gx)=0 i gl(x)=1Vx+8
iii (reR,x=0),g'(x)=2
iv ya
Y gly) = 2% -
g'x)=Vr+8
2
0 2 ;
flx)=Vx+4+3
a b b m'(@x)=vx-5-2 c x=5
a tends to infinity
b 7
¢ h'lx)= 2.r._+21 (xeR, x=2)
d 2+ 1."3. 2-/5
a nm(xy) =
b The functions m and n are inverse of one another
as mn(x) = nm(x) =
3
) 3 -
st(x}:*-x ts(x) = ‘t_1=x
X x+1
a F@)=/23 (xeR x>-3)
b a=-1
a fx)>-5 b fY{x)=In(x+5) {xreR, x>-5)
C ) g(x) - El
= P A ;
= 5: “ SY=x
: '/g“(x) =In(x + 5)
: L6 -

y=-5
d g'v)=e"+4,x>4 e x=195
_ 3x+2 2
o ﬂx}_-.r?+x-20 x-4
_ x+2  2x+5) _ x-4
x+5llx-4) x+5lx-4) ([x+5kx-4
_ 1
x+5

b {yEIR y<l}

c f! x—a%ﬂ5 Domalnls{IER x<i andx:O}

Answers

Exercise 2E

1 a Y4 f(x]::rd/?x 8 \/k = |f(x)]
& g %
<8

C
\ [ y = 1(x))
W
2 a Ua
1 flx) = cosx
SN SN ST
360 \__/ 2 N/ 3607
’ i” y =t
7360 0 360 %
) ‘;M y =1(x))
360 \_/ g N/ 3607
3 a

Y% fx) = x(x + Dlx - 2)(x + 3)
/\6\ /
/_3 0 SN i

f(x)|

-
rna
=Y

=
C*; =
w
: [

-3 o 1 2 x
C
¥ y = f(|x])
6
B \[1 Ol IVZ x

371




Answers

4 » yﬂ b Y
y = |k(x)|
0 x
0
b Both these graphs would match the original graph. ¢
yil
0
8 a b They are
al |-a reflections of
d i True, k(x)| = l?| = ?| = |mix)| each other
in the x-axis.
ii False, k(jx|) = ifl—z + l::, = mlx|) 0 % |m(x)| = -mf(]x])
i True, m(x) = =% = =% = )
xR xd
5 a 1
y = |p(x)| 9 a b They would
be the same
alp as the original
graph.
E2,1)
0 x
b
C U
6 a
0 x
10 a -4<flx)=9
Ha
y = flx)
b 1
YA —>
y = qllx)) =N\ 10 *
G
» b UEY
-4\ 0 4
NV = )
—4|F
7 a \_\ { 1!
R T/
C Ha
y = filx|)
1 .
0 x

372 m Full worked solutions are available in SolutionBank. #



Answers

Exercise 2F b il(6,-18) i (1,-9) iii (2,9)
1 a ya (3, 14) b c YA
R \ /y = gllx)
0, 2) & 25 0 5 x
> -5
X
(-2, -4)./3’ \
-2,-9)| (2, -9)
q y
[ [‘"1, 2]‘{ 5 a 9‘]
I o B2
0 x y = hx)
. ) 0(0, 0) .
(3,-4) -1 90 90 180 ¥
" 3.9 Y L A=90, -2 2]

A(-90, -2) and B(90, 2)

it
=
i
§
—
o
o
S
s =

i ! Ya
» 3 B(180, 3)

y=h{x-90)+1

0
2 a 7} 1, b -2.2) Ya \ 0(90, 1)
V\ /'\%-\ _éo‘\lq_/ 90 180 270 %
> “
\

A0, -1)

ii s

¢ y d \ 2 y=+h(3x)
\/ll/ - O/ ! ) 1 : 36 x
- A(-180,-1) %

1 0] x
y (-2,-8)
e ! @ |
e 490, 1 ¥t Bog, 1)
- o = 2180 90 0[0,00 g0 180 x
3 a y : b /yn \ -
/l/i S -l . Exercise 2G
] 1 a Range f(x) = -3
» A
v ! y=4x|-3
A=(0,2,x=2y=-1  A=(-2,5,2=0.y=5
¢ . d . . / >
A : : Ua ' ¥ 0/% e
E * b Range f(x) = -1
E 7 R T
- x- = = = = - y=4x+2-1
A=(-1,0,2=1,4y=0 A=(0,1),x=2,2x=-2,4=0 ~ o /J: !
4 a YA -5 1 x

3
\ /y = gl(x)
-1\ 0 5 x
-5

(2,-9)

373



Answers

C

d

-5
4 a y‘l
y=4lx+6|+1
0] x

b flx)=1 ¢c r=-Landx=-%

5 a A
=-3x-2|+7
/ >

b gx)=7 ¢ r=-2andx=%
6 k<14
7 b=2
8 a hx)>-7

b Original function is many-to-one, therefore the

inverse is one-to-many, whi(h is not a function.

c —-l <x< 3 d k<-2%
9 a a=10 b P(-3, 10] and Q(2, 0)

¢ r=-2andx=-6
10 a mix)=7 b .r—— andx—~a

c k<7
374

Range flx) = 6
Ya

7N=—2Ix—1|+6
/-20 4\ E:

Range flx) =
Y

Challenge

1

a A(3,-6)and B(7, -2)

b 6 units®

Graphs intersect at x = ? and x = 1

Maximum point of f{x) is (3, 10). Mmlmum point of g(x)

is (3., 2). Using area of a kite, area = l“-
Mixed exercise 2
1 a y b x=0,x=-4
0| R 2
2 k> ==
24 40
3 =—jgand ¥ =57
4 a \yj
ol \ X
b The graphs do not intersect, so there are no
solutions.
5 a i one-to-many ii not a function
b i one-to-one ii function
¢ i many-to-one ii function
d i one-to-one ii function
e i none - not defined at the asymptote
ii not a function
f i one-to-one
ii function for a suitable domain
6 a
Y 16. 4)
(-2, 2)
0 %
(1,-1)
b ;and1; o
7 a pg(x) =4x*+ 10x b x=23 14""5
8 a Rangegx)=7
Ya glx)
? -
0
b g'lx)= leR.r 7}
¢ g '(v)is a reflection of g(x) in the liney = x
9 a fiW=2*3 rer x>2)

b i Range {'(x)>1 ii Domain f'(x) > 2

m Full worked solutions are available in SolutionBank. #



10 a

=

11

=

12
13

-

=

£}

14

15
16

BB OoS ST B

17 a

1

x 1

flx) = —=

-1 x+1

“T@-Dx+ D

x+1

X _ X—1 N 1

“Tk-Dx+1)
flx) >0
20,28, %

g'x)=vx-1.{xeR)
Hx*-1)
a=-3
f-1(x) = r+1

e a=-

.4|..'1

,{x e R}

gflx) = 3
-0.076 and 0.826 (3 d.p.)

3
qreR, x =
_3{

f-'(x) =

Range "1(x) e R, ['(x) = 2

(x-1x+1)
¢ x==6
b flx) =-8,glx)eR

le.{xellil.x:l}

(x-1)x+1)

b ! :cl—»\..'c+13 3.x>-4

4

-1 d 1,2
8.9 b -45and 5/2
Ya !
/ y=tanx
~180 60 9:0 /fso %
: Ya ]
-180 -90 O 90 180 X
| b4 :
; . y=tanjy]
-151»\—{?0 0 90 /1'80 x

YN B(4.5,4) b
ol WV \ X
A2, -2)
] \J =
B(11,-3)

YA
B(9, 3)
A4, 3)
0 x

18

19

20

21

22

23

24

=

=

==

o~

b YA

Answers

glx) =0 b x=0,x=8
Y
x=2andx=6
0] x

Positive |x| graph with vertex at (521-, 0) and
y-intercept at (0, a).

Positive |x| graph with vertex at (g— 0) and

y-intercept at (0, a).
a=6,a=10
Positive |x| graph with vertex at (2a, 0) and
y-intercept at (0, a).

3a
L
Negative |x| graph with x-intercepts at (a, 0) and
(3a, 0) and y-intercept at (0, —a).

x=3a

¥

ST
L]

—-a + (a® + 8)

One intersection point d z= 3

r

(1,2, (.53 -1
A

(3, =6), Minimum
(3. % - 15In3). Maximum
-2 =flx) =18 b 0

Ya
18

W

5-35-20 7

=Y

plx) = 10

Original function is many-to-one, therefore the
inverse is one-to-many, which is not a function.
-l11<x<3

k>8
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Answers

Challenge
B y
0‘ \’x
b (-a,0),(a, 0), (0, a® c a=5
CHAPTER 3
Prior knowledge 3
1 = 22,27, 32 b -1,-4,-7 e 9.15.21
d 48,96,192 e L. [ -16,64,-256

2 a x=5.64 b x=3.51 ¢ =900
Exercise 3A
1 ai 7,12 18,22 ii a=7.d=5

i 7,531 ii a=7,d=-2

i 7.5,8,8.5,9 ii a=75,d=0.5

i -9,-8 -7,-6 i a=-9,d=1

3n+2 32

b
c
d
2 a 2n+3,23 b
¢ 27-3n -3 d 4n-5,35
e f
a
d

nx, 10x a+(n-1)d. a+9d

3 22 b 40 c 39 d 46 e 18 fn
4 d=6 5 p=%4q=5 6 -1.5
7 24 8 -70 9 k=3k=8
10 -2 + 3v5
Challenge
a=4,b=2
Exercise 3B
1 a 820 b 450 ¢ -1140

d -294 e 1440 f 1425

g -1155 h 231x+ 21
2 a 20 b 25 ¢ 65 d 4orl4
3 2550 4 20
5 d=-5,20thterm=-55 6 a=6,d=-2
7 S,=1+2+3+..+50

S:=50+49+48 + ... +1
2% 85 =50(51) = S, =1275

8 S..,=1+2+3+...+2n
S,=2n+2n-1)+2n-2)+...+1
2x8,=2n2n+1)=S,=n2n +1)

9 S.=14+3+5+...+(2n~-3)+(2n-1)
S,=2n-1)+2n-3)+..+5+3+1
2% 8S,=n2R)=>8,=n*

10 a a+4d=33,a+9d =68
d=7.a=5s0 S,,=§[2(5] +(n-17]

= 2225 = —‘g—(?n +3)=7n*+3n-4450=0

b 25
304
11 S
. k+2
. _ 152 _ 152k + 46 208
b .S,,——k+2(k+1+303].- T
¢ 17

12 a 1683
100
bi 1
i S = %9’8;; + 1oop- 4 )4,0]
m—@ = M
S = p[4p+400]"200[1+ g
¢ 161p+ 81
13 a Sn+ 1 b 285
c Sk=§[2(6)+{k~ 1}5]:%{5&#}
gfsm 7) < 1029
5k* + Tk -2058 =0
(5k - 98)(k + 21) = 0
d k=19
Challenge
S,,=%(21119+{n—1)1113]:%(1!181—ln3+nln3l

="(n27 + nIn3) =-"—2!(|m33 +1n3"

2
- %(ln?’ml _ %[ln 3w = q = %
Exercise 3C
1 a Geometric,r=2 b Not geometric
¢ Not geometric d Geometric, r =3
e Geometric, r = § f Geometric, r = -1
g Geometric, r = 1 h Geometric, r = -}
2 a 135,405,1215 b -32,64,-128
g 1 1 1
¢ 7.5,3.75,1.875 d 64’ 256" 1024
e p'ptp f -8x% 16x%, -32x°
3 a x=3/3 b 9.3
& E l n-1
4 a 486,2x3 b 8.wox(2)
c -32, (-2 d 1.61051, (1.1)"!
5 10,6250 6 a=1r=2 7 1.1
8 a X =-—-2L = xi(B8-x)=4x’ =2 -4x*=0
2x 8-x
b 2097152
¢ Yes, 4096 is in sequence as n is integer, n = 11
9 a ar’=40 = 200p5=40
= p*=5 = logp®= log(%}
= 5logp=1logl -logh = 5logp + logh =0
b p=0.725
10 k=12

11 n=8.69, so not is sequence as n not an integer
12 No, -49152 is in sequence
13 n=11,3145728

Exercise 3D

1 a 255 b 63.938 c 1.110
d -728 e 546§ f -1.67

2 49995 3 144 4 :.41 _.g

5 19 terms 6 22 terms
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log(0.024)
log (0.6)

= klng(%) < 1og(~1-§—r;) = k>

b £=8
8 r=+04
a[{\@)w = 1] _a(243-1)

g S &
B -1 V3 -1

222003 +1) o140/ 4 1)
(3-1(3+1)

a(2*-1) b(3*-1)
1 T2

- B | [Pape .|
15a-p4{}b:>aﬂ.8r~a 3b

10

11 a 2k+5_ K x_6)@2k+5) =k

k k-6
k*-Tk-30=0
b k=10 e 2.5 d 25429
Exercise 3E
1 a Yesas|r|<1,% b Noas|r|=1
¢ Yesas|r|<1,63 d Noas|r|=1
e Noas|r|=1 f Yesas|r|<1,45
g Noas|r|=1 h Yesas|r|<1,90
2 % 3 -2 4 20 5 13}
23 _ 1 1
6 59 7 r——E.a—IZ 1
il 1 -
8 a —5<z<3 b S. 1+ 22
9 a 09787 b 1.875
30 . i X _7
10 a 1+r-240;-1 r—8:~,-r-8
b 251 ¢ 99.3 d 11
11 a ar=l8‘rl=>
4 —8=a=8(1-7
1-r
15 _ » 2
§_8(1—r1=>15—64r—64r
= 64r'-64r+15=0
b 3.3 o 5,3 d 7
Challenge

a Firstseries: a + ar+ar’ + ar’ + ...
Second series: a® + a*r* + a’r* + a*r® + ...

Second series is geometric with common ratio is r* and

first term a?®.

b ﬁ:'z:;a:?{l—r):t-af:w(]—r)ll—r}

49(1 -1 -1 _
1-n1+rn 4

49[1-r)=35{1+r]=;49—49r=35+35r:>r=%

a? .
=35
1-r2 B

Answers

Exercise 3F
1 ai4+7+10+13+16 i 50
b i 3+12+27+48+75+108 ii 273
¢ I 1+0+(-1)+0+1 i 1
2 . 2 2 2 .40
d 1 —503* 729~ 2187 ' 6521 i 6561
2 ai Yo ii 20
r=1
b i 3(2x3 ii 242
r=1
; 3_ 15 .
c i r);[ 2Jr'+ 5 ii 13.5
3 a i 26 if f;(ﬁrn}
- 1]_ g—r-l)
w7 i :(3"{5)
c i 16 i[l?-—'}r)
4 a -280 b 4194300
¢ 9300 d -I
5 a 2134 b 45854 ¢ 3 d 96

16
6 i2r=2+4+6+...+2n;a=2.d=2

s,,=g{4+m- 1)2}=%(2+2n)=n+n2
7 22r=n+ ne
f_;(zr- 1) = gtz +(n- 1}2)=§(2n] = n?

‘zzr—g{Zr—l)zn-»nz—nzzn

8 a J(-2¢-1 b 99k - k?
¢ 6k—k*+27
25
? 98304

10 a a=11.d=3
377 = %{2{11) + k- 1)3) = 5(19 + 3k)
3k2 4+ 19k — 754 = 0 = (3k + 58)(k - 13)= 0

b k=13
6(3-1)

11 a a=6,d=3;:5,= 31 =3(3-1)

= 3(3* = 1) = 59046 = 3* = 19683
log 19683
= klog3 =1log19683 = k = “ogd
b 4723920

12 a |of<3 b 1

Challenge

g[a +(r—1)d]

r=1

S|” = 5(20 o o 9d]
ﬁ;}[aur_ ] = $la+ (r - D] - Sla + (- 1)d]

=[7(2a + 13d) - 5(2a + 9d)| = 4a + 46d
4a + 46d = 10a + 45d = 6a = d
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Answers

U, i =Us+ 2, ity =1 Uy =W, +3, U =5

Exercise 3G
1 a 1,4,7,10 b 9,4,-1,-6
¢ 3,6,12, 24 d 2,5,11,23
e 10,5,2.5,1.25 f 2,3,8,63
2 a u,,=u,+2,u,=3 b w,,=u,-3 u =20
€ Upi=2uU, =1 d u,,‘.=%", w, =100
e u,, =-lxu,u=1 f wu,,,=2u,+1,u,=3
,, =) +1,u=0 h Hn,|=u“+2 u, =26
b
d

Uy, =Ug+ 1,8 =3 Uny = Up+5. Uy = 1

g
a
¢
e u, =u+2n+1u,=1 f w, ,=3u,+2,u =2
a 3k+2 b 3k%+ 2k + 2 c %.—4
p=-4,q=7
a r=xp-3x)=2pp-32)=2p-12
x3=02p-12)p-32p-12) = 2p - 12)(-5p + 36)
=-10p* + 132p - 432
b 12 ¢ -252288
7 a 16k+25
b a,=4(16k + 25) + 5 = 64k + 105

2a,=k+4k+5+16k+25+64k+105
" =85k + 135 =517k + 27)

Exercise 3H
1 a i increasing
b i decreasing
¢ 1 increasing
d i periodic ii 2
2 ai 17,14,11,8,5 ii decreasing
bi 1,2428,16 ii increasing
¢c i -1,1,-1,1,-1 il periodic
iii 2
d i -1,1,-1,1,-1 ii periodic
iii 2
e i 20,15,10,5,0 ii decreasing
f i -15,20,-15,20,-15 ii periodic
iii 2
. 2k 4k 8k 16k
g1 kY997 B
ii dependent on value of k
3 0O<k<l 4 p=-1
5 a 4 b 0
Challenge
- l;b’u"=a+abb+ l.uﬁzagl.uﬁza.u;zb

Orderis 5 as u, = u,and u. = u,

Exercise 31
1 a £5800 b £(3800 + 200m)
2 a £222500 b £347500
¢ It is unlikely her salary will rise by the same
amount each year.

3 a £903 b 142 days
4 a 220 b 242 c 266 d 519
5 57.7,83.2
6 a £18000 b after 7.88 years
7 a £13780
b Let a denote term of first year and « denote term of

second year

a5, = 10 + 51(10) = 520

u, =520+ 11
u, =531+ 11 =542
¢ £42198

8 a 500mis 10 terms,
S0 = 21000 + 9(140)) = 11 300

b 1500m
9 a £2450 b £59000 ¢ d=30
10 59 days 11 20.15 years
12 11.2 years 13 2% -1=1.84 x 10"
14 a 2401m b 48.8234m
15 a 26 days b 98.5miles on 25th day
16 25 years

Mixed exercise 3

1 a ar*=27,ar*=8=
8 2
rr=a=sr=3
b 60.75 ¢ 182.25 d 3.16

2 a ar=80,ar*=5.12

:>r:'=%:>r=§=0.4
b 200 ¢ 333} d 8.95x10"
3 a 76,608 b 0.876 c 367 d 380
4 a 1,}

-1
LR [l

b B6E-1)- £

n=1

$1-15

r=1

59863 -15=-9.014
_3(2)" _1= (z" g)_ _2(2) -
¢ u,,,l_3(3) 1_3(3) x % 1_2(3) 1
0.8 b 10 ¢ 50 d 0.189
£8874.11 b after 9.9 years
p2g+2) p2g-1)
p(3g +1) pl2qg + 2)
(2g+2)"=(2q-1)3q + 1)
4g°+8g+4=06g*-qg~1
0=2¢"-9g-5=(g-52¢g+1)=qg=50r—3
867.62
8 a S,=a+@a+d)+(a+2d)+..+(a+(n-2)d)
+(a+(n-1d) (1)

S,=la+m-1)d)+(a+n-24d)+ ... (a+2d)
+la+d)+a (2)

=21
BB

=2

Adding (1) and (2):
2xS,=nRa+@-1)d)=S, = §(Za +(n-1)d)
b 5050
9 32
10 a a=25,d=-3 b -3810
11 a 26733 b 53467
12 45¢cm

13 S, = %(2(4} +(2n-1)4) =n(4 + 8n) =4n(2n + 1)

14 a wu,=2k-4,u,=2k*-4k-4
b 5 -3
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Answers

15 a a+4d=14,;22a+2d)=-3 Challenge
3a+3d=-3,3a+12d =42 a Uy, = Sity, — bU,.
9d=45=d=5=a=-6 = 5[p(3%1) + g(271)] - 6[p(37) + ¢i27)]
b 59
16 & a+3d=3k 32a+5d)=7k+9 > - SIP(%)B"’Z* + q(l}{2"+2l]
6a+15d=Tk +9 sl
6a + 15(_—3"‘3‘ 4 =7k+9 —6{.0 (3) 3=+ q(%)_l?”zll
6a+15k-5a=7k+9=a=9-8k :(ép_gp)(gn,z,+(§q_Qq)lzmz,
11k -9 3" 9 2° 4
b 5 ¢ 15 d 415 (372 4 gl2n2)
. =p‘ N+l + m+
= =4 won Loan b | -
17 a8 6,=p.a p' @y 1 kx 1 =P b u,= (%)[3") - (%)(2"] or e.g. u, = 2(3"") + 3(2"")
p 5 . ;i
a, = a; = Sequence is periodic, order 2 € U= 3.436 x 10% (4 s.[) so contains 48 digits.
b 500(p + ) CHAPTER 4
: g'fgziiﬁf“zk*"“”‘*18:"“’“6 1 a 1+35x+ 52522+ 43752
e L b 9765625 - 39062500x + 703125001
= ~ 75000000x*
Ya,=k+2k+6+4k+ 18 + 8k + 42 ¢ 64+ 128x + 48x* - 80x"
) = 15k + 66 = 3(5k + 22) 2 4 .. 2 12____13
therefore divisible by 3 1+2x 1-5x T+2x (1+228
19 a a=130 e 8 . 56
" i - —_ 2
S, = 11 30r = 650 = 130 = 650 - 650r Aped Br=d)
~520 = -650r = r = ‘ggg = i:_ Exercise 4A
b 6s2 =Py = 1 a i 1-4x+102°-202".. i |x]<1
- 1 = e 3 i
¢ 513.69(2dp) b il 6x+%1x ) 56x7... i |x|<1
130(1 - (0.8)%) 12 c i 1+5-F+ g~ ® =l
d == T 7 600=1-(0.8)s=2 2 8 16
0.2 13 d i 145%, 5% 523 i i
| _logls ‘?'l"—'g———gT... 1 le(
(0.8) < L = nlog0.8) < -log13 = n >
13 log0.8 o i 1-%,522 1528 i <1
20 a 25000 x 1.022 = 26010 4 32 128
b 25000 x 1.02" > 50000 £ i 1-3x, 15x% 3527 i x| <1
: 2 8 |
1.02">2 = nlogl.02>log2 =n> log 2 : ; o
log 1.02 2 a i 1-9x+54x2-2702%.. i x| <1
c 2048 5¢r  15x% 351 '
d 214574 R e i |x)<2
e People may visit the doctor more frequently than 3r 322 510
once a year, some may not visit at all, depends on € | L+—=m—vr0. i | <3
2 8 16 :
state of health . 2522 3
21 a 2n+1 b 150 d i 1-3%, 308 I <]
i ¥
S, =—(2(3 - =4 2 i
¢ 15,=50+-12)=4g+¢ e i 1-dxs+2002-32020 iy < !
S,=p=¢*+2q-p=0 3 h
ii 39 £ § 1492, 522 5507 ijr<d
22 a ar=-3,-%_ =675 4 4 48 ’
1-r 3 ail-2x+32x-4x.. ii |x|<1
o3y 1 67553 _675 b i 1-12x+90x* - 540x"... i x| <3
r 1-r r-ré é il—i—ir—-,—-'!:'—* - 1
6.75r - 6.75r2 +3=0 2 8 16 ol i
27r2 - 27r-12=0 dil-x-22-92 i <
b -1 series is convergent so |r| < 1 3 -
c 6378 e | 1-%,38 5 ii x| <2
e 4" 32 128"
roy il 20 20 i |x <1

3 9 81 z
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Answers

a Expansion of (1 - 2x)"' =1 + 2x + 427 + 827 + ...
Multiply by (1 +2) =1 + 3x + 62 + 122% +
el < 3

=

a 1+§:r—2x¢+27 3

2 8 16

'103 \'103 _ \-103
b 2 ={100~ 7ioo - 10
¢ 3.1x10%%
a a=+8

b +160x?

For small values of x ignore powers of ¥* and higher.

o X_ %
(1+x)--1+2 8+

3x?

xr x?
1t g

14+x x_x° x

T-z-1*2"%*%"

a 2-42x+ 1142°

b 0.052%

¢ The expansmn is only valid for |x| <
less than B

_9 ﬁ 27 3
a 1l 2:rc+ 8 +16.r

m)?‘ 9797
10/ ~ 1000

b 0.97!':(
¢ 9.84886

Challenge

Exercise 4B

1

380

2 3
I W ii
Rl kT

biIxxz.r-‘ i

2 48 16

2 3
11_6+;_2_235x6+2§6 4
3 3
TR T
V2 \_gg +%xz_%§%x3 ii

— o —

—x* ii

5. 51V2
T R T T e
1 8 _ 48 256

i _ 3
25 125“625" 3125°

V9 "9 3
¢ 5.91609 (correct to 5 decimal places),
% error = 1.38 x 10-*%

a a“Ib--m- h

3x%

[—F'z* —
1-x 1+2+ 4

8
x€

+..=1+x+"

2

L 10.5] is not

| <2
x| <2
x| < 4
bl <9
x| < 2
jx] < =

jx| < 2

x| <1

5 For small values of x ignore powers of x* and higher.

) A 22
R e 5k
yo3, % _xt 3x xt 3x
Multiply by (3 + 2x - 2%) = it 4+16+8+64
N § SV e
416 @A
6 a wL-—E—+ 3:r3 -—1-+“__x—23"fz_
V5 5Y5 5H0OV5 Y5 5y 50V5
_3.__27 ., ¢
7 a 2 32:c 40%x b 1.991
g 3 _3,3x 32 _2_10x 50x
4-2x 4 8 16 3+5x 3 9 27
3 2 _1,107, 719,
4-2x 3+5x 1: 72 432
b 0.0980311
¢ 0.0032%
Exercise 4C
4 4 T a2
1 a =% 2+7 b 2+5:c+§x
¢ valid x| < 1
2 4 1 3
2 B=+,0=-%
a 2+x+{2+x]"’ b ¢ &
c |xj<2
2 3. 4 9., 5,4
3 a 1+x+1—x 5z b 3+2.t+zx +4:c
¢ | <1
4 a A=-tanap=7 b -1+ 11x + 52°
W
1 6 3 67 407
B ey b 30~ 200° ~ 2000
c |v|<4
_a p_ s _ 5_19._ 97 ,
6 a A=3,B=-2andC=3 b 6 36I 2161’

7 8
7 A=— B="—and C=_
a 9 an 9

3
¢ 0.33%

Mixed exercise 4
1 a i 1-12x+ 48x* - 64x°

2 3
b ) $sdatapus
8 512 16384

¢ i 1+ 2x+4x%+ 848
9% 27x3
2 4

d i 2-3x+

3x-
2+ 512
i 1—2.1r+6.1::‘—18:c3
i 1+4x+8x%+122°
i -3-8x-182* - 38x°

=

= =

X x3
8 16
-9,.d = 36

b 11+ 38x +116x%

ii allx
ii |x]<16

ii |:c|<%

i |x<2
i [x|<4
1

|x|<1

1
III'CE

- — - -

1145
212
b 1.282

¢ calculator = 1.28108713, approximation is correct

to 2 decimal places.

5 a a=4ora=-4

b coefficient of x* = 4, coefficient of x* = -4,

m Full worked solutions are available in SolutionBank. #



6 a
b (1+x)(1-3x+9x*-
=1-3x+92%-272% +x - 3x* + 9*
=1-2% + 6x%- 1823
¢ x=0.01,0.98058
7 a n=-2,a=3 b -108
¢ v <3

1-3x+9x%-27x°

27x%)

8 For small values of x ignore powers of x* and higher.

! :l——-:!:«--i--'-?'—'!.i 3 -_—_:.3____.:.;_: 9 IZ
Frs 2 16 256 A+% 2 16 256
LY I 1,17, 35,
? 216 T 256° b 5+16°* 256
l_é 2 23 l_£ E.z_is
08 5~y F g —ag® b 3-3*8% 16"
1 X 3:4:"- 5x?
11 a L% 9%° b 0.6914
2 2716 T 256 2048
14,32, 640,
12 5737 51% " 729°
3 51_ 477
13 A=1‘B=—4,C=3 b i S— 2
& 3 Ga 512"
14 a A=3andB=2 b 5 28% + 144x
P T R
15 a 10—2.v+2x 4.\: so B 2andC 4
b Percent error = 0.0027%
Challenge
{322 27x' 13518
2 778 16

Review exercise 1

1 Assumption: there are finitely many prime numbers,
PuPzpsuptop, Let X=(p, xp, x pax ... xp,)+1
None of the prime numbers p,, p., ... p, can be a
factor of X as they all leave a remainder of 1 when X

is divided by them. But X must have at least one prime

factor. This is a contradiction.
So there are infinitely many prime numbers.
2 Assumption: x = g— is a solution to the equation,
where aand b are integers with no common factors.
a
-} -2=0 --—2=>a3—2b3
Q) 7 b2
So a@® is even, which implies that a is even.
Write a = 2n for some integer n.
(2n)* = 2b* = 4n* = 2b* = 22 = b°
So b? is even, which implies that b is even.
This contradicts the assumption that ¢ and b have no
common factor.
Hence there are no rational solutions to the equation.

4x - 3
3 oAl Joamts S

x(x - 3)

_(x+2P-3x+2)+3 x+x+1

1 afn= (x + 2)° BT

b (x+3)+3>0

¢ *+x+1>0fromband(x+2)¥>asx=-2
5 -1 4
P -1 2x-3
6 P=2,0=-1,R=-1
7 A:%,B:%,C:%

10

11
12

13

14

15

16

A=3,B=1,C=-2

d=3,e=6,f=-14
ST

)= T2z

>

Answers

y = plx)

AR

b a= ~~4:’- ora=2/6

- 18
& gple)= +4
a=-5,b=-18,c=1,d=4
b x:—%
c r"(x}=ﬁ’-r_—w.xeﬂ‘.r=-—5
x+5
a i a
) y = flx)
\ :—
_'2\3 x
X+ 2
b ( x )+2=.1:+2+2.1:=3x+2
(x+2 T+ 2 X+ 2
X
=
¢ In13 dgwn=€%iJeR
a 3(1-2x)=1-2B3x+b),b=-%
3r+2 1-2
b plx)=222% glg)=—2
plx) 9 q'(x) 5
¢ pllr)g'(x)=q'x)px) = %
a==-3.b=7.¢c=18
a yh l
(2, 7)
(2,4)
y=flx) + 3 y = )] /*\\M/
— 0 M
C
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Answers

17 a Y
y=h} 10
-5 -1 R
\/ o
(-3,-8)
b i(-5,-24) i (3,-8) iii (-3, 8)
¢ Y
10 y = h(-x|)
0 :
-5 LAl 5 X
(-3,-8) (3,-8)
18 a i

iii ' Ys

_'E' —%E—l Ar 0
(=5 -1)

bi 6 ii 4
19 a b=-9 b A9, -3), B(15,0)

¢ x=15,x=-21
20 a flx)=8

b The function is not one-to-one.

C —%(I(%

d k>%
21 a k=06,k=-4 b a=16,d=8
382

22

23

24

25

26

27

28

29

30

31

E o -

=

TEoTREDCRE TS

]

32 a
b -360

C

Solve a + 3d = 72, a + 10d = 51 simultaneously to
obtain a = 81,d = -3

1125 = gn 62 + (n - 1)(=3))

2250 = 165n - 3n?

Therefore 3n® — 165n + 2250 =0

n=25n=30

a=19p - 18,d =10 - 2p, 30th term = 272 - 39
p = 12

—=Inrt= ln(-za%%] =6Inr- ln(%%s—) =0

=5 log(—l%) > klag(é} =

k=14
4+4r+4rt=7=24r+4r-3=0

B | =
r=5o0rr=-3 ¢ 8

x=1,r=3andx=-9,r=—

243 c 182.25

a, =k, a,=3k+5

a,=3a,+ 5 =9k + 20

i 40k + 90 it 10(4k +9)

2860

2400 x 1.06™' > 6000 = 1.06"' > 2.5

= log 1.06"! > log2.5 = (n - 1)10g 1.06 > log 2.5

N=16.7..., therefore N =17

S = 2400(1.06'0 - 1)
" 1.06-1

Total donations at 5 times this, so £158,000 over

the 10-year period.

= 31633.90 ... employees.

=l+—,l—:r+—3—x3+—5~x3+‘.‘

2 8 16
l¥| < 1. Aceept -1 <x < 1.
36_ 2

@=9 n=-gr=-3

1 1
99

m Full worked solutions are available in SolutionBank. #



33 a 1+6x+6x%-4x’
3 \\2_(112\:_([A12\'_ (/i1Z\"
3 )\ (L2ye_([12)°_ (VI12
b (1+4(535)) = (152) = (oa) - 10 )
=112;m
1000
¢ 10.58296 d 0.00047%
1 2rE 5627
34 2
27 27 243
- 3= _E %= _2 _§_l 2
35 a (4 9x]_-2(1 41) 2-2x-8s
| /391 _ V391
b ‘|4 9(100) 1100 10
¢ Approximate: 1.97737 correct to 5 decimal places.
3 3
36 =2,b=-1,c== b =
a a ¢ 5 y
37 a A=18B=2 b 3-x+11x%-
38 a A=-3,B=1 b -1-x+4x%+
= % 25 25 25
39 a A=2B=10,C=1 b 9 " 37 +?x~+..
40 a A=2,B8=50C=-2
b 2+54+x)"-2(3+ 2x)!
_o.5(1.5 " 21,2,
=2+2(1+%) 3[l+%x)
=2+§-(1—5— —) —(1 Sy 4 xz)
_31 + 19 3??
12 144 1728
Challenge
1 a (x+2¢F+((y-3)¢=25
b 15
2 a =n,a;=n+k,a;=n+2k,..
6n+45k=4n+50k=r—2n=5k=>n=%k
19 - v41 16 19 + V41
3 = By =e (i = —m————
A:x 3 . B: x 3 C:x 73
CHAPTER 5
Prior knowledge 5
1 V2 I _E
1 a —E b —? C '-3 d 2
2 a1l b -tan®# ¢ [sind)
3 a (sin28+ cos20) =sin?20 + 2sin 20 cos 20 + cos? 20
=1 + 2sin 20 cos 20
2 g 2—2sin29 _ 2(1 - sin®#) _ 2 cos?d
b sinﬂ_ZMHG_ sing sinf#  sin#
4 a 75.5° 284° b 15° 75° 195° 255°
¢ 19.7°,118° 200° 298° d 75.5° 132° 228°, 284°
Exercise 5A
1 a 9 b 12° ¢ 75° d 225°
e 270° f 540°
2 a 264° b 57.3° ¢ 65.0° d 99.2°
3 a 0479 b 0.156 ¢ 1.74 d 0.909
e -0.443

Answers

2m T T w
a 4—5 h — C g d g
S 4 37 (£
© 3 r3 £ B g
. 1l#
T
a (0.873° b 1.31° ¢ 1.75° d 2.79°
e 4.01° f 5.59°
a th
(r, 0) (27,0)
(0, 0) x
b Ya
(0, 1)
T T
20/ | \go
/ \ '
a Ya
(m,0)
(-7, 0)  (0,0) x
b Ya
‘(0, 1)
(£.0 /\.5_ /
4 4’
3_ 711‘
c I
T T
{_--.Z. 0) (*2'.0) ‘
x
d Y
- /
T 9-F ‘;‘x
( 5 ,0)
(0.-0.5)
11x 5n 7t i
(-6=0) (- F0) (§0)- (F)
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Answers

Challenge 3 . 8 a l=rg=2" 5 ITZI
a 2mm,neZ b +2m,neZ c ~+m,nez 12
2 e sl 1(121) _ {14412 ol
Exercise 5B 2 12
5 ~ 3 b 5rem ¢ 60cm
1 a sin (‘r - —) = ‘? b —sin (E) = - “7 9 ACOB-= __rz sin g
_ 1.9 58
: sin(er—E) _ 1 d cos(:r—i):—l Shaded area—grdl:r—ﬁ}—-z-r sinlz — )
6/ 2 3/ 2 = :.zl—rzrr - l,-z,y — yrésinm cosf - cosm sin )
T 1 my _ ;2 1,1
e cos(2-n—§)=§ f cos(:r+~i) _—172» = 1rtm — 1rg - 1r2 sing
- - Since ACOB = shaded area,
g tan (?T - 1) = -1 h -tan (“ * 1) =~1 32 sind = rix — 1r20 — Lr2 sino
i /3 sind=n—-0-sind
i tan(m+ )= f+2sinf=n
o . e 10 38.7cm?
2 a % b % c -% 11 8.88cm?
5 - B 12 a O0AD = 4r?0, OBC = §ir + 8)%0
d —_— e —v3 f V3 1 " 1
2 ABCD = }r + 8)%0 - 1r?0 = 48
Ac=_2 _43 Ur? + 167 + 6410 — 1r20 = 48
Siﬂ(%) 3 (r2 + 167 + 64)0 — r2 = 96
—y 2 o 2 96
D(Q—AD2+AC2—(2 6) _._(4;3) -8 1[’)!‘+64—?:>!‘--§—4
DC =22 b 28c¢m
13 78.4(0 = 0.8)
. 14 a 14*=12°+10°-2x12x10cos A
Exercise 5C 196 = 144 + 100 - 240 cos A
1 a i 27cm ii 2.025cm iii 7.57mcm —48 = -240 cos A
b i %om ii 1.8¢m iii 3.6cm 0.2 =cos A
s 4 - A=c0s10.2) = 1.369438406... = 1.37 (3 s.f))
= ii 0.8 ii 2
SR e b 34.1m’
2 wem 3 2mem 4 572 15 a 18.1em b 11.3c¢m?
5 a 104cm b 1.25 16 a 98.79cm? b 33.24cm?
6 7.5cm 7 0.8 17 4.1cm?
8 a ?li’r b 6+ %rrcm
9 68m Challenge
10 a R-r Area = jr2f, arc length, [ = rg
b sinﬂ=ﬁi—=>[R—rlsinf):r:r-(ﬂsim}—rsinﬂ]:r Area=%ri
. ;1féii£0=r+rsinﬂz>ﬂsin0=ﬂl+sin6}. Exercise 5E
11 2 1 a 0.795,5.49 b 3.34,6.08
12 a 36m b 13.6km/h ¢ 137,451 d =
13 a 35m b 15.3m 2 a 0.848, 2.29, 3.29 b 0.142, 3.28
14 a 2.59 b 44mm ¢ 1.08,4.22 d 0.886, 5.40
3 a 1.16,5.12 b 3.61,582
" ¢ 0.896,4.04 d 0.421, 5.86
Exercise 5D B 4
1 a 19.2cm? b &xem? ¢ :g§ cm? 4 a “6°6 b 0.201,2.94
d 25.1cm? e 6r-93cm*  r+9/2cm’ ¢ -5.39,-0.896, 0.896, 5.38
2 & %roms £ ot d -1.22,1.22,5.06,7.51
% o S e 1.77,4.91,8.05, 11.2
3 a 4.47 b 3.96 ¢ 1.98 f 4.89
Z =
4 12cm 18.65? — 107 - 107 _ 5 a 0.322 282 346,596
5 a cosf= =0.739 ... b 1.18,1.96, 3.28, 4,05, 5.37, 6.15
2(10)(10) 7% 13% 19% 25z 31% 37x 43
= cos(0.739) = 0.739 cm? B B e T
f = cos” 24'24" 24" 24° 24" 24" 24" 24
b 37cm? d 0.232, 291,337, 6.05
6 40Zcm 6 o K T 37 1
7 a 12 12°4" 4°' 12
b A:—;—r3ﬂ=§-x123x0.5=360m3 p 57 2n 7 _w & x2n5r In 4 5z 1l
¢ 1.48cm? 6° 3" 3 66'"33'6"6"3"3" 6

384 m Full worked solutions are available in SolutionBank. #



10

11
12
13

14

15

¢ -592 -435 -278,-1.21,0.359, 1.93, 3.50, 5.07
d -2.46, -0.685, 0.685, 2.46, 3.83, 5.60, 6.97, 8.74
7 3 57 7w ¢
a 4 4 4 4 b 0,282, 5.96,2r
c T d 0.440, 2.70, 3.58, 5.84
a b 0.501, 2.64, 3.64,5.78
¢ No solutions d 1.103,5.180
a © 11= b 77 117 197 237 31x 35«
3 6 18" 18" 18" 18" 18" 18
a —E. ?’4—” 0412,2.73 b 0,0.644, 7, 5.64, 2«
0.3,0.5,26,29
07,24,39,55

8sin‘x + 4sinx -20=4

8sinx +4sinx-24=0

2sinx +sinx-6=0
letY=sinx=2¥Y2+Y-6=0

= 2Y-3)Y+2)=0=SoY=15o0r¥=-2
Since Y = sin x, sin x = 1.5 — No Solutions,
sin x = =2 — No Solutions

a

b
a
b

Using the quadratic formula witha =1, b =-2 and
¢ = -6 (can complete the square as well)
2+((-22-4x1x(-6)
2x1

2+V4+24 2+V28 2x2/7
2 T2 T 2

1.3,2.1,44,5.3,7.6,84

sinx = 0.1997606411 = 0.200 (3 d.p.)

0.20, 2.94

tanx =

=17

tanx =

Exercise 5F

1 a % b 1 c 1
2 sin3¢ 30 _ 30 _ 3
Osindd 6 x40 402 40
L, e
p cosf-1_ 2 _ 2. 8
tan20 20 26 4
tandd + 92 46 + 4* 40 + 62
c = = =440
30-sin20 30-20 0 ¥
3 a 0970379 b 0970232
¢ -0.015% d -1.80%
e The larger the value of ¢ the less accurate the
approximation is.
4 =510, 100=1= (§-sind) x 100 = sind
sin ¢
= 10060 - 100 sinfd = sin# = 1006 = 101 sin#.
(. (392} .
4|1 ———| -2+ 58
5 4c0830 — 2 + 5sinf _ { 2 )
1 = sin26 1-20
90?2
4 1-—)- 2 4 50
B ( 2 T 4-1802-2450
1-20 1-20
(1 - 260490 + 2)
= =90+2
1-20
b 2
Challenge
1 a CD=ACH

b

b

Answers

If CD = BC then ACH = AC sin f. Therefore sin ¢ = §.
sind

tané = ,if # so small that sin# = ¢ then cos 0 = 1
cosf

ot hg. if sin# = # then this

cosf=v1l-sinfd=1-

g2
becomes cosf = 1 ——2-

Mixed exercise 5

1

2
3
4

10

11

12

a

-

B rEa

135 b 8.56cm?

120em? b 161.02cm?

1.839 b 11.03

P

A 1 1. 1
=—yif = —pi— = — 2

Area zrﬁ 2r¢r 2,mrcm

12.206 cm?

1.105 <0< 1.150

1.28 b 16 ¢ 1:391

Area of shape X = 2d? + Sd?x
Area of shape Y = J(2d)20

2d? + 3 = 2(2d)20
2d2+%{f3n'= 2d%0 =1 +~}:‘T =0

(37 +12)em ¢ [18+~321r]cm d 12.9mm

Ay =%5x62x 04 x6%xsind=18(0 - sinb)
Ay =7 x 62~ 180 - sind) = 367 — 18(# - sinb)
Since A, = 3A,

367 - 18(¢ — sind) = 3 x 180 — sin#)

367 — 18(0 — sindl = 54(0 — sin )

367 = 72(0 - sin )

1

5:r=9—sin6‘

‘ T
sinfl=6-—
2

10°=52+9"-2 x5 x 9 cosA
100 =25 + 81 — 90 cos A

-6=-90cosA
% =cosA

A = cos™({5) = 1.504

i 6.77 ii 15.7
Srix1.5=15=r2=20
r=v20 = 2V5

15.7 ¢ 5.025cm?

2/3 em b 2rcm?
Perimeter = 23 + 23 + 2V3 x % =

70°=44% + 44* - 2 x 44 x 44 cosC

iii 22.5

23 16

257
C=-28
cos 968
C = cos™'(-27) = 1.84
i 809m i 26.7m  iii 847 m?

Arc AB=6x20=12¢0

Length DC = Chord AB

a*=6+6%°=2x6x6cos2i=T2(1-cos 26)
= 144 sin*¥

a=12sind

385




Answers

Perimeter ABCD =126 +4 + 12 siné + 4 = 2(7 + n)
120+ 12 sin# + 8 = 2(7 + n)
660+ 6sinfl -3 =mw

20 + 2 sinf - 1 =g
?r oy T 1 T
b 2x€+25m(€)- 1 -§+2x§ 1..§
¢ 20.7cm?
13 a 0,A=0,A =12, as they are radii of their respective
circles.

0,0, =12, as 0, is on the circumference of €, and
hence is a radius (and vice versa).
Therefore,

0,A0, is an equilateral triangle = £ A0,0, = %
By symmetry, ZB0,0, is % = ZAO,B = % + E’3£ = 33’7

=

167 cm ¢ 177cm?

Student has used an angle measured in degrees
— it needs to be measured in radians to use that
formula.

51
b4cm

14 a

15 a - b #+1

(26)2
7o)

20+ 3

1
4

7+ 2 cos26:

16 a S or .3

7*‘2(1‘&2&%) 9 — 447
2043

T 20+3
(3 + 2613 - 26
- 20 4+ 3

=3-20

-

3
32 cosbhd + 203 tan 108 = 182
32(1 - ‘5:;”") +203 (106) = 182
32 _ 16(256%) + 20300 = 182

0 = 4006 — 20300 + 150

0 = 406 - 20360 + 15

b 5 4

' 30

17 a

¢ 5 is not valid as it is not “small”. % is “small” so is
valid.
18 1 -%2
7 3r
1 0.730, 2.41 b -—, —
re 44
n® 5nm
= A d -2.48, -0.667
14
20 a Ya
(0, 3)9
(0. 0) (m, 0) /Z’:‘T_ 0]__
(5, 0) 3 &

b 2 solutions ¢ 0.540, 3.68
21 a 3sind b 0.340, 2.80
s
o K ﬂ‘&‘ﬂ
127121 1
386

24

25

26

27

28

=

b

Cosine can be negative so do not reject — L_ Cosine

v
squared cannot be negative but the student has

already square rooted it so no need to reject ——%‘
J

Rearranged incorrectly - square rooted incorrectly

Not found all the solutions

0.595, 2.17, 3.74, 5.31

S5sinx=1+2cos’x = 5sinx =1+ 2(1 - sin*x) =
28in*x +5sinx-3=0

7 o7

6 6

4sin*x +9cos5x-6=0=

4(1 - cos?’x) +9cosx -6=0 =

4ecos8*x -9cosx+2=0

1.3,5.0,7.6,11.2

tan 2x = 5sin 2x = sin2x

= bhsin2x =

(1=5cos2x)sin2x =0
0,0.7, % 2.5, 7

yI\ /
NS

(0. 1;)(% 0). (35- 0) ¢ 0.34,4.90

Challenge
a O=%orfg=-3

6 = & is small, so this value is valid. 6 = -3 is not small
so this value is not valid. Small in this context is “close
to 0",

f=-toro=1

Both # could be considered “small” in this case so both

are valid.
No solutions

CHAPTER 6
Prior knowledge 6

1

a 53.1°,126.9° (3 s.f) b

-23.6°, -156.4° (3 s.f)

1 1 1 _cosx _ 1 - cos’x
sinx cosx tanx sinx cosxy sinx  sinx cosx
sin®x sinx
= = tanx

" sinx cosx  COSXY

0.308°, 1.26°, 1.88°, 2.83°, 3.45°, 4.40°, 5.02°, 5.98°
(3 s.f)

m Full worked solutions are available in SolutionBank. #



Exercise 6A
1 a +ve b -ve c -ve d +ve
e —ve
2 a -576 b -1.02 ¢ -1.02 d 567
e 0.577 f -1.36 g -3.24 h 1.04
3 a1l b -1 c -1 d -2
e -253 f -1 g h 2
-z 2 K 23 1 2
_ 1 _ 1
4 cosec(r - x)=— = —— = COSeCcX
sin(r —x) sinx
1 1 E
5 ¢ot30° sec30° = =—x-—=—=2
o see zan30°xcos30" 1 : V3
ol B f27\ _ 1 1
6 LOS&L(B)-i—SEL( )_ +

3

1 1
= ——
/3 _1
2 2
=—2+%=—2+§\’3
V3 3

Challenge

a Using triangle OBP, OB cosf = 1

= secf

adh e cos o

b Using triangle OAP, OAsiné = 1

= 04 = —— = cosecl
sin#
¢ Using Pythagoras’ theorem, AP* = OA? - OP?
So AP? = cosec?f - 1 = ,1 -
sin“#
1 - sin®f _ cos®d 2
= = = cot*f
sin*d sin®d et
Therefore AP = coté.
Exercise 6B
1 a i iy = sect
iKj (/ EUE
St T 5 i N
-540 | : L0l . ; | 540
«4‘150 ~270 ~9(} 930 2?’0 4;‘:50 o

Iy = cosect

VY

-540 —3:60 -130 0

180 ' 360 5407

Al

=1

3 a

iii Y= cotd

Answers

. & :
‘N =-2 ||y=cotx !
- 0 mo X
b 2 solutions
Ya ; ;
i L\ Y =secd
0l _Ao 180 270\ 360 ¢
E E Y = 2cosd
: : y = secf

b The solutions of sec# = —cos @ are the # values of the

4 a
b
5 a

points intersections of y = sec# and y = —cos .

As they do not meet, there are no solutions.

A

180 270 /360 ¢

e e e - =

387




Answers

388

i = cot(d + 90)

T T -
' 70 360 Y

O\ 90 180\ 2i

cot(90 + #) = ~tan ¥
i Thegraph of y = tan(t’) + %J is the same as that

of y = tan ¢ translated by % to the left.

ii The graph of y = cot(-#) is the same as that of
y = cotd reflected in the y-axis.

iii The graph ofy = cosec(ﬂ - %) is the same as
that of y = cosecd translated by % to the left.

iv The graph of y = sec{f) - g) is the same as that
of y = secd translated by i— to the right.

tan[() + %) = cot(-0); cusac(ﬂ + %) = sec(f) - %)

YA y = sec 20
1+ : : :
j ' (180, 1) ¢ |
o 45° 90° 135° 180° 235° 270° 315° 360° 0
T(90°,-1) ‘(270°,-1)
YA . Yy =—cosect
1+ 5 :
bo@70%,1)
10_ 90° 180° 270° 360°#
(90°, -1)\
s, .
y=1+sech
2- : !
1800 !
— AN
NI 270° 360°
T asoe, o)

.!; A i L
i E y = cosec (8 - 30°)
14 ! :
(120°1) ! -
N 30° 210°  300° 360°0
(0, -2)} ! :
\;  / (300°,-1)

LA ' ;
Ux; = 2sec (6 -160°)
2 . ' ]

(60°, 2) | :
0 15:0" 3?.:0° 0
' (240°, -2)!
21 : :
L M . '
1V TV
(551 (195°i1) !
ol | 150° ! 330° O
(] Gz @i

L}

y = cosec (20 + 60°

_--_---------.m-_-
N

)

w Full worked solutions are available in SolutionBank. #



h yll ] 0
E yi:l—ESe{:B
L (180°, 1) !
L 180° | 360°
O‘(Unt_él} i
! v 13600, -1)
8 a ?3-” b 4x & ¥ d 2n
> 8 : ¥4 i :
: ry =3 + 5cosecx
i E 8 i :
- S R T 3
L2 v 2 2 2 v
2r @ - 240 T ~ 2 »
b -2<k<8
10 a L yA : |
E y=51+Zsecﬂ :
B [
z 4| 2 2
b 6=-x0,mr,2n
¢ Max = 4, first occurs at 6 = 27
Min = -1, first occurs at f = =
Exercise 6C
1 a cosec'd b 4cot°s ¢ jsec’d
d cot’d e sec’d I cosec’#
g 2cot’d h sec't
2 a % b — c +/3
3 a cos# b 1 ¢ sec2f
d 1 e 1 f cosA
g cosx

[=2}
R e spge n e

=]
=

*x®
=

10 a

Answers

LHS. = cosf + sin# siné _ cos’d + sin’d
cosf cos
S secf = R.H.S.
cos f/
LHS. = cost  sinf _ cos®f + sin*f
sinf  cosf sin ! cos ¢
> 1 1 .. 1

~ sinfcosd sinf  cosf
= cosecf secfl = R.H.S.

— ein? 2
LHS. =L _ging=1=sin*0 _ cos’d
sinf sin# sin#
= cos 0 x %259 = ¢os6 cotd = RIS,
sind
= ¥ 1 — — 1 o
LHS.=(1-cosf)1+——)=1-cos+——-1

1 - cos®x _ sin’x
CosxY ~ COSX

ey _
b c.os:r_
sin x

cosXx

sinx x = sinx tanx = R.H.S.

cos?x + (1 - sinx)*
(1 —sinx)cosx
_cos*x+1-2sinx +sin“x
- (1 -sinx)cosx
_ _2-2sinx___ 2(1-sinx)
(1 -sinx)cosx (1 -sinx)cosx
= 2secx = R.H.S.

LHS = COS& cosfl
T qpad (_‘a__“_ﬁ'_tl
tan# tand

_ cosftané _  sin#
~ tanf+1 1+ tand
45°, 315° 199°, 341°
1127, 292° 30°, 150°
30°, 150°, 210°, 330° 36.9°,90°, 143°, 270°
26.6°, 207° 45°, 1359, 225°, 315"
90° +109°
-164°, 16.2° 41.8°, 138°
+45°, +135° +60°
-173°,-97.2°,7.24°, 82.8°
-152° -36.5°, 28.4°, 143°
S 11x
b 6" 6

It

L.H.S.

=R.H.S.

B = - ol — R B - P

m

j—g=cosﬁ = AD = 6sect

AC _ cosf = AC = 6 cosl

AB
CD=AD - AC = CD = 6secfl — 6cosl
= b(secd — cosf)
2cm
1 _ cosx
sinx  sinxy _ 1
1 -cosx  sinx

cosecx — cotx _

» 1 - cosx
1 -rcosx

1 - cosx

= cosecxy
m 5w

6" 6
sinx tanx
1-cosx

X =

_ sin?x N
~ cosx(1 - cosx)

_ sinx —cosx +cos’x _  1-cosx
cosx(l - cosx) cosx(1l — cosx)

1
cosx

1]

= SeCXx

389




Answers

b Would need to solve secx = —%. which is equivalent

to cosx = -2, which has no solutions.
11 x=11.3%191.3°(1 d.p.)

Exercise 6D

1 a sec?(;0) b tan®¢ c 1
d tand e 1 f 3
g sind h 1 i cos#
i1 k 4cosec'20

2 k-1

3 a l b -

4 a -3 b -1 ¢ -3

5 0 b -2

6 a L.H.S. = (sec?d - tan®#)(sec®d + tan®#)

1(sec*d + tan®#) = R.H.S.

e

b LHS.=(1+cot?x) = (1 —cos*x)
cot’x + cos®x = R.H.S.
1 cos*A ' 1
LHS. = —¢ dA) = -
$ cos* A \sin* A o sin A

cosec’A — 1 = cot>?A = R.H.5.

iy
d R.H.S.=tan?d x cos?d = sin"¢ x €0s‘# = siné

cos?0
=1-cos?f=L.HS.
e LHS =1-tan’A_ cos!A(1 _ sin’A
sec’ A coszA

= c05°A - sin“A = (1 - sin?A4) - sin?A
=1-2sin’4 = R.H.S.
. 1 1 sin?f + cos®#
f LHS. = — ———= : .
cos’f  sin®é# cos?f sinf
I S
cos® f sin“d

= sec’f) cosec’d = R.H.S.

Il

in?
g LHS. = cosecA(l + tan’A) = cosecA(l + S'“,A)
cos’ A
1 sin®A sinA 1
= A - = A+ .
COSCEA T A cosTAa ~ 0" T cosA " cosA

= cosecA + tan A secA = R.H.S.
h LHS. =sec?d —sin*0 = (1 + tan?6) — (1 - cos26)
= tan?f + cos’d = R.H.S.

]
g
8 a 20.9°69.1°,201°, 249° b i,—’;
. -153° -135°, 26.6°, 45° m 3m 3w 7=
¢ -153°, -1 26.6°, 45 i,
e 120° f 0,%,::
0°, 180° h I E O% 4n
g 43 4 3
9 a 1+\2 B
b cosk®=—1 = ve.~1 =J2-1
1+/2 (2-1DH2+1)
¢ 65.5° 294.5°
4
10 a b= .

(4)
cos’x _ b _ \a
1L 1_{2 2
sin’x y ]_(%)

b ¢*=cot’x=

=1_(>=‘c a? __16
a* (a*-16) a*-16

11 u La 1 secH —tanf

X secO+tanf (secd — tanf)(sect + tan #)

s secf —tanf zsecﬁl—tane
(sec?f — tan?#0) 1

1 . 0n* . ; "3

?+2_(x+f) = (2secl)’ = 4sec?h

12 p=2(1 + tan®#) - tan®f = 2 + tan®0

; 1
tan®f =p -2 - 2= ——
- p-2=co PRy
cosec’f=1+cot?d=1+ 1 :(p—2)+1=p-1
p-2 p-2 p-2

b x*+

Exercise 6E
n m m m
1 a 2 b 2 c 1 d 6
3r T s T
e == f — ~ h =
4 6 g3 3
2 0 b -Z x
B 3 3
3 a3} b -1 ¢ -1 d 0
4 a % b % ¢ -1 d 2
e -1 £ 4
5 am-a«
6 a 0O<x<cl
b iyl-at =5
vl - x?
¢ i nochange ii no change
A
L 3: y=%+2arcsinx
7
.
x
2
e
b yn
3
.................. 2
y =7 —arctanx
s
__________________ 2] e
0 e
.
2

390 m Full worked solutions are available in SolutionBank. #



y = arccos(2x + 1)

=1 0 x
s
e
L]
i
i ‘
E' '
'
o
Yy = —2arcsin (-x)
!
-1i 1 X
i
: _I
' 2
'
........... -2
yll h 'ES
o | it
2 2
T T »> ' L >
x 1 1 %
-1 1 -2 2
_E ] >
%
T : T
Range: -~ = f(x) = -
e 2 2
y wr 1 ::
g:x —arcsin2y, s <xvr =<5
ghxr—isinyg,-Zsxs<Z

Lety =arccosx.x€[0,11=ye€ [{}, %]

(Note, siny = -1 — x? since y € [0, «‘%] sosiny = 0)

y = arcsiny1 — x2
Therefore, arccosx = aresiny/1 - 22 for x € [0,1].

For x € (-1,0), arccosx € (gn) but arcsin is only

has range [— L.

2" 2]

Answers

Challenge
a yu ) h yh
e e
A o 3
17 I /
0 'iTE TIT :'i T ! >
-1 2 49 1 ’
Range: 0 < arcsecx =< &, arcsecx # -:—
Mixed exercise 6
1 -125.3° +£54.7°
2 p= %
. . 08* 0
3 2¢% = sin?0 x 4% cot?f = 16sin2f x 57
Pq * x sin®#
= 16cos*# = 16(1 - sin*#) = 16(1 - p?)
4 a i 60°
ii 30°, 41.8° 138.2°,150°
b i 30° 165° 210°, 345°
ii 45° 116.6°, 225°, 296.6°
Tix 101xn
i —, —
“ 1760 60
j = 57 7m 1n
6'"6 6" 6
5 -8
6 a LHS. = (Si“” + CfJSﬁ)(sina + c08 6)
cos¢ sind

in 0 + cos®fd) , .
(sin cos ){sma+cosﬁ)

il

cosé sin#
_ _ sinf cos ¥
- sin# cosd cosé sind

l

= secl + cosect = R.H.S.

b
; in
b LHS = 307F
- —sinx
sinx
-
sinx 1 sinx 1 :
= e S e == = = sec’x = R.H.S.
1 -sin‘x sinx cos®x cos’x
sinx

¢ LHS.=1-sinx +cosecx—-1=sinx + L
sinx

— cin? 2
= : _sm L= cqs L. cosx C{_)S‘t = cosx cotx
sinx sinx sinx
= R.H.S.
: cotx(1l + sinx) — cosx(cosecx — 1)
d LHS. = (

(cosecx — 1)(1 + sinx)

_ COlx + COSX — cOlX + COS X
cosecx-1+1-sinx

_ 2cosx
cosecx — sinx

2cosx _ 2cosx _ 2cosxsinxy
. - - iné - i 2
.1 — il (1 sin .r.) cos’x
sinx sin x
= 2tanx = RH.S.
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Answers

_ cosech + 1+ cosect -1 _ 2cosecd

e LHS. =

(cosec?# - 1) cot®f

_ 2 sin*# _ 2sinff _ 2  sin#
T sinf cos’f  costf  cosd  cosd
= 2secf tand = R.H.S.

— = '?'H = R.HS
sec’ () sect () oo
i 2 2
7 & LHSG =3RX* £ooss)
(1 +cosx)sinx
_sin’x+1+2cosx+cos’xy _ 2+ 2cosx
- (1 + cosx)sinx T (1 + cosx)sinx
= 2(1 + COS{” = _2 = 2cosecx
(1 +cosx)sinx sinx
p T 27 4r 5m
3" 3'"3"3
{1 coss\*_ (1+cos#)® (1 +cosh)
8 RHA.= sinf " sin(?) sind 1 -cos*d
(1 + cos#)? 1 + cosf
= = = L.H.S.
(1 —cosé)(l +costt) 1 -cosé
9 a -2/2
b cosec’A=1+cot?PA=1+1=3
= COoSecA = + Bﬁ =438
2V2 4 25
As A is obtuse, cosecA is +ve, = cosecA = - :1
10al br-1 -1t d-—k
k VEkE -1 VkZ -1
17x T 7 57 47 11w
) e L i g 13 L =X X
127 12 3 36 3" 6
14 a (secx - 1)(cosecx - 2) b 0°, 30°, 150°, 360°
15 2-J3
16 A
-
\_l\ y = arccosx
2
1~¥
-'1 0 1 r i x
2
Y =cosx
17 a - bi-3 ii-3 c 126.9°
18 pg = (secf = tanf)(sec + tand) = sec’ ! — tan 0
= o X
=l=p= 7

19 a L.H.S. = (sec®# - tan?#)(sec’ A + tan*#)
=1 x (sec?*d + tan®#) = sec®d + tan®# = R.H.S.
b -153.4°, -135°, 26.6°, 45°

20 a YA

392

b Ua
I
0 1 x
¢ The regions A and B fit together to make a rectangle.
A
I
2
A
B k.
Area=1x2=2
rea=1xg=3
21 cot60°sec6H0® = 1 1 =,-&_=ﬁ-
tan60°  cosb60® 3 3
22 a : RN :
E | 27 |y =2-3secx
2 0 —r——ST
3r —® _E A7 T a 3 X
7 2 2 7
b -1<k<5
23 a A
o] O
15 41 05 Oﬁs 1 15¢%
: -2 y=3arcsinx-%
(=1, =) &-=r-=m- B
b (5.0
24 a lety=arccosx.So cosy =x,siny =1 - x?,

m Full worked solutions are available in SolutionBank.

[1 _ o2
Thus tany = - 1 = X~ which is valid for x € (0, 1).
I‘ = 2
Therefore arccosx = arctan’ 1-x for0<x<1.

Letting y = arccosx,x € (-1,0) = y € (%*r)

_sinx V1 -2a?
cosx x

V1 — x?

tany

arctan x —?E).

gives values in the range (— >3

so for y € (%fr) you need to add =

V1 - a2
b

Iy =m + arctan

5 /1 - x?
Therefore arccosx = 7 + arctan -




CHAPTER 7
Prior knowledge 7
1 a L_ b ﬁ C \"-3'
Ve 2
2 a 194.2° 245.8° b 45° 165°, 225°, 345°
3 a LHS=cosx +sinxtanx = cosx + sinx(g—’é.
_ cos?x +sin?x _ 1 _ -
= o = msx:secx:RHS
g e _ {cosxy( 1 sinx
b LHS = cotx secx sinx = (sinx)(COSI-{ - )
= 1 = RHS
2 r205
¢ LHg=Costx+sin®x 1 _ 00 - RHS
1 + cot®x cosec’x

Exercise TA

1

ai (o-9)+7=0 So/FAB=a.
ii ZFAB = ZABD (alternate angles)

ZOBE =90 = o, s0 ZBCE = 90 - (90 - a) = o.

iii cos/i= él‘—si = AB = cos /i
iv sind= %C = BC =sin 3
b i sina= AD_ = AD = sina cos 3
cos 3
ii cosa= BD = BD = cos o cos 3
cos 4
¢ i cosas= CE = CFE = cosa sin 7
sin /1
ii sina =—£‘§— = BE = sina sin /7
sin /4
di sina-p=F 1"3 = FC = sinla - §)
ii cosla~ 3= A = FA = coslo = 1)
e i FC+CE=AD,soFC=AD-CE

sin{cv = 9) = sina c0S /7 — cosav Sin /3
ii AF=DB+BE
cos (o = J) = cosa cos F + sina sin 3

sin(A -B) _sinA cosB - cosA sinB

c 270°

tan(A - B) =

sinA cosB _ cosA sinB

_ cosA cosB  cosA cosB _ tanA - tan B
cosA cosB  sinAsinB  1+tanA tanB
cosA cosB  cosA cosB

sin(4 + B) =sinA cosB + cosA sinB
sin(P + (-=Q)) = sin P cos (-Q) + cos P sin (-Q)
sin(P-0Q)=sinP cos@ - cosPsinQ
Example: with A = 60°, B = 30°,
sin(4 + B) =s8in90° = 1; sinA + sinB =%+%= 1
[You can find examples of A and B for which the
statement is true, e.g. A = 30°, B = -30°, but one
counter-example shows that it is not an identity.]
cos (0 — ) = cost cosf) + sind sin
= sin’# + cos’f? = 1 ascosO =1

31 E = = Qi E — E i

a 5111(2 6) = sin cos fl cos sin 6
= (1) cosd - (0) sinf = cos ¥

cos(A - B) cosA cosB + sinA sinB

b cos(% = H) = cos = cosf — sin% sin#

Answers

2
= (0) cos# — (1) sinf) = sind
7 sin (J: £ —g-) = sinxcosg + casxsing- - ‘—zg-sinx + -} cosx
8 cos (.t + %) = cosxcos% - sinxsin—% = —é—cosx - 123—5111.1:
9 a sin35° b sin35° ¢ cos210° d tan31°
e cosf f cosTd g sin3d h tan 50
i sinA j cos3x
g E ) — E n E
10 a sin (x+4)orcoa[x 4) b coa(x+4)
s m ¥id s w
c sm(x .,._?;) orcos(x-g) d sm(r-z)
11 cosy =sinx cosy + siny cosx
Divide by cosx cosy = secx = tanx + tany,
sotany = secx — tanx
12 tanx - 3 13 2
Jtanx + 1
— r ."_-
14a} b 3 c -(8*7“3)
3 11
15 M: l = (2+V3)tanx=1-2/3, so
1-v3tanx
taniE md 2V o (1-23K2-V3) 2 53
2 + \"3 1
16 Write § and ¢ + 4—75 as (6 - E) + 2n and use the
3 3 3
addition formulae for cos.
Substitute for cos# and cos(a - ‘—?} and simplify.
Challenge

a i Area=Jab sind = Jafy cos B)(sinA) = Jxy sinA cos B

ii Area =jab sind = Jylx cos Alsin B) = 1xy cos A sin B

iii Area =Jab sind = Jxy sin(A + B)

b Area(T, + T;) = jxy sin(A + B)
= JxylsinA cos B + cosA sin B)
= —.}xy sinA cos B
- %xy cosAsinB=Area T, +Area T,
Exercise 7B
203+ 1) L Y263+ 1) V263 -1) .
1 i b 3 C 3 d 3
0 ol
2 al b ¢ 2 d 5 e
f -1 gv3 h lg— i1 i
tan 45° + tan 30°
3 a tan(45° + 30°) =
4+ 30 = tan45°tan30°
1+ E = - =
b tan75° = 3 _3+v3_B+3)3+3)
1-Y3 3-V3 (3-V3)3+/3)
3
_12+63_, . =
= —9 3 =2+y3
6
4 -3

[3%]

]

™o
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Answers

5 a cosl105” =cos(45° + 60°)
= c0s$45° cos 60° - sin 45° sin 60°

1.1 1.3 _1-8_+2-¥
V2 2 V2 2 2/2 4
b a=2,6=3
3+4/3 4+3/3 10(3V3 - 4)
T b= 11
3 3-43
7 a? b c 10\ d !
8 a - b -2 c ¥
36 204 325
9 a -3 b 75 € =3
10 a 45° b 225°
Exercise 7C

1 sin2A4 =sinA cosA + cosAsinA = 2sinA cosA
2 a cos2A=cosAcosA -sinAsinA =cos’A -sin’A
b i cos24 = cos*A - sin?A = cos?A - (1 - cos?A)

= 2cos’A -1
ii cos2A4 =(1 - sin?A) -sin*A =1 - 2sin*A
tanA + tanA 2 tanA
3 tan24 = -
n 1-tanA tanA 1 -tanA
4 a sin20° b cos50° ¢ cos80°
d tan10° e cosec49® f 3cos60°
1gi o T
g 3sinl6 h cns(g)
V2 V3 1
6 a (sinA +cosAl? =sin?A + 2 sinA cosA + cos?A
=1 +sin2A4
: ! : 2 _2+V2
b (sinZE sZ) =1 Fw 128 x
(sms + COS 8) +sin 7 iy 5
7 a cosb6d b 3sin4d#d ¢ tan#
d 2cosé e V2cosd fsin®26
g sin4d h -ltan26 i cos?20
P i
CJ=E-1
a y=2(1-2) b 2xy=1-4°
¢ y=4xY1 -2 d yb@
10 - 11 =l
. 24 e 24 7 336
12 a i 5 ii 25 iii 25 b {,2‘5,
. . 2V2 e N2
13 a i-§ ll; lll—;;
cos 2A 9 = s 7
14 -3 15 mn
324+ 62-52_20 _5 V2
16 0820 = —— = = b —
& cos 2x3x6 36 9 3
]
2(3)
3 4 3 16 24
17 a i b m=tan2d= .=§x7=~?—

3 2
- (3)
18 a cos2A =cosAcosA -sinAsinA = cos’A - sin” A
=c08*A - (1 = cos?A) =2cos?’A - 1
b 4cos2x =6cos’x - 3sin2x
cos2x + 3cos2x — 6¢cos’x + 3sin2x =0
cos 2x + 3(2cos’x — 1) —6cos’x + 3sin2x =0
cos2x - 3 + 3sin2x =0
cos2x + 3sin2x -3=0

19 tan2A =

sin24

_ 2sinA cosA

c0s2A  cos?A - sin?A

2 sinA cosA

= C0S°A =

"~ c0os?A —sin?A
cos?A

2tan A
1 - tan®A

Exercise 7D

1 a
c

2 a

- W
=22

017 2317 b 170.1°, 350.1°
56.5% 303.5° d 150° 330°

i m " T I | i
—|= v S -
sm(ﬂ + 4) smﬂms? cos fsin 1

1 . 1 s
—sinf + —cosf = —(sinf + cos f)
Ve V2 Ve
0, %.Z?r c 0,%,2:’{
30°, 270° b 30°, 270°
3(sinx cosy — cosx siny)
—(sinx cosy + cosx siny) =0

= 2sinx cosy —4cosxsiny =0

Divide throughout by 2 cosx cosy
=tanx -2tany =0,s0 tanx = 2tany

b Usingatanxy =2tany = 2tan45° =2
sox =63.4°, 243.4°
5 a 0.7, r.%, 2 b +38.7°
o 150° 210°. 330° A x 51 3w
¢ 30° 150° 210°, 330 d 15'4" 12" 4
e 60° 3007 443.6° 636.4° f —g— —5—8-75
nm Sw
) 44 2n 7w 5
h 0° 30° 150°,180°,210°,330° i I &% L7 97
’ s 6'3' 6" 3
j =104.0° 0°, 76.0°, 180°
k 0° 35.3° 144.7°, 180°, 215.3°, 324.7°
6 51.3°
7 a 5sin2d = 10sin# cos#, so equation becomes

b
8 a

b
9 a
b
10 a
b

10sinéd cos# + 4sinf# =0, or 2sinf#(5cosf + 2) =0
0°, 180°, 113.6°, 246.4°
2sind cosf + cos*f —sin°f# = 1
= 2sinf cosfl — 2sin*d =0
= 2sin# (cost - sinf) =0
0°, 180°, 45°, 225°
L.H.S. = cos? 28 + sin® 28 — 2 sin 20 cos 20
=1 -sin4# = R.H.S.

a 17m
24" 24
s 2tan (%) . sin (g) . cos’(%]
sec? (g) cos (g) 1
= 2sin (g)cos(g) =sind
. 1- tanE(g) 1 - tan? (g)
s 1 + tan? L i sec? ¢
g) sc(3)
= cos? [g) [1 - tan® (g)] = cos? (g) - sin? [g]
=cosf = L.H.S.

i 90° 323.1° ii 13.3°, 240.4°
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11

12

13

a LIS = 3(1 +;o&-2x} (1- (‘;)szx}
=1+ 2cos2x

b Ya

-T2~ O \/27 X

3 3 =hH 3

Crosses y-axis at (0, 3)

Crosses x-axis at (—;231 0), (—E, O), (% 0). (ZT’T 0)
a 2(:053(3} 4 sin? (g) 2(1 +§ﬂsg) 4(] _;’OSB)

=1+cosf#-2+2coséd=3cost-1
b 131.8° 228.2°
a (sin®A + cos’A)? = sin*A + cos*A + 2sin“A cos?’A
(2sin A cos A)?

So 1 =sin*A +cos*A + 5
= 2 = 2(sin* A + cos*A) + sin® 24
sin‘A + cos*A = (2 - sin?24)
b Using a: sin*4 + cos*A = 1(2 - sin? 24)
_ £{2 - cns4A)} _(4-1+cos4A4) _ 3 + cos4A
e 2 . 4 . 4
e . bn 7n 1lx
1212 12" 12
14 a cos39 = cos(20 + 6) = cos 20 cos b - sin 26 sin#
= (cos?# — sin?#) cos ¥ — 2sin# cosd sind
= ¢cos*f - 3sin*d cosd
= 4 cos*f - 3 (sin®# + cos?#) cosd
= 4co0s’#A - 3cosd
é
b Z 3% and 27
9' 9 M%7

Exercise 7E

1
4

R=13;tana —Tz 2 353 3 41.8°
a cosf-V3sind=Rcos(d + a) gives R = 2, n—%
b y=2cos(ﬁ+§)
a
2_
1- p
\ T T T L >
0 NS 7r 3r 2 0
5 6 2
a 25cos(f+73.7°) b (0,7)
¢ 25,-25 di2 @0 il
a R= V10, a = 71.6° b 6=69.2° 327.7°
a V5cos(26 + 1.107) b 6=0.60,1.44
a 6.9° 66.9° b 16.6° 65.9°
¢ 8.0°,115.9° d -165.2° 74.8°
a 3sin36-4cos3f = Rsin(30 - a)

= Rsin 36 cos« — Rcos 30 sina
So Reosa = 3, Rsina =4=R=5,
tana -'—50(\ = tan™! ——- 831"
b Mlmmum value is - 5.
when 36 - 53.1 =270 = 6 = 107.7
¢ 21.6° 73.8° 141.6°

10

11

12

13

14
15

a

a
c

Answers

5(1 - c0529) _3(1 +(:0329) + 3sin 20

2 2
=1+3sin20-4cos2f,soa=3,b=-4,c=1
Maximum = 6, minimum = -4 c 14.8° 128.4°
R=yV10,a=18.4° 0 =69.2°, 327.7°
Jcos’f =4 - 4sinf + sin®é

= 9(1 - sin*#) = 4 - 4sinf + sin°d
So 10sin?0 —4sinfl - 5=0
69.2°,110.8¢°, 212.3°, 327.7°
When you square you are also solving
3 cost#t = —(2 - sin#). The other two solutions are for
this equation.
€080 . 5in6 + 2sinf = —
sin# sind
+2sinf =1
#=126.9°(1d.p.)
V2 cosd cos% +y2sin# s'm% +v3sinf sinf = 2

x §sin# = cosd

= c0oSf + sinf — sind +/3sinfd = 2
= cosf +3sinf = 2

w s

R=41,a=77.320° il ii 77.320°

b 13
R=13, a=22.6° b #=48.7° 108.7°
a=12,b=-5,¢=12 d minimum value = -1

—

Exercise 7F

1

(cosA +.sitrA)(cos A — sin A)

cos’A - sin“A

L.HS. = =
i, cosA + sinA cos7 + sHrA
=¢osA -sinA = R.H.S.
RHS. = —’Z—{sinB cosA — cosB sin A}
" ZsinA cosA
sinB coshB
=== o = LLH.S.
sinA cosA
1-(1-2sin%#) 25in% 0
LHS.= = =tanf#=R.H.S.
2sin# cosf 25in 6 cos an
sin®
LHS =1ttand__ cosd
1 -tan®*# _ sin®d
cos?f
_costO+sintd_ 1 _ _oue29-RHS.
cos?f —sin®*# cos 20

L.H.S. = 2sin# cos #(sin?# + cos*#)
= 2sin# cosf = sin 20 = R.H.S.

Lnsﬁsm.’iﬂcosﬁ—cos%sme sin (36 - 4)

sinf cos @ sinf cosf
- sin 26 quf?cose?z RS,
sin# cos# sinf cosé#
LHS =1 _2cos20cos _ 1 _ 2Zcos2fcost
T sind sin 26 sinf  Zsinfl cos®
. — — 1112
:1_.‘:0”29=1 (1 - S5m le)):ZSin.e?zl:!.H..‘;.
sind sind
1 )
<=4 1-(1 - 2sin2?
LHS. = cos _1-cos# _ s 2)
e | " 1+cosf 0
— 1 052 L -
ccsﬁ‘+ 1+(2r05 5 l]
2511123 9
= 2 _tan!z_ R.H.S.
2(:0522
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Answers

cosx —sinx
cosXx + sinx

1-tanxy _

i LHS.= =
1+tanx

_ (cosx - sin x)(cos x — sin x)
cos®x — sin®x

_ cos’x +sin*x — 2sinx cosx _

COSX — sSIn“x

cos 2x

2 a LHS.=sinlA4 + 60) + sin(4 - 60 = sinA cos 60
+ cos A sin 60 + sin A cos 60 - cos A sin 60
= 2sinA cos60 = sinA = R.H.S.
b LHS = S8A _sinA _cosA cosB-sinA sinB
©7 sinB  cosB sinB cos B
cos (A + B)
= —— =R.HS.
sinB cos B
. sin(x+y) sinxcosy+ coxsiny
€ LHZ = COSX COsy COS COSYy
_sinx _ siny
= Cosxz * Cosy = tanx + tany = R.H.S.
cos(x COSX Ccosy — sinx sin
d LHS =28y Y - 8 ¥ .1
sinx siny sinx siny
_cosxcosy sinxsiny COSX COSY
~ sinxsiny sinxsiny  sinxsing

= cotx coty = R.H.S.

e L.H.S. —c05(8+—)+u3 smﬂ-cusﬂcos-j

—qm93m~+ 3 5m8-%cusﬁ*——§sm8+v3 sin#

dt

=%cosﬂ+%sin95sin(9+%)=ﬂ.H.S.
cosiA + B)
f LHS =cot(d+B)=08L+2
cotid +B) = = A+ B)

_cosA cosB -sinA sinB
sinA cosB + cos A sinB

cosA cosB _ sinA sinB

_ sinAsinB  sinAsinB Ecom cotB -1 “RHS.
sinA cosB | cosAsinB CotA + cotB
sinA sinB  sinAsinB

g L.H.S. =sin%45° + 6) + sin245° - 6) = (sin (45° + ))?
+ {sin (45° — #))2 = (sin45° cos § + cos 457 sin #)*
+ (sin 45° cos # - cos 45° sin #)?
- (Z coso+ Z sing) + (Z coso - ino)
_(2 cost + > sind| + > cos > sinf

1

1
=—c0s%0 +
2

Ecosﬁ' sin# + 1

o 1
—sin?d +
2

—cos?
2

- %cosﬂ sinf + %sinzo = c0s%f + sin?f = 1 = R.H.S.
h 1.H.S.=cos(A 4+ B) cos(A - B)

={cosA cosB - sinA sin B) x cosA cosB + sinA sinB)

=lcos?A cos? B) - (sin?A sin?B) = (cos? A1 - sin*B))

(1 - cos? Alsin?B) = cos? A — cos?Asin’B

- sin?B + cos?Asin?B = cos?A - sin?B = R.H.S.

3 HS. = sind f:,-asafi= sin®# + cos*#
s LHS cosf siné# sin# cos#
e 2cosec 26 = R.H.S.
%) sin 26
b 4
396
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w Full worked solutions are available in SolutionBank.

a Use sin 3¢ = sin(2¢ + #) and substitute
cos 26 = cos?f - sin? 4.

b Use cos 30 = cos(26 + 0) and substitute
cos 26 = cos*# - sin’ 4.

sin 3¢ _ 3sin# cos’# - sin*f

¢ tan3d = = - =
cos 30 cos*# - 3sin®# cosd

” 3tanf - tan*éd
1 - 3tan?#

3 2/2

tanf = 2.2

i |

6(2 -1 6\2 -10 \2_ 1 U»“"Z‘

s0 tan 30 = 1 —2a = T = 23

X
coOsSX = 2(:05‘5— 1

+

= 2c082% =1 + cosx = cos?E = 1+cosx
2 P 2

ii cosx=1- ZSinzg

1 -cosx

= 2sin?X =1 - cosx = sin?X =
2 z 2

14+ 2cosA + cos®A
4

5
cns““% = (1 = SDSA)E =

1+2msA+(

4
_2+4cosA+1+cos2A _ 3 +4cosA + cos 24
- 8 a 8

2
L.H.S. = cos*# = (cos?d)? = (1 * (‘320529}

1+ cosZA)

1+ 2c¢o0s26 + cos? 26) = i- + %00529

1+cos4d)\ _1_ 1 1,1
(—2—)_4 2c0529+8+8(-os49

cos4f = R.H.S.

4

oolw Bi= ae

Il

1 1
—cos 20 + —
+2 8

[sin(x + y) + sin(x - y))[sin(x + y) - sin(x - y)]
= [2sinx cosyll2 cosx siny]

= [2sinx cosx][2cosy siny]

= sin 2x sin 2y

2('09(26‘ + ) 2((:05 26 coqq —~ sin 26 sin _3)

=2 (cos 201 _ gin20Y3 3) = cos 20 — V3 sin 20
2 2
4(:05(29 = -765) = 4 cos 26 (:ns-‘;E + 4 sin 26 ﬁin-;,E
= 2V3 cos 20 + 2sin 20 = 2/3(1 - 2sin?0) + 4sind cosd
= 2V3 — 4/3sin% + 4sind cos b

a RHS.=V2 {sim‘?cus%

+ c0s #sin =
LOSSH4}

=2 {:,me 1 + cosf 1‘!} =sin# + cos# = L.IH.S.

v

b RHS. = 2{sin 20 cos% — ¢cos 20sin -g-}

= 2{51n 29% - c0s 20 ;} =38in20-cos20=LHS.




Challenge

cos(A + B) — cos(A - B)
= cosA cosB -sinA sinB -
= -2sinA sinB

b letA+B=Pand A -B=0Q.Solve to get A =

1 a
(cosA cosB + sinA sinB)

P+0Q
2
P-0Q
and B = ——— Then use result from part a to get

2
cosP - cosQ = - 2 sin (P; Q) sin (.P_;_Q)

~%[cos 6x + cos 4x)

sin(A + B) + sin(A - B)

=sinA cosB + cosA sinB + sinA cosB - cosA sinB
= 2sinA cos B

letA+B=PandA-B=(0

.‘.A='p;QandB=ﬂ

- sinP+5sinQ = 2sin(P;Q) COS( ;Q)

(A%

Uz _P+Q5z_P-Q
24 2 "24 2
227 101\-

= P
24 @ i
327 16‘7 _bn
24 =l 24 2= 24’
167 6r\ _ \'i +V2
24 24 2

51n( + sin (

Exercise 7G

1 0.25m b 0.013 minutes, 0.8 seconds
0.2 minutes or 12 seconds

0.03 radians b 0.0085 radians

0.251 seconds

0.0492, 0.2021, 0.3006, 0.4534 seconds
£17.12, £17.08

£19.40, 6.53 hours or 6 h 32 min

After 4.37 hours (4 h 22 min after market opens)
224.7°C

2m17s,5m 265, 8m 34s

17.6 seconds.

A=05a=53.13°

i 0.5 ii 6=143.1°

Minimum value is 22.5, occurs at 17.95 minutes
2.95,12.95, 22.95, 32,95, 42,95, 52.95 minutes
R =68.0074, o = (0.2985 b 138.0m

31.4 minutes d 11.1 minutes
R =250, o = 0.6435

i 1950 V/m ii x=441cm,x=16.91cm
210=x=<6.71,1460 = x = 19.21

&

2

S SeEoSREAATESoTREATRERESRES

Challenge

a 586cm=x=1033cm

b Identifying the exact point of maximum field strength,
microwave oven would not work exactly the same every
time it is used.

Mixed exercise 7

1 . 1
1&1—5 i.lE

b 23.8° 203.8°

3

“1

10
11

12

13

14

15

Answers

sinx:é,socosx:%
Vo ¥D
cos(:{:—y]=silly=>%cusy+—1—5:smy=siny
v v
= (/5 -1)siny =2cosy = tany = 2 Y3+l
\D—l 2
a ta.nA=2.tanB=% b 45°

Use the sine rule and addition formulae to get

%smﬂ x % z%cosﬂ P %

Then rearrage to get tan @ = 3v3.

75°

b 120

a iz ii 335

b Use cos{180° - (A + B)} = —cos (A + B) and expand.
You can work out all the required trig. ratios (A and
B are acute).

a Usecos2x =1 - 2sin’x b $
¢ i Usetanx =2, tany = in the expansion of
tan (x + y).
ii Find tan(x - ») = 1 and note that x - y has to be
acute.
a Show that both sides are equal to %
3k o 12k
2 4 - 9k*
a V3sin26=1 -sinf = cos 20

= /3tan20=1 = ngﬂ:%
J

7 ir
b 1212
a8 a=2,0=5,6=-1 b 0.187,2.95

= cosx cos 60° + sinx sin 60°

=Lcosx +—gsmx
2 2
1
1

- 4 - \-'§

So (Z—l-'i)smx-}-cosxﬁtanx- —
2 2 9 _ V3
2
b 23.8° 203.8°
a cos(x + 20° =sin(90° = 20° - x) =sin(70° = x)
Using addition formulae:
cos x cos 20° - sin x sin 20°
=sin70°cosx — cos 70°sinx
Rearrange to get: sin x (5 cos 70°) + cosx(3sin70°) = 0
siny _ 3sin70° _ 3

=== 70°
cosx - “5cos 70“ 5 a

= fanx =

b 121.20°
a Find sina = £ and cosa =} and insert in
expansions on L.H.S. Result follows.

b 06,08
a Example: A =60°, B=10°sec(A +B)=2
secA+secB=2+1=3

infl  cosf _ sin®# + cos*d
b LHS =50%, =
cosf sind sin# cos#
= 1 _ 2cosec20=RHS.
5sin 260

a Setting 0 = % gives resulting quadratic equation in ¢,
t? + 2t - 1 =0, where t = tan (g—)
Solving this and taking +ve value for ¢ gives result.

b Expanding tan( ) gives answer: v2 + 1

4 8
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Answers

16 a 2sin(x - 60)°
b Y
2

-369/:30{] -120

Graph crosses y-axis at (0, —3)
Graph crosses x-axis at (-300°, -0), (-120°, 0),
(60°, 0), (240°, 0)

17 a R=25.0=1.29 b 32 ¢ 68°669°

18 a 2.5sin(2x+0927) b %sin2x+2c052.t+2 c 4.5
19 a a=14.0° b 0°, 151.9°, 360°

20 a R=V13.a=563° b 6=17.6° 229.8°

21 a LHS.=—L_ .1 =1 _o9cosec20=RHS.

cosf sinf %—sin 26
1-tanx 1 +tanx

_ (1 +tanx)®—-(1 - tanx)?
(1 +tanx)(1 - tanx)

(1+2tanx +tan®x) - (1- 2tanx + tan’x)

Il

1 -tan®x
_ 4tan3: _ 2[2tanjcl =2tan 2z = RHS.
1 -tan*x 1 - tan®x

¢ LHS. = —%[c:{)s 2x - cos 2yl = %[cos 2y - cos 2x]
= }2cos?y - 1 - (2cos?x - 1)]
= %IZ cos’y — 2 cos’x] = cos’y - cos’x = R.H.S.
d LHS.=2c0s20+ 1 +(2cos?20-1)
= 2¢0s20(1 + cos 20) = 2 cos 26(2 cos® )
=4 cos’f cos 20 = R.H.S.
1-(1-2sin*x) 2gin*x

22 a - = -
1+(2cos*x-1) 2cos’*x

= tan?x = sec’x -1

b X%
3 3
23 a L.HS. =cos'20 - sin'20

(cos? 20 — sin? 20)(cos® 20 + sin® 20)
(cos? 26 — sin?28) (1)

(i m

cos4# = R.H.S.
b 15° 75° 105° 165°
24 a Usecos2f=1-2sin*# and sin 26 = 2sin# cos#.
b sin360°=0,2-2co0s(360°)=2-2=0
¢ 26.6° 206.6°
25 a R=3,a=0.841 b x=1.07,3.53
26 a R=5.772,0=75.964" b 5.772 when ¢ = 166.0°
¢ 6.228 hours d 196.7 days
27 a 13sin(x + 22.6° b 3.8m/s
¢ 168.5 minutes
Challenge

cos 260 + cos 40 = 2 cos 34 cosh = 5ok
sin 26 - sin4# 2 cos 36 sin (-#)
b cosb5x + cosx + 2cos 3x
= 2c¢083x cos 2x + 2 cos 3x
=2cos3x(cos2x + 1)
= 2 cos 3x (2 cos’x)
= 4 cos’x cos 3x

398

2 a OB=1
sm29=%:>AB=sin2!}
('.05219:91&::—0,4:0052#)
. AB . . _sin20
Sln9_200562>51n9 2 cost

sin 26 = 2sinfl cosd

(1 + cos 2012 + sin? 20 = (2 cos 0)?

1 + 2cos 20 + cos? 20 + sin? 20 = 4 cos2
2+ 2cos2f)=4cos?d

c0s 20 = 2 cos?f - 1

CHAPTER 8
Prior knowledge 8 B
_ & L.
1 a t_4-k b 1—1\3
- see g [ E= 1
¢ t=¢ d (= 3In( > )
2 a 7-3cos’x b 2cosxv1 - cos’x
c -.—99§—x— d 2cosx+2cos’x -1
V1 - cos?x
3 a y>0 b O0<y<2
¢c -b<y<3 d 0<y<l1
4 (4,7) and (-4.8,2.6)
Exercise 8A
1 a y=x+2;+1,-6=<x<2, l=y=17
b y=(5-2P-1,2x€eR y=-1
c y=3—1—,_.x10. y=3
d y:%,xwl, y>0
2
e y=(1;2't).x>0, y>4
- 1
f y—1“3x.0<x43. y>0
2 aiy=20-10e"+e" x>0 ii y>11
4 1 _ 4% 1
b i y=ex+2,x>0 ii O<y<s
¢ i y=x'2>0 ii y>0
3 a y=9r*-2,, O=zx=</5, Os=sy<i
b % (5
Ly (V5. 20)
y=9x:-x*
0 Vi ¥
4 ai y=Y-5x i x>-3,y<9

m Full worked solutions are available in SolutionBank. #



b i y=3-2kx+7

i -13<x<1l,-7<y<18

i Ya
18-
=3.=9 y=5x-2)x+7)
N\ /.
. 1 T >
prg 11 ¥
1
£: -2

ii xeR, x22,yeR, yz20

S
=)
X

=Y

y=2-¢°

a Cox=1+2t1= z-—1

Sub ¢ into y = 2 + 3t:

va o glE= ) 9,8, 8. 3, 1
y_2+3( 5 )-2+2x > 2x+2
R _1+3x
=53t
. -
Suhlntoy._zt_g.
1+ 3x 1+ 3x
B 2x __2x _1+43x_3 .1
”'2(1+3x)_3‘ 1 2 2' 72
2x ) x

Therefore C,and C, represent a segment of the
same straight line.

b Length of C, = 3V13, length of C, = * 1?3
a xx2, y<-2

et ey a3
b x_£+z,z_x_2

Subintoy=2t-3-#
o 3\ 2 [ 3 \_ 6
y‘z(x—z) 3 (xuz)'xaz
:6lx-2l—3[x—2]3—9

(x — 2)2

Answers

9
lx - 2)2

_6x-12-3x?+12¢-12-9 _-3x%+18x - 33

(x - 2)2

=—3Ltz—6x+1l)
(x - 2)?
x=Inlt+ 3

t=e*-3

11
e*—3+5 e*+2

b ﬂxl<%—

x>0

y:

6 2p? -
8 =¥ & og=r<3/2
& ¥=79"9 .

. dy
b =p-2t,—=312-2
4 dt

Yy=4-t?=1t=,/4-y
Subintox=t3-t=1tt2-1)
r=y4-yld-y-1)=J4-y3-y
xé=(4-y)3 -y

a=4,6=3

b Maxyis4

Challenge
,_ -2, a4
(1+ 22 (1+222
s -0 42 _1-2+1

a x

Sub into y =

4

x - 2)2

s0A=-3,b=-6,¢=11

1
t+5

41>

54 pe= -
w4 1+222 (14132 (1+ 1222
=1+2t2+t4={1+r212=.
(1 + 122 1+ t3)2
Sox*+y*=1
b Circle, centre (0,0), radius 1.

Exercise 8B
1 a 25(x+1)2+4(y-472=100 b

c y=4x*-2
4
x-2 f
2 a (x+5)P+@y-2r=1
b Centre (-5, 2), radius 1
¢ O<t<22n

Centre (3,-1), radius 4
(x+2P+(y-3F=1

e y=

Lo

yz

(1 + ¢2)?

=4x¥1 - x9)
2xv1 - x°
1-2x2
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Answers

I x=e¢ [ 16| 9| 4| 1] o0
V3 VO —x -
b y=-7zx-— y=f5_‘ ~128| -54|-16|-02| o
¢ y=-3x
6 & jult t 1 | 2| 3 | 4
X x=8 1 4 9 16
b
74 q=;_‘ 02 | 1.6 | 54 | 128
Ya
144
— 124
0 x 10
7 y=33x Domain: x > 0 2:
8 a y=9%x(1-12x)=a=9,b=12 4
b Domain: 0 < x <, Range: -1 <y < 1 24
9 yzsintcos(-g-)—coszsin(g—) € 810121416 %
%2\ —4-
3(1-%X
=ﬁsim—lcost:g—lx =
2 2 2 4 -8
-10+
= 211-(2]"|3 - %xa -—I) = %[\"'12 - 3x%2 -2 ~124
10 a y2=25(1—x‘4) b .‘t>5.0c:y€:1 3 ¢ T _m _l' 0
y 4 6 12
11 x=- ,.W'-U-““”ﬁ x=tant+1 | 0 |[0423 0732 1
VlTg
y=sint -0.707 | -0.5 |-0.259 0
Challenge
r f it (0 2 x i
if = \.-'3 ‘86" +f'2f8+1 12 6 4 3
x=tant+1 | 1.268 | 1.577 2 2.732
Exercise 8C y =sint 0.259 | 0.5 | 0.707 | 0.866
1 |t -5 -4 -3 -2 -1 -0.5
x=2t | =10 -8 -6 -4 -2 -1

y=7 -1 [-1.25|-167]|-25]| -5 | -10

t 0.5 1 2 3 4
x=2t 1 2 ° 6 8 10

(5]

y=2 | 10| 5 | 25 |167|125] 1

—-24 4

400 m Full worked solutions are available in SolutionBank. #




d Ya e YA
6. 3
., >0 ’
0 e
f Y
3
T [ >
-3 ?‘I \_“ =
5 a y=3-x)7°-
by,
7
/.
_2_0 v 5 x
6 a (x+2°+(y-1)72=81
b Y
5 0 /7‘}
¢ 6w
Challenge

positive direction, the curve
heads off in the positive y
and negative x quadrant.

» Astapproaches -1 from

As t approaches -1 from the

¥ the negative direction, the
curve gets closer to 0 from
-5 the negative y and negative x
quadrant.
Exercise 8D
1 a (11,0) b (7,0) ¢ (1,0),(9,0)
d (1,0),(2,0 e (2.0)
2 a (0,-5) b (0,) ¢ (0,0),(0,12)
d (0,3 e (0,1
3 4 4 4 5 (3.3
6 t=3t=-3(%5)(3-3
7 (1,2),(1,-2),(4,4), 4, -4)
8 a [2-1,0).0.c0s1)
Lol (Fohunana-
b (-2.0).(2.0).0.31.0.1.0,-1)
¢ (1,0 -
9 a (e+5,0) b (In8, 0), (0, -63) ¢ (20

10 ¢
11 t=

12 a
b

¢

13 y=
Discriminant = 8% —

Answers

2
3 3
. (In3.In3)

(6¢0s (73) )(6“’“ 2) )

4sin2t+2=4=4sin2t =2 = sin2t = 0.5
T 5w x® bm
2£~E,?=>£—ﬁ.ﬁ
(ﬁcos( )0] (6005(577) 0)
12 12
2x =5 =41t-1)=212) -5 = 4t* -8t +5=0
4x4x5=64-80=-16<0

Since the discriminant is less than 0, the quadratic
has no solutions, therefore the two equations do not
intersect.

14 a

cos2t+ 1=k
maxofcos2t=1,s0k=1+1=2
min of cos2t=-1,s0k=-1+1=0
Therefore, 0 = k = 2

b y=1-2sint+1=2-2sin?t=2-2x*
k=2-2x*=2x*+k-2=0
Tangent when discriminant = 0
Discriminant = 0% - x(k~-2)=0
-8k-2)=0=2k-2=0=k=2
Therefore, y = k is a tangent to the curve when k=2.
15 a A(4.1),B0,2) b Gradient of [ = 2 2=l }1 =1
]
¢ r-5y+1=0
16 y+V32x-V3=0
17 a A(0,-3), B, 0
b Gradientof [, =4
Equation of [, and l,;: y =4x + ¢
-a=H-D e g-di-dact
>0-8+ct+4=0
Tangent when discriminant = 0
(—(8+c)* -4 x1x4=0
64+ 16c+c*-16=0
+16c+48 =0
(c+4)c+12)=0=c=-4o0rc=-12
So, two possible equations for [, and [, are
y=4x-4andy=4x-12
¢ (4-2).(3.-6)
Challenge
(1, 1), (e. 2)

Exercise 8E

1 a
C
d

2 a
b
c

3 a
b
C

4 a

83.3 seconds b 267Tm
x 32
teadecnyad oty o 06
09 ¥ 09 Y 79"

which is in the form, ¥y = mx + ¢ and is therefore a
straight line.

3.32ms"!

3000m

Initial point is when t = 0. For ¢t = 330, y is negative
ie. the plane is underground or below sea level.
26373 m

35.3m

Between 1.75 and 1.88 seconds (3 s.f)

30.3m (3 s.f)

100
o5 seconds b

200

PURL
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Answers

¢ t=22y= -4.9(%)2 +10(3) = —oa* + 5

2 40
Therefore, the dolphin’s path is a quadratic curve
d 20m
49 -
5 a sint:%, cost-=y_T
2 (I et
(12) +(_12 =1=a2+(y-12)2=144

Therefore, motion is a circle with centre (0,12) and
radius V144 = 12.

b 24m ¢ 27 seconds, 12m/s
6 a 4.86 units (3 s.f) b Depth=2
7 & 13 b (0.2).(0.4)
s _ oft2=3t+2
¢ 2= 2(f) +10

20 =20-6t+4+10t=>0=4t+4=t=-1
Since, £ > 0, the paths do not intersect.

8 a 10m
b k=1.89(3s.f). Therefore, time taken is 1.89 seconds.
¢ 34.1 units (3 s.f)
=X
d = 18
x\2 x 49 ., 2
= =4 9= —— - — (
y 49(13) +4(18)+ 10 =—5252% + 52 + 10
Therefore, the ski jumper’s path is a quadratic
equation. Maximum height = 10.8 m (3 s.f)
9 a x=§ b (50, 20)
¢ (77.87,18.19)
% <1< % which is when sin 2t is decreasing,
hence when y is decreasing, hence the cyclist is
descending.
10 a (4.35,4.33)(3sf) b 25m
¢ 347m(3s.f) d -7.21

Mixed exercise 8

1 a A(4,0),B0,3) b 23,3

2 YA

n
2

t=m 33
2
3 a y=jlnlx-D-J+In2x>e+1
b y>1+1In2
4 y=-In4-2Inw),0<x<3,y>0
-1 22 v2 42
5 a y=1-2x b 2"
1
6 t=E—1 1
Subinto y = =9
=11 ] 1. (1 : 1
(1+3-1)(1-3+1) (E)(Z_E]
2 2
¥= 2(1)'(2_1}=2xx—1
Nz

7 a (x+3P+(y-57°=16 b YA

0 %

¢ (0,5+V7),(0,5-V7)
8 a x(1+0=2-3t=uxt+3=2-x=tlx+3)=2-x

2-x
= =
x+3
Sub into y = 31:2:
2-x
3+2——
v = * (x+3)23tx+3]+2(2—x}=3x+9+4—2x
y 1+(2—x} r+3+2-2x 5
X+ 3
x+13 1 13
= 5 :>y=_5’x+"5—

This is in the form y = mx + ¢, therefore the curve €
is a straight line.
4/26

b =5

9 a y=2vx+2

b Domain: -2 = x = 2, Range: 0 =y <4
¢ Ua

)

2 0 I

10 t==% sint=
a cos D) sin 2

'+ (55 -

2+ (y+52=4
Therefore, the curve € forms part of a circle.

b YA c 2r
5 O 5
-3
a2h
A
x -5\ C
11 a y:( 2') -2 b
. 0 X

402 @ Full worked solutions are available in SolutionBank. #



12

4-P2=4(-3)+20=>0=C+4t+4

Discriminant = 42

-4x1x4=16-16=0

So, the line and the curve only intersect once.
Therefore, y = 4x + 20 is a tangent to the curve.

13 a (5,e°-1) b k>-1
14 a A0,—3), B(1,0) b x-2y-1=0
15 x+yln2 In2=0
16 a t= 28 , sub into y = 3000 - 30¢
_ _3
y = 3000 - 30(230) = ¥ = 3000 - —cx
This is in the form y = mx + ¢, therefore the plane’s
descent is a straight line.
b k=99 ¢ 8458.56m
17 a 1022m B
b 1000=50v2t=1t=10v2
Sub into y = 1.5 - 4.9¢% + 50/21t
y=1.5-4.9(10y2) + 50/2(10,2)
y=21.5m
21.5 > 10, therefore, the arrow will be too high
¢ 12m
18 a 976m, 2 hours b 600m
19 a 10m b 80m
20 a 10m b 1 minute ¢ 0.9m
Challenge
2 k=1 b (43
Review exercise 2
- _3r ﬁ
1 x-axis: 0) ( 0) ( ; 0]
y-axis: (0. ——1:)
¥
2 a Ui
14 < _F
/‘\y_ cos(x 3] /
0 x 7 3z / on
2 2,
~1-
b y-axis at (0, 0.5). x-axis at (56?? ) and (l}” 0]
¢ x=289,x=549 ?
3 a 1.287 radians b 644cm
4 12+ 2rcm
5 a ylr+100% - % =40 = 20rd + 1000 = 80
=>r6+59=4=:—r=%—5
b 28cm
6 a 6cm b 66.7cm?
7 a 119.7 em? b 40.3 em
8  Split each half of the rectangle

as shown.

Area S = -lfér?

Area T = %r‘

= Area R = (l- L3§ < T"%)rz

. Shaded area = ;i:r -3)

11 a

Answers

r‘) - 2R A

D
3sin?x + 7 cosx + 3 = 3(1 - cos?x) + 7cosx + 3
=-3cos2x +7cosx +6=23cos’x -T7cosx -6

x=2.30,3.98

For small values of #:

sindf =~ 44, cos4d = 1 - %[46'!3 ~1- 86 tan 34 = 30

sin 46 = cos 44 + tan 360 = 44 - (1 —%) + 36
=8024+76-1

-1
y=4-2cosecx

b
12 a

13 a

14 a

s X
_2,72/ \;run- O/ Xﬂ: Zﬂi T

/N
2<k<b - ;
w T 2T
= b k=2 e —— -=
3 2 12
oS X 1 -sinx _ cos?x +(1 — sinx)?
1 -sinx cosx cosx(l — sinx)

2-2sinx
" cosxll - sinx)

cosfx +1-2sinx + sm‘:r
cosxl(l - sinx)

|N

ey ™ 2 secx
g 37 57 11r 13n
474" 4" 4
sin @ c059=sin20+c0529
cosfl  sind cosf sind
1 2
= = ——— = 2 cosec 2¢
1gingg sin2f
2
A . . . )
z-Us sUa e
—
; op°  180° 270° 360° *

Yy = 2cosec 20

20.9°, 24.1°, 200.9°, 204.9°
Note the angle BDC = ¢
Bg "= 10cos8
inp = _

sin BD = BD = 10cot#
IOcotf)—lg = cotf = L_ =X

V3 V3 3
DC = 10 cosf cotd = 10(1)(—1:) =32

2 v3 v3
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Answers

16 a sin?d+ cos?d=1

) 2
Sin"0  cos”8 . 1 _ _ tan?@+1 = sec?d

cos?0  cosif cosil
b 0.0°,131.8°, 228.2°
17 a ab=2.a=%
b 4—62:4—4sin3x =4(1—Sin2x]
a?-1 coseclx-1 cot?x
4008’2 _ 4 qiney - pe
cotx
18 a %—y:arcwsx b %

1 1
19 a arccos;=p = cosp=

Use Pythagorean Theorem to show that opposite
side of right triangle is vx? - 1

vz -1

= p = arcsin

b Possible answer: cannot take the square root of
a negative number and forO=x=1,2*-11s
negative.

20 a (_]‘3.’1'] Ya
2
y = 2arccosx — =
N ’
o | x
(1,-3)
2
b (0,-1:)
v2 -
§ tan.t+% |
21 tan(.t+£)=—=>,_—_=—
6/ 6 V3 6
1—?tanx

6tanx + 2V3 =1 -% tanx

(18 ; "3) tanx=1-2/3

3-6J/3 v 18-V3 = 72-111V3
18++v3 18-y3 321
22 a sin(x + 30°) = 2sin (x - 60°)

sinx cos 30° + cos xsin 30°

= 2(sin x cos 607 — cos x sin 60°)

& e + Lonw (L ans - Eoces)
> smx-a-zcos.t-fa 2smx 5 cosx

V3 sinx + cosx = 2 sinx — 2/3 cosx

tanx =

(-2 +v3)sinx =(-1 - 23] cos x
sinx _ -1-2/3

= -1 - 2\."_3_ 5 -2 - \."“3_
ST~ 3,3

- D=5

-2+/3
_2+ 4/3+V3+6
4+2/3-2/3-3

O

b 8-5/3

w

=8 + 5y

23

24

25

26

27

28

29

30

31

a sin165° =sin(120° + 45°)
=sin 120° cos 45° + cos 120°sin 45°

/3 1 -1 1 Vv3-1 V6-12
=— X —+——X—= — =
2 V2 2 2 2v2 4
b cosecl65°=';
sin 165°
— 4 . [w? + \.'TZ] _ 4(»6 + \-2] _ -.'6 + 1:2
{\-"6 - v'f] l\-6 + \-'m 6 -2
I RO
a cosA~4=>smA- 3
. _ . — - \-’7 _3_ - —3\-'7
sin 24 = 2sin A cosA = 2( Y )(4) =

b c0s2A4 =2cos%4 -1 =%
(-3{'7)
fan i = sin 24 _ 8 - _3/7
. cos 24 (l) \
8
a -=-180°, 0° 30°, 150°, 180°
b -148.3°, -58.3° 31.7°,121.7° (1 d.p.)
a 3sinx+2cosx=y13sin(x + 0.588...)
b 169
¢ =x=2273,5976(3d.p.)
_cosfl _siné _ cos®f - sin?f
8 cole-Tang = sinff cosf#  sinf cosf
. l(:05 20 . 2 CPSEH =2 cot20
2 sin 24 sin#
b u=-295-1.38,0.190,1.76 (3 s.f.)
a cos3f=cos(20+60) =cos20 cosfl —sin 20 sind

= (cos?# — sin?d) cos @ — (2sinf cos ) sind
= c0s?f - 3sin?4d cos ¥

= cos*# - 3(1 - cos?6) cost

=4cos?d - 3 cos¥

27 _ =212
b sec3d= N
192 38
sin*f = (sin?flisin? 6)
c0s20 = 1 - 2sin20 = sin?¢ =L-_‘:;0_5"_3£

sinf = (' = 30529)(1 - ;osze)

sintd = %l] — 2¢0s 20 + cos? 20

: 1 . 1+ cos4d
apg=1{1 _ 4+ CUSRY
sint ¢ 4(1 2cos 20 + 5 )
sintf = 3_ —1—cos29+ 100546
2 8
a 40 sin(6 + 0.32)
b i V40 it #=1.25

¢ Minimum of 2.68°C, occurs 16.77 hours after
9am = 1:46am
t=2.251=7.29.5011:15am and 4:17 pm
a x=1,y=-125

-4 _ 4

x-1 1-=x

=

404 m Full worked solutions are available in SolutionBank. #



y’(li:c)z’?’(lix)”

16 _120-2 (1 -x?

Y= 0-a -22 1-2P
yr:1()—124—124'c+1—2.1:+:r2
(1 - x)2

22+ 10x +5
9=W:>(1=1.b=10,c=5
32 a t=ex-2
X
y- 3t _3e1-6

t+3 e*+1
t>4=¢e*-2>4=¢*>6=>2x>In6
b x—--0,y—-6,xr—0y—3 -6<x<3

1 1-x
33 .r-l+£:>t— =
y: 1 — X - X
j-1-x x-(1-x 2xr-1
x

34 a y=cos3t=cos(2t+t)=cos2tcost—sin2tsint
=(2cos*t - 1) cost — 2sin?t cost
=2cos’t —cost— 2(1 — cos®t) cost
=4cos't -3 cost

x=2cost=>cost=%

y=4(5) -3(3)=302-3
b Osxsz-laySI

35 a y=sin(£+(’)—sintcosg+costsin%
_\-‘§ . 1
z 2
—%smh»%\l—sm*’-t
=%x+%\-l—x‘f

-1 <sint<1=,-1<x<l1
b A=(-0.50),8=(0,0.5)

36 a y=2(%)2-1.—3 =xr=3
h yl

h

)-2fsf-

|
w--——-
LAl -

=Y

A

37 y=3x+c= 82t - 1) = 3(4t) + ¢ = 1612 - ZOI—L‘:O
(=20)? = 4(16)(-¢) < 0 s0 64c < =400 = ¢ < ——

2r 4n
38 2¢cost+1=0,t=5%
a cosi + 3 3
4 3\"'5. _ A &)_g
= '%mn(B) 5 dnd:x-3sm(3 ==
b 35in2!=1.5::-si112£=—1§
gp=% 5 3w 17z, 7 5z 1371 17x
6'6" 6" 6 127 12" 1 2
(=137 17m
1271

Answers

39 a 4912+ 25t+50=0
=25 %257 - 4(-4.9)(50)

2(-4.9)
t=-1.54,t=6.645 = k=6.64
b t=—F_
25V3
25 49 —| + 50
= (Zax 3) (Z.n )
- 49 ., -
=73 18730° +°

t=6.64x=25/3t=25/36.64) = 287.5
Domain of flx) is 0 = x = 287.5

Challenge
T—2

U el
2+ 37

2 a sinx b cosx ¢ cosecxy
d cotx e tanx f secx

3 a sin?t+cosit=1

, # z
£=8) +(5’;‘) =134+ 1)2=16

4
A
/ (2V2+3,2V2-1)
O >
(-1, -1)\ ‘
b %{er x4)=3n
CHAPTER 9
Prior knowledge 9
1 a 6x-5 b —%- 1_ ¢ 8x-16a°
X 2v'
2 y=-6x-19 3 (0,2).(0,42),(11.1,0)
4 0.588,3.73
Exercise 9A
1 a fu-= (ﬂx + h - flx})
(coslx + h) - cosx)
(cos.r cosh - sinx sinh - cosx)
h
i m(cusxlcoah —~ 1) - sinx sin k)
i)
= lim ( COSh cos.t' smh] smx)
h—0 h

b Ash—-0,cosh — l.so(@i’;_—]) =0
sinh
and(“}‘;—“) 1

So f'ix) = Lm‘l’(((mShT_l) cosx — (51%&) sinx)
=0 cosx —sinx = —sinx
2 a -2sinx b cos(;z)
¢ 8cos8x d 4cos (%.‘.I.’]
3 a -2sinx b -5sin(x)
¢ -2sin(}x) d -6sin2x

405




Answers

4 a 2cos2x-3sin3x b

¢ 2x-12sin3x d mﬁarlﬂcosﬁx

5 (0.41,-0.532), (1.68, 2.63), (2.50, 1.56)
6 8 7 (0.554,2.24),(2.12,-2.24)
8 y=-5x+5m-1
9 El-'i =4x - cosx

dx iy

Atx=my= an.a=4w—005n=4ﬁ+1

Gradient of normal = - 1

4r+1
Equation of normal:
; 1
- 92— _ g
y- 2n - 11.1( )

dr+ 1)y -2r@r+1)=-x+n
x+(@r+y-82°-2nf-7=0
r+@r+ 1)y -nB8ax°+2r+1)=0

10 Let flx) = sinx

flx + A) - fix) _ sinlx + &) - sinx

f'ix) = lim
h—0) h h
—lim sinx cos i + cosx sinh —sinx
h—0 h

- L:m[(m};—]) sinx + [g??_h) oS X

cosh -1 sinf

COSA = 2 . 0and 30"
h e

inside the limit — (0 x sinx + 1 x cosx)

Since — 1 the expression

. sinlx + Ah) - sinx
So lim

=C05x
h—0 h

Hence the derivative of sinx is cosx.

Challenge
Let f(x) = sin (kx)
P = um(w) y ﬁm(sinucx + kh) + sin kx)
"o h T h
- ﬁm(sinkx cos kh + sin kh — sin kx)
T b i
: i‘"&((%) — (sinhkh] s kx)

As h — 0, (Siﬂh"‘") — kand (%’E&h—‘l) — 0 as given,

Sof'(x) =0 sinkx + k coskx = k coskx

Exercise 9B
1 a 289“1 b 3In3 ¢ (%)In% al

e 4(%) In%— f -2— g 3e+3e™ h -e*+e
2 a 3"4In3 b (%)xzm%

¢ 2%4In2+4*2In4 d 2*3In2-2*In2

3 32395 4 4y=15In2(x-2) + 17
dy .. 1 1y Y,
5 E-Ze -2 Atx-l,y-e,a_h’ -1

Equation of tangent: y — e* = (2e” - 1)(x - 1)
Sy=02e’-1)x-2e*+1+e*’=>y=02e*-1)x-e*+1
6  -9.07 millicuries/day
7 a P,=37000k=1.01 b 1085
¢ The rate of change of the population in the year 2000

406

-8sin4x + 4sinx - 14sin7x

8 The student has treated “In kx” as if it is “e*” - they
have applied the incorrect standard differential.

Correct differential is: 1

X
9 Lct y= atx =y= elnn" = kalna
% =k Ina et = k Ina e™” = gtk Ina
dx
2
10 a 2ez‘~f
b 2e*-2=2= 2qe% -2 =2a= ale” - 1) =2
11 a 5sin(3x0)+2cos(3x0)=04+2=2=y
When x =0, y = 2, therefore (0, 2) lies on C.
b y=-:x+2
12 y=-—>) 2+ —1 _ 4162
. 648In3 648In3
Challenge
Yy=3x-2In2 + 2
Exercise 9C
1 a 8x(1+2x)° b 20x(3-2x*)*°
¢ 23+ 4x) d 7(6 + 2x)(6x + x2)°
2 1
L — f -—
(3 + 2x)2 N7 —x
g 642 + 8x)* h 18(8 - x)~*
2 a -sinxe™ b -2sin(2x-1) c 1__.
2xvIn x
d 5(cosx - sinx)(sinx + cosx)*
e (bx—-2)cos(3x*-2x+1)
f cotx g —8sin4x e h -2e*sin(e* + 3)
3 -1 4 y=-54x+ 81 5 12¢7° i
1 1 1 Y
6 b —sec 2 d
il T er+d 02000 1+ 3y°
I 16
7 i6 , 8 —39
W o= B
9 a e dy
b y=Inx,e'=x
Differentiate with respect to y using part a
e¥ = E =3 _1, = d_y.
dy e’ dx
. L dy 1
Since x = ¢Y, dr ==
ois XY wd (L)
10 a 40052(6) =4 (2) 2
=T o LART
When y = o x = 2, therefore (2, 6) lies on C.
dr .
b d_y = -8sin 2y B
my AT _ g 9T _ (ﬁ)__ 5
AtQ(Z. 6). " 8 sm2(6) =-8 7= 43
dy 1
So, — = ——
dx 43
c 4\-'§x-y—8\f§+§=0
11 a 6sin3x cos3x b 2(x + 1)e+1¥ ¢ -2tanx
2 sin 2x 1 1
- (3 + cos 2x)? ¢ x? cos(x]
12 4x+ 125y -17=0 13 9In3
Challenge
oSV X - . o
—_— b 9esin'3+4 cos(3x + 4)sin2(3x + 4)
4/x sinvx

m Full worked solutions are available in SolutionBank. #



Exercise 9D

1

a (Bx+1)0(18x+1) b 203x* + 1)(21x* + 1)

¢ 16x3(x + 30 (7x+9) d 3x(5x-2)5x-1)2
2 a -4x-3)2x-1)e=
b 2cos2x cos3x - 3sin2x sin 3x
¢ e'(sinx + cosx) d 5cos S:t In(cosx) — tanx sin 5x
3 a 52 b 13 c 3'55
5q1

4 0.0 5% 256

6 V27 (r-4)x + 8y - m-'é'( 12_}; “) -0

7 6x(5x - 3) + 3x%[3(5x - 3)4(5)] = 6x(5x - 3) + 452%(5x - 3)?

= 3x(5x — 3)%2(5x — 3) + 15x) = 3x(5x — 3)%(10x - 6 + 15x)
=3x(bx-3)P25x-6)=n=2,A=3,B=25,C=-6

8 a (x+3)3x+11)e b 85e"

9 a (3sinx+2cosy)ln(3x) + 25NL 3OS

b x3(7x + Ye™*-?

10 21.25

Challenge

a -e'sinx (sinx —cosx sinx — 2 cos?x)

b —(4x - 3)%(4x - 1)%(256x* - 148x + 3)

Exercise 9E

5 4 5
1 —_— b —— _—
P T Br-2¢ ° Rx+1p?
da - b 15x + 18
(2x - 1)? (52 + 3)F
5 . e*sinx + 4 cosx) 1 Inx
cos?x xix+ 1) (x+1)0?
p e 2((2xe* - 2xlInx —e* - 1)
xlln x)?
d (et + 3)%(e* + 3) sinx + 3e” cosx)
cos?xy
e 2sinxcosx _ sin’x
Inx x(ln x)?
3 L 4 L 5 (0.5, 2%
16 25
18/3 - 67 In(Z
6 y= le 7 ‘ ’ (9)
3 37
8 a (1.0 b 3x+8ly-1=0
9 x33x sin 3x + 4 cos 3x)
cos? 3x
10 a &- 21%2e%) — e2*2(x — 2)] _ 2(x - 2)%% - 2e%ix - 2)
x-214 x -2
_ 2lx - 2)er - 2e% _ ey -2 -1) _ 2e&(x - 3)
(x —2)7 (x-218 (x-2)3
A=28B=1,C=3
b y=4e*x - 3e*

1 a 2x % 6x _ 2xlx + 2) P Ox
T+5 (x+5lx+2 (x+5x+2 x+5lx+2
=2x(x+2+3)= 2xlx + 5) __ 2z

x+56ilx+2 x+5x+2 k+2
T 3
25
12 a fx) =-2e"?(2sin2x —cos2x) =0

1

2sm2x-c052x=0=>tan2:c=§

b 0.271 <flx) < 6.26

Answers

Exercise 9F
1 a 3sec’3x b 12tan’x sec’x ¢ sec’(x-=1)
| 1 : 1
d jx’sec’;x + 2x tan;x + sec’(x - 5
2 a -4cosec’dx b 5secbx tanbx
¢ =4cosecdx cotdx d 6sec®3x tan 3x
e cot3x — 3x cosec? 3x f sec~;r(2?£anx =1
g -6cosec’ 2x cot2x
h -4dcot(2x - 1) cosec?(2x - 1)
3 a %(secx)‘-5 tanx b —%lcmx}'é cosectx
¢ -2cosec’x cotx d 2tanx sec’x
e 3Jsec’xytanx f -3cot’x cosec’x
4 a 2xsecixy+ 3x’sec3xtan3x
b 2xsec?2x — tan 2x c 2x tanx - x2sec?x
x? tanZx
i
d e'sec3x(l + 3tan 3x) e tany xSe0 x Inx
xrtan?x
f e"igpex(tanx + sec’x)
5 1.1 b 2
cos’xy sin‘x
¢ 24x -9y +12/3+87=0
6 y-_| dy _ cosxx0-1x-sinx _ sinx
coS X" dy cosx cos?x
1 =secx tanx
‘= tanx 1
d _ a : :
a4y _tanx x 0 '1 X Secx _ _ sec_‘x _ cn_)s_dx = = eoapelis
dx tan‘x tanx  sin®x
cos%x
8 a lLety=arccosx=cosy=x= g—;: -siny
dy 1 _ 1 1
dx  siny y1-cos?y v1-2x?
b Lety = arctan x
Then, tan y = x
dx 2
—— = sec
dy y
dy 1 _ 1 _ 1
dxr sec?y 1+tan?y 1 +2?
9 a 2 [——
v1 — 4x? 4 + x*
g ¥ = ;
V1 - 9x? 1+ %°
e —1: f —%
wxl-1 wxz -1
e h =22
(x-1W1-2x v1l-o
i e (arccosx - ) J % - sinx arcsinx
vl - x® Vvl - x2
arctan x
k x({2arccosx - ¢
( V1 = xz} 1+x2
1
X % 2———— - arctan 2x
10 a dy _ 4 @2n?
dx %2
2% P
— arctan 2x
_ 1 + 4x2 _ 2 _arctan 2x
B x? xl1 + 4x?) x?
V3
x = —, then
2

407




Answers

dy 9 arctan 2( ;)
@) @
2 2 2
_ 2 4r_V3 _4x_3/3-4r
2/3 9 3 9 9
3 2m/3
b x="2 y=
¥=2*¥"y
Equation of normal:
2m/3 9 ( »-'5)
- = - b P e
* 9 3V3 - 4nr 2
9 93 27v3
=—-— X+ — +
¥ 3V3 - 4n 6y3 - 8rn 9
2 arcc
11 ax 2 arccosy x —— 1 —=— :fnruos_y
dy -  1-9
dy _ y1-9* _ V1-cos?x
dx 2 arccos y 2Vx
-1 1
2 —
Ll 5 cot 5y cosec 5y " 5rvx2 -1
Exercise 9G
2t-3 61 4 15¢*
— d
! 2 *H ‘e 2
3 : 2t 2
e -3t f 1-1 g PR h 7 208
i —jtan3t j 4tant  k cosect 1 cott
1 1 1
w o "
2 a y=-~1—w+§=—7r b 2y + 5x = 57
2 2 ¥
3 a x=1 b y+V3x=\3
4 (0,0) and (-2, -4)
5 a y=1x
b %:%E":U#Q“*zﬂ
No solution, therefore no stationary points.
y=x+7
a - sect cosec’! b 8x+/3y-10=0
8 n
*3
d :
b Vs -4 cot 2t cosec 21, dx _ 4cost
dt dt
dy _ —4cot2t cosec 2t _ —cot 2t cosec 2t
dx 4cost cost
dy 2
Atx = E —==£
= 3'dx 3
Gradlem of normal: %
Equation of normal:
4;3 3!x 2/3) = 9% - 6y - 10/3 = 0
9 a (30,101) b y=2x+41
c F-10t+5=2(+t)+41
Z-10t+5=26+ 2t + 41
0=t*+12t + 36
Discriminant = 12° -4 x 1 x 36 =144 -144=0
Therefore the curve and the line only intersects once.
Therefore it does not intersect the curve again.
408

10 a - 2/2sint

sint:%(smtt:-%):.(__m-_

\n
Biswhent = % (2 sin —

27
3’

b x-/6y-2/3=0

¢ 2sint-v12cos2t-2/3=0
Sil‘lj - \"§COS 21 - \’Tif 0
2V3sin’t + sint - 2V3 = ()
(2sint - v3)(V3sint + 2) =

2
3 3

3

\stﬁ-)= (CE.—%)
v

Same point as A, so [ only intersects € once.

cos 2t L xS
“a_sint b y= X+
¢ y=-xandys= L
-
Exercise 9H
1 Letting u = y", d—;— ny"!
d“l du _du dy _ y,,ldj
dx dx dy dx dx
dy d
2 (;ix[xy} .r~d—|y}+£+txw xd—:a-lxq I£+y
. 2x x -6 - 2x
3 8 -3 b - “ Toy-8
4 - bxy 3x2 -2y 32—y
3xt + 3yt by - 2 + 2x 2+x
4x-y3-1 ety — e i -2/xy -y
1+ 4x-y)? xe? - e* 4y,/xy +x
-+ y:-%x+% 5 y=2x-2
6 (3,1)and(3,3) 7 3x+2y+1=0
8 2-3m3 9 14+3In3)
cosx r 2m
10 siny 8 (2 3 d( )
=-3x
1 a 3 + 3ye
e - 2y
dy 3-0 _
. Atodx el -0

So the tangent is y - 0 = 3(x - 0), or y = 3x.

Challenge
ooy o dy dy x-y-3
a 6+£ya+zy+zxa—ax=>$_y+—x

dy
So—=0 —y=3
0 Sr-y

Substitute: 6x + (x — 3)* + 2x(x - 3) = a?
So2x*-6x+9=0
Discriminant = —36, so no real solutions to quadratic.

Therefore no points on C s.t. % =0.

b (0,0)and (3, -3)

Exercise 9l

1 a i (1, ii (-0, 1)
b i (0,0 U (2, e i (0,3)
¢ i (m 2n) ii (0, 7)
d i nowhere ii (—oo, o)
e i (In2, =) il (-0, In2)
f i nowhere ii (0, =)

m Full worked solutions are available in SolutionBank. #



-

10

11

M) = —=X

a f'x)= .

1 - x? (1 - x2):
f"(x) = 0 = x = 0, so f(x) concave for x € (-1, 0)
b f'(x) = 0= x =0, so flx) convex for x € (0, 1)
¢ (0,0)
7w 1\ {5x 1}
s (g3 (&3
b (1,-1) ¢ (0,0) d (0,0)
fflx) =2x +4xlnx =22(1 + 2Inx), f'x) =6 + 4Inx
I‘"(x]=0:>41nx=—6:>1nx=—%:>x=e“«5
There is one point of inflection where x = e *
a (0, 2), point of inflection b (- .

2.3
i (_1,_%),minimum b (_2‘ _},%)

c

Iy =xe*

=Y

5 2 Z
C2-5) 1,-8)

negative ii positive

Zero ii positive

positive il negative

i zero ii zero

f'(x) = sec’x, I"(x) = 2sinxsec’y

f'lx)=0 & sinr=0(assecxz0) < xr=0

So there is one point of inflection at (0, tan 0) =

dy -
a —=15x23x-1)%+(3x - 1)°
ix ( )4+ ( )

TOWw e

(0, 0).

dzy
da?
1 32 1
b (6' - 2187)' ("3"0)
d?
a Although &E:= 0, the sign does not change, so there

- 1)* + 180x(3x - 1)°

is not a point of inflection when x = 5.
b (5, 0); maximum
d - d?
£ E;rln;r %I 2, Hi—glnx+l

d’y 2 e
ax? U«::nglnxa—lwx?:e*

Challenge

1

A general cubic can be written as f(x) =
f"(x) = 6ax + 2b. f'(x) = b

Oexr=-—
da
Let=>R, =>0:
f"(—i+a)=6abs >U.f"(—£— e) =-6abz <0
3a 3a b
So the sign of f"(x) changes either side of x = -, and
this is a point of inflection. 3a
a f"(x) = 12ax* + 6bx + 2¢ is quadratic, so there are at
most two values of x at which f"(x) = 0
d?y
= 12ax? + 6bx + 2
P ax? + 6bx + 2¢
Discriminant = 366 —

8ac < 0 « 3b? < 8ac
dz
So when 3b* < 8ac, d_zi = () has no solutions.

Therefore C has no pdints of inflection.

ax* + bx*+cx + d.

Answers

Exercise 9)

2 =2 8 d_P= >

1 zﬂ 2 15e d3 3 o 5.:1: ki

¥y 1 1 1
6 Zokryat@2)L=1go8k=L =L
i et Pl e L T
dy =xy
Therefore —= = ==
ereiore dx 16 '

7 ﬂ/=ratein—rateoul:S}O—il,’::~ 15ﬂ=450 -2V
dt 15 dt
So — 15%’1’=2V 450
dQ _ . dx _ &

8 dz"‘Q dt  x?

10 a Circumfereiice, C, = 2xr; 86 3 = 2% % 0.4

de
=0.8rcms!
b 87cmés! e %(:m

11 a 0.070cm per second b 20.5 cm?
dv dv .

12 ‘{—lz‘x Vﬂ—d—; —klx-V‘Vxhzﬁ-h=k3V
dh _dh AV _ . i g B
a Ay <ar - e x k¥ = —kiky

—k kz Vh =-kvh
\ki‘
A 3 1A 2

13 a V= (g b 4(5)

1 1
AV _dv _dA _1(A\z_, _1(2)2 _ 1,
dr dA dt 4(6) ”‘2(""’ 2V

14

V= g—ri’-h = ~3'~(h tan 30°)2h = %hﬂ

dh _dh dV_ 1 dV_ 1 18

e Ee= XS X —— = x (=6) = -——=

dt —dv’© dt  dh o dt Tppe h?
dh 1 W ’

T

Mixed exercise 9

1
2

=l Y

2
a Ed
a 2a%=1 - sinx

b 2xsin3x + 3x%cos3x

%(cos X - %!sin xlcosx

=1+sin?x — cos?x = 2sin®x

dy .,
505— sin2x
Tm wy (37 3w
b (33 (3) (5F)
X COSX — Sinx 2x
* x? B 2 +9
a k=v§ b (0, 0)
a x>0 b (V256,321In2 + 16)
5 5\ (3«
( ) (2 ) ( ) (‘2‘"1)
. dy
Mz is when — =0
ddxlmum is when e |
%y _ ysinx + x(cnsx x _]_) _2sinx i_x_msx _0
dx 2Vsinx 2Vsinx

So2sinx +xcosx=0= 2siny =-xcosx = 2tanx = —-x
s2tanx +x =0
a f'(x)=0.5e"* - 2x
b f'(6)=-1957...<0,f'(7)=2.557...>50
So there exists p € (6, 7) such that f'(p) = 0
. there is a stationary point for some x = p .(6, 7).
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3w T
3= e (T _ex dy dy dy -7x-24y
2 24 EE 2L 33 14x + 48y + 482— - 14 (0 i M
? (8 2) (8 \,-*2) N A Gy T YT T T 2ax-7y
b f'(x) = 2e*(-2sin 2x + 2cos 2x) + 4e*(cos 2x + sin 2x) So—'X-24y_ 2 , oo _ 264y
= 4e*(-sin 2x + cos 2x + cos 2x + sin 2x) 24x -7y 11
= 8e* cos 2x =48x - 14y =x+2y=0
_319__ ZL-E’_*_ 34 Iny= xmxalxgg— Qo+ Lminx=1+mnzx
¢ |5 is a minimumn; R is a maximum. i P T %
dy
(E _i) ('3'1'03) So-d;:y(lﬂnx):x‘{lﬂnx]
4.2 35 a na*=Ine* = xIna=kxlhe=kxr = k=Ina
10 y-2x - b y=e"?= d_y:__ In2eMm2x = 2t 2
11 a x-l b y=-lx+1; § dx
12 & Pix) =652 cos = in) b y=2x+1 c d—y=2=1n2=41n2=1112+=1n16
2cosx —sinx =0 = tanx = 2 II 1
nP -Inp .
13 a y+2ylny b _%13 36 a ——o' b 804years ¢ 0.172P,
14 a B"'T[—Ia + 31+ 2x - 2) d dg
b ['(0) = -2 = gradient of normal = 7 o 20NCHnY i & Sk 2 aresinx
dr JA-x2 dx?2 1-=x VT =22
Equation of normal is y = Jx A \ =
{.r-"*«-21]&“::}1?::»2.1:3“41:19’::-2.t'2=e‘+4 So(l—x21%=2+x§g:’( 2]_1"_ Elcl%_z 0
15 a 1+x+(1+22)nx . )
b l+x+(1+20mx=0=x=e "% qg W_q__1 4 2 (ﬁ_l)
d dr T+x2da? (1+29? O \dx
16 a —2=--3 b y=2x-8 T 25
de o 39 1
17 3y +x=33 18 y=3x+1 xrr+1
d
19 a %-—2smt+2r052£ d—gz—sint—ficosZt 40 a (E-D)
| 5/2 d?
b -% c y+2x= Lzz— d—jj = —cosec®x. cosec*y > 0 for all x,
- d?
20 a % = 32 _:, .3—:: =2, j—i = 3“2 4 hence —cosec’x < 0, so dxi <0 for all x.
Ao 1 = Thus C is concave for all values of x.
Att=-l g =—p*=ly=3 41 a 40e"'*=33.31... b -9.76e"#
Equation of / is 2y + ¢ The mass is decreasing
gvz e = 42 a f(x)=- 2 sin 2:-.;:- cos 2x
o Ez_kv = d_x_kM = E:kP_Q f'(x) = 0 < 2sin2x + cos 2x = 0 & tan2x = -0.5
dr k do b Maximum (6.91, 12.6); minimum (5.34, -49.2)
RETF i to 3 s.f.
¢ O<x=0.322 189 =
26 % b -3 cosect e e
dy 3 8 Challenge
e .d; -3~ gradient of normal = 3 a _5 4(:((;5 2t )
sin (t + —
y- g %{x 2) = 6y - 162 +23=0 12
5 5], (-3, 2).(-3.2), (5. o)
da 123 ) (2'2)' 3+ 2 ( 2‘2)' 2
164 ¢ Cuts the x—axis at:
27 a —j;sect b 4y +4x=5a (4.83, 0) gradient -3.09; (-1.29, 0) gradient 0.828
Tangent crosses the x-axis at x = 24, and crosses (~4.83, 0) gradient 3.09; (1.29, 0) gradient 0.828
. 5 + Cuts the y-axis twice at (0, 1) gradients 0.693 and -0.693
the y-axis at y = & d (-5,-1)and (5, -1)
5 \*_25 25 . #
So area AOB = (2 2 k=
0 area (40) =16%-%=1¢ 5 %) G.2)
28 y+x=16 29 1 ¢
Iy - 2o 3 3
0 S 31 (1. 1) and (-v=-3. v=3). ~4.83 -1.29 129 483\
2x-2-y a1 (=5,-1) ¢ (5.-D} *
32 a m b T 77 (/
5+2\13 4+\l ) ( 2_3 4“\?) 5v3 53
( 3 » 3 . 3 ’ 3 {'— "'E“'- _2] {_.:C. _2)
410 m Full worked solutions are available in SolutionBank. #



Answers

CHAPTER 10 9 a YA b 2
Prior knowledge 10
1 .a 325 b 11.24 .
2 a fx= 3_1'8.171*—1-& b l"{:l:]=——il-’—---','r'e*Jr 0 X
2VX xt x+2
¢ f'(x)=x?cosx + 2xsinx + 4 sinx y=e'-4 _
3wy =2,uy=25 uy=2.9 N y=mx
¢ flx)=Inx-e*+4.11.4)=0.2812...<0,
Exercise 10A _ f(1.5) = -0.0762... < 0. Sign change implies root.
1 a f(-2)=-1<0,f(-1) =5 > 0. Sign change implies 10 a h'(x) = 2cos2x + 4e*. h'(-0.9) = -0.3451... < 0,
root. _ o h'(-0.8) = 0.1046... > 0. Sign change implies
b f(3)=-2.732 <0, f(4) = 4 > 0. Sign change implies slope changes from decreasing to increasing over
root. interval, which implies turning point.
c l‘g_—().Sl = —0.1'25 <0, f{-0.2) = 2.992 > 0. b h'(-0.8235) = -0.003839.... <0,
Sign change implies root. h'(-0.8225) = 0.00074... > 0. Sign change implies a
d f(1.65)=-0.294 <0, f{1.75) = 0.195 > 0. lies in the range —0.8235 < a < -0.8225,
Sign change implies root. so a = -0.823 correct to 3 decimal places.
2 a f(1.8)=0.408 >0, {{1.9) = -0.249. Sign change 11 a YA 9 b 1
implies root. ey
b f(1.8635)=0.00138... >0, f{1.8645) = -0.00531... y=J/n
< 0. Sign change implies root.
3 a h(1.4)=-0.0512... <0, h(1.5) =0.0739....> 0.
Sign change implies root. 0 x
b h(1.4405) = -0.00055... <0, h(1.4415) = 0.00069...
> (). Sign change implies root.
4 a f12.2)=0.020 >0, f(2.3) = -0.087. Sign change
implies root. . i
b f(2.2185) = 0.00064... > 0, f(2.2195) = —0.00041... ¢ i)=-1,02)=04 d p=3,¢=4 e &
< 0. There is a sign change in the interval 12 a f(-0.9)=1.5561 >0, f(-0.8) = -0.7904 < 0.
2.2185 < x < 2.2195, s0 a = 2.219 correct to There is a change of sign in the interval [(-0.9, -0.8],
3 decimal places. so there is at least one root in this interval.
5 a ﬂ1.5)=16.10...}U,f(l.(}]=—32.2...<0. b [].?4. —45.3?] lﬂZd.p. C a=3.b=93ndc=6
Sign change implies root. d 4
b There is an asymptote in the graph of y = f(x) at \] 8 ,
X= % =~ 1.57. So there is not a root in this interval. '_0‘(') T 0 3 ;
6 .VJL g
(1.74, -45.37)
Exercise 10B
1 ai 22-61+42=0=6xr=1242=x=25+2
) 1 | i ¥2-6x+2=0=2x?=6x-2=x=V6x-2
Alternatively: — +2=0= —=-2=x= -
7 a f0.2) y{)f1421 ﬂOS)xOl4j1 ’ fl o~ 624 2202-64 =0 2=6-3
a 2) =-0. , 10.8) = -0. . ' .
b There are either no roots or an even numbers of b i _J.‘3=b0.-3?4 ii x=5.646 iii x=5.046
roots in the interval 0.2 < x < 0.8. 9 G ? = 5‘ 30 T 3 - Er13
¢ £0.3)=0.1238... > 0, f{0.4) = ~0.1115... < 0, f{0.5) a L EmormasUm A Ear e s s ar
d .?11—0.2026... < (I]. fl0.6) = 0, f(U.?]h= 0.2711.].. >0 fir2-5x-3=0=2x2-3=5x=1r=% r_ 3
‘here exists at least one root in the interva
02<x<03,03<x<04and0.7 <x<0.8. b165(1dp)  H -05ldp)
Additionally x = 0.6 is a root. Therefore there are at 3 a x?-6r+1=0=2x"=6r-1=x=6x-1
least four roots in the interval 0.2 < x < 0.8. ¢ The graph shows there are two roots of flx) = 0
b,d y,
8 a A e 2 o4 y=x
\ y=yb6x-1
'y = e—l > a
0 £
b One point of intersection, so one root. 1
¢ f(0.7) = 0.0065... >0, f(-0.71) = -0.0124... < 0. >
Sign change implies root. 0 2 x

411




Answers

-

10 a

412

0 10 ¥
xe"—x+2=0:>e'fzx;2:>er= f2
= In}—%
=X n|x—2

Il = —1.101 IZ = —].04, .1'3 =‘—1.07
i x3+5x2—2=0=&x3=2-5x2=&x=t-"2—5x?-

i x%+522-2=0=22+5-2=0=2=2_5
x? x?
iii I3+5.1‘2—2=[):,~5,t2=2_x3:,x2=2_1_373
]
1P — 3
=>x=\|'2 X
x=-4917 ¢ x=0.598

It is not possible to take the square root of a
negative number over R.

.r“-3x:"-6:0ﬂ%x4-x“-2:0

14 _9_ .3 31 4 - I S
=:-3:c 2=2x =>x-1l|3x £:>p_3.q_ 2

X = —1.260.1'3 = —1A{}5].I3 =-1.168

f(-1.1315) =-0.014... < 0, f(-1.1325) = 0.024... > 0
There is a sign change in this interval, which
implies & = —=1.132 correct to 3 decimal places.

3EGS‘I2]+I—2=U¢COSIIZP=z_x

2—-x . 2 - x\]"

3 ] =X = [alccos( 3 ]]
x;=1.109,2,=1.127, 2; =1.129
f(1.12975) = 0.000423... > 0,
f(1.12985) = -0.0001256... < 0. There is a sign
change in this interval, which implies o = 1.1298
correct to 4 decimal places.
f(0.8) = 0.484..., f{0.9) = -1.025.... There is a
change of sign in the interval, so there must exist
a root in the interval, since f is continuous over the
interval.

= x¢= arccos(

%—4?0” -8r+3=0=8x= 4_____(?051: +3
sinx sin x
_ cosx 3
2sinx 8
x;=0.8142, x, = 0.8470, x, = 0.8169
f{0.8305) = 0.0105... > 0, f{0.8315) = -0.0047... < 0.
There is a change of sign in the interval, so there
must exist a root in the interval.
e-14+2x-15=0=e*1=15-2x
=x-1=In(15 - 2x)
= x=In(15-2x)+1
x,=3.1972, 2, = 3.1524, x5 = 3.1628
f(3.155) = -0.062... < 0, f{3.165) = 0.044... > 0.
There is a sign change in this interval, which
implies o = 3.16 correct to 2 decimal places.
A(0, 0) and B(In 4, 0)
f'(x) =xe*+e*-4=e*(x+1)-4

¢ f(0.7) = -0.5766... < 0, {'(0.8) = 0.0059... > 0.
There is a sign change in this interval, which
implies {'(x) = 0 in this range. ["(x) = 0 at a turning

point.
d eflx+1)-4=0=9e"=

le ::»x:]n(xfl)

e 1, =1.386,x,=0517, x5 =0.970, ¥, = 0.708

Exercise 10C

1

a f(1)=-2,1(2) = 3. There is a sign change in the
interval 1 <« < 2, so there is a root in this interval.
b x,=1.632

2 a f(x)=2x+ %+ 6 b -0.326
3 a It's a turning point, so f'(x) = 0, and you cannot
divide by zero in the Newton-Raphson formula.
b 1.247
4 a f(1.4)=-0.020...,1(1.5) = 0.12817... As there is a
change of sign in the interval, there must be a root
a in this interval.
b x,=1.413
¢ f(1.4125) = -0.00076..., f(1.4135) = 0.0008112....
5 a f(1.3)=-0.085...,f(1.4) =0.429... As there is a
change of sign in the interval, there must be a root
a in this interval.
v x5 .:3
b f(x)=§+f ¢ 1.328
6 a f(0.6)=0.0032...>0 f0.7)=-0.0843... < 0.
Sign change implies root in the interval.
f(1.2) = -0.0578... < 0, f{1.3) = 0.0284... > 0.
Sign change implies root in the interval.
f(2.4) = 0.0906... > 0, fi2.5) = -0.2595... < 0.
Sign change implies root in the interval.
b It's a turning point, so f'(x) = 0, and you cannot
divide by zero in the Newton-Raphson formula.
c 2430
7 a f(3.4=0.2645...>0,f(3.5) = -0.3781.... < 0.
Sign change implies root in the interval.
b f{x)—gx_4 2x c 3.442
Challenge
a From the graph, flx) > 0 for all value of x > 0. Note

also that xe™ > 0 when x > 0. So the same must be true

for x > ~l:
ve
fle) = e+l - 222 =0 = x = “15
J
Sof'(x) <0 for x > -1:
flx) . : .
Xy S~ P is an increasing sequence as

flx) > 0 and f'(x) < 0, for x > _lf Therefore the
J

Newton-Raphson method will fail to converge.

b -0.209
Exercise 10D
1 a -g- =F - 0.1 sin E, if E is a root then f(F) = 0
E-01sinE-k=0=FE-0.1 sinE:k:%:k
b 0.5782...
¢ f10.5775) = -0.00069...> 0, {{0.5785) = 0.00022 < 0.
Change of sign implies root in interval [0.5775,
0.5785], so root is 0.578 to 3 d.p.
2 a A(0,0)and B(19, 0)

vipy 10 _(ln(t-:-l) l)
B = 2 'y

m Full worked solutions are available in SolutionBank. #



15

" _ 10 (ln(58+1] )
“5'8]-5‘8+1 2 5 0.0121...>0
, _ 10 (ln(5.9+1] l)__

f'(5.9) = 5041 5 * 5) = 0.0164...<0

The sign change implies that the speed changes
from increasing to decreasing, so the greatest speed
of the skier lies between 5.8 and 5.9.
2 10 n@+1) 1
ey ‘( 2 +z)‘°
Int+1)+1 10
2 T+ 1
(t+ Din(t+1)+1)=20
20
In(t+1)+1
- 20
TIn(t+ 1)+ 1
ty=6.614,1t,=5.736,1; = 5.879
dx)=0=>2*-3x2=0
x(x-3)=0=2x=0,x=3
The river bed is 3 m wide so the function is only
valid for 0 < x < 3.

d'(x) = 2xe-06r — §_Izp-n.6x — 3e-06r 4 2256""“’
5 5

t+1=

d'(x)=e ""‘( E gx = g)
J J
d'(x) = - éew-wtaxz ~ 19 + 15}

Soa=3,b=-19andc=15
—%e“’-‘“:[]sod’lxl:()::»31’2—19.1'.—15:0
i 3x2-19¢+15=0=3x2=19x-15
19x - 15 _ [19x =15

= x2= 3 :—:-J:_,‘. 3

il 3x2-19x+15=0= 3x?+15=19x
_3x*+15

RO T

ifi 3x2-192x+15=0= 3x2=19x-15
_19x-15

AT T

Part i and iii tend to 5.408... which is outside the
required range. Part ii tends to x = 0.924.

1.10m.

hit) =

4osin(io) 9ru~.(-m] 0.5t2+9=0

405111( ] 9(:09( ]+9 0.5¢2

10 10
80 sin{l‘o) s 18cos(10) +18 =12

> tl= \.,I18 + S(}sin(liu) - 18(:05{%)

t,=7.928,1,=7.892,1t,=7.882,1,=7.876
t

h(r]-4cos(10)+95m(w) t

7.874 (3 d.p.)

Restrict the range of validityto0 =t = A

! = —He-* v0s (£ 1_

c’(x) = -be +2t,ub(2)+2

i —50* 2,1,

i —5e +Zcos(2)+2 0

i

="

Answers

—5e'f+2cos{£] +%=0 = et =

=¥-e‘=——12 ¢x=ln(‘]g. )
4 cos [z) +1 4 cos(i) +1

x;=3.393.x, =3.475, x; = 3.489, x, = 3.491
x;=0.796,x,=0.758,23 = 0.752,x, = 0.751

The model does support the assumption that the
crime rate was increasing. The model shows that
there is a minimum point 3 3 of the way through
2000 and a maximum pomt mid-way through

2003. So, the crime rate is increasing in the interval
between October 2000 and June 2003.

Mixed exercise 10

1

»r=-6x-2=0=2%=6x+2

Y _ofe . 2
=>.1:2—6+-'1;=:».:r_qu.(;.|.E
b x,=2.6458,x,=2.5992,x, = 2.6018,x, = 2.6017
fi2.6015) = (2.6015) * - 6(2.6015) - 2 = - 0.0025...< 0
f(2.6025) = (2.6025)* - 6(2.6025) -2 =0.0117 >0

[~

There is a sign change in the interval

2.6015 < x < 2.6025, so this implies there is a root
in the interval.

f3.9)=13,14.1) = -7

There is an asymptote at x = 4 which causes the
change of sign, not a root.

I A
y 13

C n=—3~

=
S
N

=
=N

i el S
=

\ x

2 roots — 1 positive and 1 negative
¥+e'-4=0=32x'=4-e"=>x=24-e""

x, =-1.9659, x, = -1.9647, x; = -1.9646,
x,=-1.9646

You would need to take the square root of a
negative number.

g(1)=-10 <0, g(2) = 16 > 0. The sign change
implies there is a root in this interval.
g)=0=x"-5x-6=0

= x5=52 +6 = x = (52 + 6)°

x; = 1.6154, x, = 1.6971, x5 = 1.7068

g(1.7075) = -0.0229... <0, g(1.7085) = 0.0146...> 0.
The sign change implies there is a root in this interval.
gx)=0=x*-3x-5=0
>x2=3x+5=>x=V3x+5
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b.¢c ya
y=x
y=V3x+5
Pzl IS
-~
ol 1 %
d a _.‘t‘.z—r)
|” 3
y=x
s
or v
6 a f(1.1)=-0.0648... <0, f{1.15) = 0.0989... > 0.

x
oo E0 o

B -

10 a

414

The sign change implies there is a root in this
interval.

5y -4sinx-2=0=5x=4sinx+2
%sinx+%:>p=%,q=%
x,=1113,2,=1.118, x, = 1.119, x, = 1.120

y b 2

“

s Xs=

y=x+3

=Y

_ 0= 1 B I |
=x+3=>0=x+3 x.lelf(xj-x+3 3

f(0.30) = -0.0333...< 0, f{0.31) = 0.0841... > 0.
Sign change implies root.
-]f:x+3:>1=x3+3x:>ﬂ:x3+3x-1
0.303
g'(x)=3x2-14x + 2 b 6.606
-1Dx*-6x-4)=>22-6x-4=0=2r=3+/13
0.007%
f(0.4) = -0.0285... < 0, f{0.5) = 0.2789... > 0.
Sign change implies root.
0.410
f{(-1.1905) = 0.0069... > 0,
f(-=1.1895) = -0.0044... < 0.
Sign change implies root.
0.8x _ 1 - 2 0.8y _ —
e 3—2.1:_0_”3 2x)e 1=0
=(3-2x)e%82=1= 3 ~-2x =08
= 3 -e 08 =2y = yv=105-0.5e 0%
x, = 1.32327, x, = 1.32653, x; = 1.32698,
root = 1.327 (3 d.p.)

1 1
p0Br _ = () = p08r =
3-2x - 3-2x

2=

= 3 - 2x =08

= -08x=InB-2x)=x=-1.25In(3 - 22)
p=-1.25

d x,=-2.6302 x,=-2.6393, x, =-2.6421,
root = -2.64 (2d.p.)

1 dy 1
Iny=xlnx= Ta s (1) (Inx) + (xl(?)

11 a

:;%%21;114“1;»,%i-:y{lnx+1]zx’(l+lnx]

b f{14)=-0.3983...<0,f(1.6)=0.1212... > 0.

Sign change implies root in the interval.
x,=1.5631(4d.p)

f(1.55955) = -0.00017... <0,

f(1.55965) = 0.00014... > 0. Sign change implies
root in the interval.

f(1.3) =-0.18148. .., f(1.4) =0.07556..... There is a
sign change in the interval [1.3, 1.4], so there is a
root in this interval.

(0.817, -1.401)

x,=0.3423, x, = 0.3497, x4, = 0.3488, x, = 0.3489
I = 1.708

f(1.7075) = 0.000435...., f(1.7085) = -0.002151....
There is a sign change in the interval [1.7075,
1.7085], so there is a root in this interval.

="

12 a

0T

Challenge

a fiy=a+x3-T7x2-x+3
f'x)=6x"+ 322 -14x -1
f"(x) = 30x* + 6x - 14
fx)=0=15x*+3x-7=0

i 15x4+3x—7={):;.3x=7_151.4:,1.:#
ii 152t +3x-7=0=15x4+3x=7
: 7
1522+ 3)=T=2r=—oA
il o 1523+ 3

ifi 1524 +32-7=0= 152*=7 - 32
7-3x _ . _47-3x
BT
b Using formula iii, root = 0.750 (3 d.p.)
¢ Formula iii gives the positive fourth root, so cannot be

used to find a negative root.
d -0897(3d.p)

%

CHAPTER 11
Prior knowledge 11
1 a 122x-7)5 b 5cos5x c e
16_ | 268
2 a y=—3= 12x b 5
7 1 402

-1 2+3 4 6 units
Exercise 11A
1 a 3tan.t+51n|x|—%+r: b Se‘+4cnsx+§+c

¢ -2cosx-2sinx+x*+¢ d 3secx-2Injx[+¢

e 5e*+4sinx+%+c f SInjx|-2cotx +¢
g lnlx]—l——l_—+r: h e*-cosx+sinx+c¢
x  2x?
i —2cosecx —tanx +c¢ j e +Infx|+cotx+c
2 a t.anx-—%+r: b secx +2e*+¢

¢ -cotx - cosecx — % +Injx|+¢

d —cotx+Injx|+c e —COSX +Secx +¢
f sinx - cosecx +c¢ g -—cotx +tanx +¢

m Full worked solutions are available in SolutionBank. #



h tanx + cotx +¢ i tanx+e'+c
j tanx +secx +sinx + ¢
3 a 2e-2¢ b 2 ¢ -5 d 2-2
4 a=2 5 a=7 6 b=2
7 a x=4 b Jx'-4Injx+c
¢ %+41n4
Exercise 11B
1 a —Jcos(x+1)+c b e +c
c 4e*S+c d —}sin(l-2x)+c
e —-;-(:013.1:4}0 f ;';-sec4x+c
g -6cos[x+1)+c h -tan(2-2)+c¢
i -%cosec2x+c i %(5in3x+ms3x}+c
2 a je¥+icosx-1+c b Je¥+2e°+x+c
¢ Jtan2x +ysec2x +c
d -6cot(lx] + 4cosec|ix) + ¢
e e *+cos(3-x)-sin(3-x)+¢
3 Inj2x + 1] + ¢ 1 :
a ;Inf2x+1|+c¢ 2(2I+1)+r
3
¢ %+C d %in|4x—1|+c
_3Inl - 4 3
e —7in|l-4xf+c f 4“_‘”]4-(:
(3x + 2)° 3
At h —2 4+ ¢
€ —qg *¢ a1 - 2207 "
4 a -jcosx+1)+2Inf2x+1|+¢c
s (120
b L e +C
1
¢ —%cot2x+:—'£ln[1+2:.ri—2(]+2x]+,
(3x + 2) 1
d - ¢
9 33x+2)
ri 2\'3 5
5 a 1 b K C 9 d 511'13
6 b=6 7 k=24 8 k=5
Challenge

a=4,b==-3o0ra=8,b=-6

Exercise 11C

1 a
c
e
g
i

2 a
c
e
f
h

-cotx - +¢ b %x+;‘l—sin2.t+c

~1Cos4x + ¢ d jx-2cosx - sin2x+c
ttan3x-x+c f -2cotx - x + 2cosecx + ¢
X-5C082x+C h fx-5sindx+c
~2cot2x + ¢ i jx+4sindx-sin2x+c
tanx — secx + ¢ b -cotx - cosecx + ¢
2x —tanx + ¢ d -cotx-x+c

-2cotx —x — 2cO0Secx + ¢
-cotx —4x +tanx + ¢
3

-4+ -.lisinz:c +tanx+c¢ i —%cosecz.lw c

1
g x+50082x +¢

3 stin?xd.t = f: (% ~1 cos Zx) dx
4 4

2 _

1. 1., 02 7.1 _24+x

2 "45"’2:]5‘8*4' 8

43 18 - 21/3 + = V7 -1
3 b 24 C 2v2 4 d 2

b

Answers

sin (3x + 2x) = sin 3x cos 2x + cos 3x sin 2x
sin (3x = 2x) = sin 3x cos 2x - cos 3x sin 22
Adding gives sin 5x + sinx = 2sin 3x cos 2x

So [sin3xcos2xdx = [J(sin5x + sinx)dx

= %-(-%.(305515 -COSX) + C= -T%(:os 5z - %cos:r +C

S5sin®x + 7cos?x =54+ 2cosfx =6+ (2cos*x~1)
=¢c0s2x + 6

%{1+3ni
1+cos2x\> 1 1
4 R . 2 Y LR, o T — e
cos*x = cos?x)? = > ) _4+2cos2x
: 11 1/1 + cosdx
LI T EY R e 02
+4('os 2x 4+2::032.r+4( 5 )
=%+%cos.’2x+%cos4x
L sindr+Llsin2v+3x+c
32 4

Exercise 11D

1

a

- e - -

= 2 o B

k=

a
b

:’z-ln[x3+4|+c b %]Jl|e‘-”+1|+c

a4+ d -He*+1)?*+¢

3In|3 + sin 2x| + ¢ f [(3+cos2r)?+¢

1 +e h (1 +sin2x)f +¢

Ftan‘y + ¢ j tanx+ltan‘r+c

%(xz +2x+ 3y +¢ b -icot‘-’- 2x + ¢

1esin®3x + ¢ d e 4¢

FInje* + 3|+ ¢ folazel)+e

Z(x? + x + 5) h 2(x*+x+5)+¢

~lcos2x+3) +c j -iInfcos2x+3|+c

468 b 2In3 ¢ zin(2) d iet-1)

2 5 3:—;

Inlsinx| + ¢ 1

Jtanxdx = -Inicos x| + ¢ = In|cosx| +c
=Inisecxl + ¢

Exercise 11E

1

152

C

3

nd e 4x

fi-m er-2

(1+20'-21+x)'+c b -In|l —sinx|+c

\«T - 2
d “‘km

21+ tanx)’ — 2(1 + tanx)' + ¢

cos'x

—COSX + ¢ +

tanx+%tan3x+ c

506 192 14 16 _ o/ lin2
506 b 22 c 5 d 3 -2v3 e ;lns
. " 7 1 i 4 o —
(3 ;;xl _[3+82-t-} +c b 21+2i-2/T+x+c
y-'x3+4.+2|l"| _-I' +C

vt +4 + 2
s b2+2Ini c2-2In2

2 2(u? + 2)°
= f: — du

16

= J;\E[Eu-” +12u° + 24u + M) du

u

Ve
I%u" +3ut+ 12u* + 16In u]
hy 1
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Answers

“(‘ + 161m2] (43(’ +16In 1)

73—0+16In 3 —%+ 8In2 =

a=70,b=3,¢c=8,d=2

7 x= cosH,E: -sin#
do
1 _ 1 y
f— dx = f— ——{-sin # df
V1 — x2 sin#

= [1d# = # + ¢ = arccosx + ¢
¥ 1 !
L 2 = [ 221 = u?du = [ 2zt - y2
8 _L sin® x cos?x dx = fu (1 u}du-fl (' — u?)du
ol -1 g]'z' 47

. 480
27 + ?\m'é—
g Sirova
96
Challenge
x= 33inu,a‘% =3cosu = dx = 3 cosudu
(3sinu)?+ (3 cosu):=9
Q _ %2
=x2+(3cosu)? =9 = cosu = y9 3x
f 1 i - ,1 (3 cosuldu
239 - x? 9 sin?ucosu
1 2 1 cos u
=—Jcoseciuduy=-—cotu + c=—-—"—""—+¢
9f ‘ 9 T = T Ginu
VO —x?
_ 3 _ VO — a2
= e +Cc= 9% +cC

Exercise 11F
1 a -xcosx+sinx+c b xef-e"+¢
¢ xtanx - Injsecx| +¢ d xsecx - In|secx + tanx| + ¢
e -—xcotx +In|sinx|+ ¢
2 2
2 a 3xlnx-3x+c¢ b £hnx-% +¢
2 4
Inx 1 ;
C ——S-—+¢C d x(lnx)® -
2x°  4a*
x:i x3
“Ihx-—+xhx-x+c¢
3 9
—e¥xt-2xe7 =27+ ¢
x*sinx + 2xcosx — 2sinx + ¢
. x(3+20)7 (3 + 22)°
(3 + 2x)° - + + ¢
7 112

—-x?cos 2x + xsin 2x + %cos 2x + ¢

x*sec’x — 2xtanx + 2In|secx| + ¢
4 a 2In2-3 b 1 g 71

31 -In2) e 98 f 2/2r+8/2-16
H1-1n2)
Tc(4xsindx + cos4x) + ¢

2xInx+ 2x + ¢

e o

o]

T =

35((1 — 8 x%)cos 4x + 4xsin4x)) + ¢
~2(8 - x) +

i
T B2 R

da ~ 1 de
dx dx

=iz~ 2}(-5[8 - xm.%) - f- %{3 — phdx

Ly -8 -x)i+ &
43 x-2)8-x7+ 3

U= =2 =>— =J/8-x x—>z:--§ls x)

[8 - x)idx

416

2

=—§{x—2}[8—x}’ E{S 2+
=-§{x-2}(8-xﬁ-ﬁ(3-xus-xﬁ+c
= (8 — o= Z( — _i _
= (8 xl( Sx-2) -8 x))+c
=[8—xl(—-—5—+4)+c——15348 X+ 2) 4 ¢
¢ 156
1 1
7 a 3t3n3x+c b B.rt.m%x glnltiec'ixhc
3 O | 1 IE
c fﬁzxsec 3x = | atan 3x 9lnlsem,B.a:l -
3= 1 ) ('?n 1 2)
= (228 _2ip2 Sih-=
(27 9" 162 9 "3
__5»'37.“__1_ __1_ __1_ C)
ST gln2+9In2 Inv3
_538x _ 1 _53 1
=6z 18 M7= g a3
Exercise 11G
1 a Injx+DHx+2)|+e¢ b Inlx-22x+1|+c
3
(:c+3) d ln2+x+c
x-1 1-x
2 a x+Infx+1)%2x-1|+c b xz+x+h1 2
+ i —-— —
E 2 ('.1‘+1)-"|
2
c x+1n|x 2+c d ~x+ln{3+x] +C
X + - X
3 aa=28=2 bmPtlic cmfisok=]
1 1 m
4 = b~ |
B 3+2:c+2—.-r.+{2—x13 Mt )
5 a A=1,B=2,C=-2 b a=4,b= —i- :i-
_3 1 = 2
ﬁaﬂ]xa =5 b «a b~1
L. 8 3 A _ .
7 a fix)=2 4x+l+4x~1'50A_2'B" JandC=3
3 35
b k=;.m=§
Exercise 11H
1 a 2In2 b In(2+3) ¢ 2ln2-1
d \i—l e %
2 a Ind b In3-% c 1
d 2‘23_1 e 3(1-In2)
3 In4 4 2e'-2e+In2
5 a A0,0),B(x, 0)and C(2m, 0)
£ 0
b Area:f xsinxdx-a-f x sinxdx
[ -7_
= [-xcosx + sinx]; + [- x cosx + sinx]*"
=m+3n=4nr
6 a x’lnx-Jat+c b 24mn2-1)
7 a A-L.0).5 c{3” ]andz)(o 3)
b 2(sinx + l}z ¢ a=32

m Full worked solutions are available in SolutionBank. #



-

8 a y’“

flx) = x2 b

(

bl

[}
)

g(x) = 3x - a?

0.0 (3.0\ ot

9 a A-Z3).5(33)and c(% 3)
b a=4.l:.r=—-4,c=3(0ra=4,rb=4,c=—3)
¢ Ry= [ (~2cosx+4)dx - [,*(2cosx + 2)dx
3 3
= ff (-4 cosx + 2)dx = I-4sinx - 2.1’]1
3 3

8r

_fog 107\ _( om, 28\ _,4m 87
_(2\'34- 3) (2'.3+3)-4v3+3
Ry:Ry = 4/3 + %3;43 - % = 33 +27:3V3 -7

10 y=sinf:Area = [ 2sin0dd = (-2 cosdl; = (2) - (-2) = 4
(1]

y =sin 20:Area = J;E4sin 2046 = [—2 CoS 21‘3]i

—@)-(2)=4
1
11 a (3’-, —:)
4 Ve
b iv2-1 ii 2-v2 iii v2

C HI:Hz:‘»v'E-l:Z-\&_
=2W2-1)2+v2):2-V2)2+V2)=V2:2

Challenge -

Area ol‘regionﬂ=%_—1

Exercise 111

1 a 1.1260,1.4142 b i 1.352 ii 1.341
2 a 0.7071,0.7071 b 0.758

¢ The shape of the graph is concave, so the trapezium
lines will underestimate the area.

0.8 e 5.25%

0.427 b 1.04

1, 1.4581 b i 2549 ii 2.402
Increasing the number of values decreases the
interval. This leads to the approximation more
closely following the curve.

d [xInxdy- [2Inxdx + [1dx

3

- ow
S eEE A

(%.tz - 22:) Inx - %xz + 3x

1.0607 b 1.337 d 11.4%

e 2.5%
b 23.25

4x-5=0,x=2
. 49
¢ 0.7313 d ln(ﬁ)

4.1133, 5.6522, 7.3891 ‘
¢ t=v2x+1 =:-a;'=12x+ 1=

= (2x + 1)'dt = dx = tdt = dx

k] V7 =
[exdx=["tetdt > a=1,b="7,k=1
d 23.20

8

Answers

a 1.03528,1,1.03528 b 1.106

£ 2x
c f cosecxdx = [—ln |cosecx + col.rl] 2
$ ; 3
=In (:":) ~In (—1_—) =In3

Vv v

d 0.67%

Exercise 11)

1

10
11

12

13

14

15

a y=Ae -1 b y=ksecx
-1 5
y-—m d y_ln|2(, +C|
o3
a 21—4—%1" b sin2y+2y=4tanx -4
¢ lany=%si:12x+x+1 d y = arccos(eaw)
a y=Axe" b y=-edre =-xe'"
= X - = B -
¥=yz3 5 In2+eY=~xe*-e +c¢
3 31 +x%)+ 1
] 7 - —_—
¥=1== 3(1+29) -1
2 _ .
y:ln’x 212 9 tany=x+%sir12x+24“
Injy] = - x cosx + sinx - 1
V2
a 3x+4Injx|+c¢ b y= %x+2ln]x|+%)
5 1
* 3-8 x-2
b Injy=3Inl3x -8/ +Inlx-2|+¢
¢ y=8(x-2)(3x-8)
a y=x'-4x+c
b Graphs of the form y = x* — 4x + ¢, where ¢ is any
real number
1
- c
&y Jr+2+
b Graphs of the form y = L + ¢, where c is any
real number x+2
1
= 3
b Jr+2+
d :
a Ei%:—-j—::»_[ydy:f—xdx

> yl=-r2+b=>y?+x2=c¢
b Circles with centre (0, 0) and radius /¢, where ¢ is

any positive real number.
¢ Yy +x*=49

Exercise 11K

1

a y=200e" b 1 year

¢ The population could not increase in size in this
way forever due to limitations such as available
food or space.

a M=1(+‘ﬂpf b £ ¢ M approaches 1
a d—x=£)=>§x3=kt+c

de «*

l.s_7;.1 M T4
=gt +3=> %=zt + 1)

b x=3,t=74.3 days. So it takes 54.3 days to
increase from 2 cm to 3 cm.

a The difference in temperature is 7 — 25. The tea is
cooling, so there should be a negative sign. k£ has to
be positive or the tea would be warming.

b 46.2°C
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Answers

-dA -2 2_~-1 __19
JA=dA ft dr:,\A_ lOt+C = C= 10
L2_-1 19 20t
A 10t 10 A 98
(20t
“’A'(nwz}
20\* _ 400

Ast A= (19) 361 from below

v =6000h = 3Y _ 6000, ¥ = 12000 - 5004,
dh dt

dh _dv, dv

.V _ 1 (12000 - 500h

dt de  dk 6000l ]

ﬁod"_lzo-:‘)k

_ 9
s_1zm(7)

(10(}00) . (10(1)00)
P 10000 - P

p=-10000 . - 10000,6=1andc=3.

1+ 3e™
¢ 10000 deer
8 a %-40—}4/% 4%:—/=V—160
b V=160 +4840¢ ¥, a = 160 and b = 4840
¢ V160
dR _ _ lap_ _
9 a S kRafRdR- k[dt
= InR=-kt+c= R=etir
S R=Ae¥=>R;=Ae* = A=R; = R =Re ™
1
b k-57301n2
c 0.]HU=R€‘ “ll'||tx!
1n(0.1)—5?30 ln( ]><c:>:=19035
Mixed exercise 11
. 1 5 1 1
1 a L2x-3F+c b dr-1)F+dx-1)+c
¢ isin*x+c d %Inx—i—x%c
e -tlnlcos2xl+¢ f -1Inl3-4xl+c
2 a -2 p lr_lp2 ¢ 22_2In4
v3-1 1,.(35 4
% =3 e 4'“(19) f ]“(3)
1 14/1
3 a [Lhxde=mna-1)- (-5 de
Inx 1 Inx 1
S fxzd =g h e
“1 Inx 1 1. 1 2
j;;lnxdxz —T-El (—E-E)—IO—H:I-E
1 A B _ 1 ____2_!
B [.r+1}{2:c—1)_x+1+2.r—lz>A_ 3'3 3
P 1 1 2
fs TR [-( 3[x+1]+3(2x—]])dx
1 P 1, (2x-1\"
[ §ln(:c+1}+-—1n(£1:—1)]1-[3111(x+1)ll
1 (2P=1\\ _(1,(1
(31 (p+l)) (3]"(2])
1 Z(Zp—l]) 1 (4p—2)
TN bl e ) [P N
3"( p+1 3\ el
418

10

11

12
13

14

15

16

17

18

T e T B2 o2 T

T 82 8 O

-5

5B T B T =

=

il

2 5

fl =

el

2x-20x+1+¢ b

—lx10581+551n8x+ c

.1'Z 51n81+-—x {'0581:-3-6-51118x+c
A=E,B-2.C=—l

%ln|x|+21n[x-— 1|+x1

-1
9 1
| ey da = [-1n|x1+21n|x- 1)+

+C

1 ]"
_]4

(—ln9+2]n8 + ;] —(%ln4+ Zln3+%)

- (lna + In64 +-;_)- (In2+ln9+%)

=in(55e) 2= (5 ) -2

x=4,y=20
dy 3 .

s 96
dx? 4

x3
z
:xg = % > 0 = minimum

62 4 481n4; p_"’"*' qg=48.r=4

when x = 4,

; 1
—.r-‘ In2x-=-x3+c¢
3 9

1.4 1 3
=x3n2x - —x?| =
3 9 1

215 °
=9ln6 - =°2
9In 7

(1 +sin2x)? =1+ 2sin2x + sin?2x

El«l-ZS.il’lZJIH-1—(ME2

2

—(3 + 4sin 2x - cos 4x)

(T
¢ ()
-xe*-ge* b cos2y=2e (x-e"+1)
~1xC0S 2x + | sin 2x

QIn6 - 3) - (0—?15]

+ 2sin2x - M

tany = —Jxcos 2x + {sin2x - |
1 1

-—§=‘2—x2+{.‘

I T - | -3
x=1 1=pte>e==3
Lol 3. 1 lg b e, 2
y=2t 2Tyt T
i ) d y=x;(-2,-2)

1
ln|1+2:ci+1+21_+c
{it i ia S S

2y sm2y-|n|‘l+2.1:|+14_2x+2 2
I S I |
=g 20.4‘1; 4
A,:Azﬂ%—;—e:%él—%:l=:>le#2]:e
—-e*(x? + 2x + 2)
y=-%In|3e*(x? + 2x + 2) - 5|
3In7

‘-_I'In}' 3z %1"?

fj (93"+1]dx=e;+.rl

b 3 0

1 1 P Y

(3 31117) (3 0)_2+31n7

m Full worked solutions are available in SolutionBank. #



19 a A=1,B8=1C=-1
b x+3njr-1-JInjx+1|=2t-1In3
20 a 4.00932 b 2.6254
¢ The curve is convex, so it is an overestimate.
d &-3e+2 5_ 3 0=3 e 2.5%
2e
21 a %’ —kV:#fl dV= [-kdt=InV=—-kt+c
= V=AeH"
b Vv
A
V=Ae‘“
0 %

C zlA=Ae""""=>%=a—”=:-2=e”=~lIl2=kT

22 a [(k-ydy=[xdx=ky-Jy*=3x%+c
x2+(y-k2=C
b Concentric circles with centre (0, 2).
23 a 09775 b 3.074

¢ Use more values, use smaller intervals. The lines
would then more closely follow the curve.

'I"l 5
d J;(Ex-)mx—x+2dx
[ —x3nx - -3—-.1:3 1x2+2xr
15 4;.) 1
_ (64 64\ (1 1 . -29 064
‘[15'“4 45 (45 2”)_10 Vi
e 2.0%
AT
24 a %1-{ b tan.’ny:1—12(1-1—2.1"?}"-»11
2_ Bx
25 arctanx + ¢ 26 y 1.7
27 a A=nri=94_on
dr

dr _dr dA lxkam“):—zk—sin(L)

dt dA At 2ar 3r nr 3n
b r2=—6cos(—)+? ¢ 6.19 days
3x
Challenge
a 15 b -3
CHAPTER 12
Prior knowledge 12
1 a 5i b -13i+ 11j
2 a /34 3§ 3
V34 V34
3 a -2i-3j b 3i+j
Exercise 12A
1 221 2 73
3 a s1_4' b 15 ¢ 5»'2 d wlﬁ

4 k=50rk=9 5 k=10ork=-4

Challenge
a (1,-3,4),(1,-3,-2),(7,3,4),(7,3,-2),(7,-3,-2)
b 6/5

Exercise 12B

1

10

11

12

13

14

15

16
17

-3 11
a i (5) ii (—11)
-9 19

b a-bis parallel as -2(a-b) =
~a + 3b is not parallel.

6i - 10j + 18k

Answers

3 -3
3a+2h=3(2)+2(_2)=3i+2j+5k=%{6i+4j+mk)

-1
p=2,qg=1,r=2
a V35 b 2/5 c V3 d

4

V170

() 2 (5) G el) <

7i-3j+ 2k 7 6or-6 8

a i A:2i+j+4k B:3i-2j+4k, C: i+ 2j+2k
ii -3i+j-2k

b i /14 ii 3

a 4i+3j-12k b 13

¢ ——i+ j-—
= 6

e 5/3

8
-6
10

V3 or /3

+

s

a 6i+4j+3k b6l ¢ i+_;_

BG
a g3 -2y p 22
v29 V29 V29 5

C E'-glz_f_g_

4 4777
AB = 4j -

-

‘-

5

k

m{-ﬁ-

— —_—
k,AC=4i+j-k, BC = 4i - 3j
Lﬁ =17, %. =3V2, LB_CT =5
scalene
AB = -2i - 6j - 3k, AC = 4i - 9j -

BC = 6i - 3+ 2K

- —
b tABI 7. LA(.I 7V2,1BCl =7
a i 98.0° iHo11.4°
b
c

& s T &

c 45°
iii 82.0°
iii 35.5°
iii 146.3°

i 69.6° ii 62.3°
i 56.3° ii 90°
5.41
|Féi =114, |5§| =29, Iﬁil =35
Let # = ZPQR. 14 + 29 - 2/406 cosd = 35
= 080 =0.198... = 0 =78.5° (1 d.p.)

Challenge
25.4°

Exercise 12C

1

a i lodl =908 =9 = loal = o8l
HAC:(ZZ) [ad = /38T, BC_(_

23
Therefore m = |B_C:|
b OACR is a kite

a AB=2i+3j-2k= [aB= /17
AC=6] = [ACl=6
BC=-2i+3j+2k= B =/17

WB' = |B_(:'| so ABC is isosceles.
b 6\"—2-
c (4,10, 3),(0,4,7) or (4, -2, -3)

)[Bd_\

V

S

419




Answers

a AB = 4i- 10j - 8k = 2(2i -5j - 4k)
CD = —6i + 15§ + 12k = -3(2i - 5j — 4k)
ch= -%1?3 so AB is parallel to CD

AB:CD=2:-3
b ABCD is a trapezium

L]

-8 p__ =3
a-a,b- 1.4:'-2

(7,14, -22), (-7, 14,-22) and (1512, 14, -22)

20
a 18,67 (2d.p) b 168.07(2d.p.)

Let H = point of intersection of OF and AG.
b_ﬁzrmza-!-s:‘i_ﬁ:
E‘:a+h+c.ﬁ:—a+h+c
Sorfa+b+c)=a+s(-a+b+c)

—_— e —_— —p
r:1—s=s=>r=s=%,soOH=%GFand.4H=%AG.

8 Show that FP = %a (multiple methods possible)

Show that PE = ;a (multiple methods possible)
Therefore FP and PE are parallel, so P lies on FE

FP:PE = 2:1

SIS G e

Challenge

1 p=H.9=%r=-4

2 0_ﬂ’4=%a+b+C.E\":a-b+%c.A_,F=-a+b+c
LetmandA_.FimersectatX:ﬁ:rﬁ:r(—a+b+c]
5:{’=3W=s(%a+h+c} for scalars rand s
OX=0A+AX =a+rl-a+b+c
=slyja+b+c/=a+rca+b+c

Comparing coefficients in a, b and ¢ gives r = s = 2

Let BN and AF intersect at Y: E’: pAT? =pl-a+b+¢
BY = qﬁ: gla-b+c| forscalars p and ¢

BY=BA+AY=a-b+pl-a+b+c¢

=qla-b+jc)j=a-b+p-a+b+c

e

Comparing coefficients in a, b and ¢ gives p = l, g=
AX = 2AF, AY = 1AF
Sothe line segments OM and BN trisect the diagonal AF.

Exercise 12D o
1 a (5i-j)+4kN b V42 N
2 2»-'—2"9vm
3 a (i-j+ikms? b 154ms?
4 (5i-3j-7KN
5 a a=-2,b=4 b (i-3j-4kIN
¢ (3i-3j-2kms? d 26 ms?
e 54°
6 a 196ms* b Descending, 101.9°

Mixed exercise 12

1 v22 2 a=5ora=6

3 ml=5x’§=>9+t3+25=5(}=::-t3=16=>t=4
6i - 8j - £k = 6i - 8) - 10k = ~2(-3i + 4j + 5k) = ~24B
So AR is parallel to 6i - 8j — 51k

4 a PQ=-3i-8j+3k PR=-3i-9j+8k QR =+ 5k
b 20 square units

5 a DE=4i+3j+ak EF=—3i-4j+ 4k, FD = —i- 8
b ﬁimﬁ.ﬁ:«ﬁ.ﬁfi:y% ¢ isosceles
6 a PQ=9i-4j,PR=Ti+j—-3k QR =-2i+5]j-3k

b |PQ| =197, PRl =59, |QR| = /38 ¢ 51.3°
7 31.5°
8 183(3s.f)
9 a (2,-7,-2) b rhombus ¢ 36.06

10 PQ=ta+b-c,RS=J-a+b+c TU=}a-b+c
Let PQ . RS and TU intersect at X: PX = rPQ = %(a +b-¢

H:sRS=%{—*a+b+c]
—_ —_—

TX =tTU = %[a —b + c¢lforscalars r, s and ¢

—_— = = —

R’(=RO+0P+PX=%:—a+c]+2£(a+b—ci

=>§~l~a+b+c]=%l—a+c1+£[a+b-cl

i i ' i —g=41
Comparing coefficients in a, b and ¢ gives r = s = 5

—_— — —

TX:?‘()+0P+E%=%1—b+c}+%{a+b-c}
ﬂ%(a-h-rc]:%{a—b»fcl

Comparing coefficients in a, b and ¢ gives t = J
Sothe line segments PQ, RS and TU meet at a point
and bisect each other.
11 b=1orf
12 a Air resistance acts in opposition to the motion of
the BASE jumper. The motion downwards will be

greater than the motion in the other directions.
b (16i +13j-40k)N ¢ 20 seconds

Challenge
Statement is untrue if any of the scalars are zero.

Review exercise 3

d
1 £=x—4sinx
dy 2 1
m _m_ _m _
Sdr 2 Y=g Ma=eg
7r'4__ 1 _m
R 2)
2
= 8y(8 - m) - 16x + wlx? - 87 + 8) =0
dy ir 2 » dy )
2 a=3e-"—E..r=2.y=e‘—ln4.a=30‘—1

y-e®+Ind4=@3e"-1x-2)
S>y—(3et—1xr-2+In4+5e0=0
3 8x+36y+19=0

d
4 a d—i = 42x - 327 + 2(2x — 3)2e2)

= 2le*)(2x - 3)2x - 1)

3 1
b =—, = —
R
5 & d_y___(x—1!(251nx+cosx—.1:cosxl
dx sin?x
T (T Wy
b x=3.y=(3-1). g =431

=>y=(nv2lx+(l~%£.]

420 m Full worked solutions are available in SolutionBank. #



6

10
11

12

13
14

15

16

17

18 a

19

a y=cosecx -,L
sinx

dy cos cosx
8 _cosx 1 ,COS%__ . oseck cotx
dx  sin?x sinx  sinx

dy__ 1

dr  6x/1 - 22
y=arcsinxy = x =siny
dy 1
dx cosy

3 =cosy =

cosy =1-sin’y =

l-x2=—=

a -2sin‘tcost
8
Ccy= -
d 4 + x?
x = 0 is the domain of the function.
X
2y -1

a y=-9%+8
Tx+2y-2=0
dy _ cosx

dx siny

b y=

b Stationary points at =~ T 27 and

w =27 i
>3 '3 only in the

given range.
d? :
E‘Z = e*{x?
are x = 2 + V2 which means that {"(x) = 0 for all x < 0.
dV dr 250
= 412 ur _
A 2t + 1P

- 4x + 2) can show that roots of x* —4x + 2

dr » de
a g(1.4)=-0.216<0, g(1.5) =0.125 > 0. Sign change
implies root.
b g(1.4655) = -0.00025... < 0, g(1.4665) =
0.00326... > 0. Sign change implies root.

a p(1.7) =0.0538... >0, p(1.8) = -0.0619... < 0
Sign change implies root.

b p(1.7455) = 0.00074... > 0, p(1.7465) =
-0.00042... < 0. Sign change implies root.

a e?-3x+5=0=0"2=3x-5
=2>r-2=mIBx-5=xr=E3x-5+2

b xy=4,x=39459, x,=39225 x,=39121

a f(0.2) =-0.01146... <0, f(0.3) = 0.1564... > 0.
Sign change implies root.
1 1

b (x - 22 x -2

=1 a =1

:Pﬁ lx - 2]3:»‘,'4—ﬁ+2s.r

¢ xo=1,2,=1.3700,75,x,=1.4893,
x3=1.5170, x, = 1.5228
d f(1.5235)=0.0412... > 0, f(1.5245) = -0.0050... < 0

It's a turning point, so the gradient is zero, which
means dividing by zero in the Newton Raphson
9 i“”i“:lgg _-0.5515...
23.825...
a i There is a sign change between f(0.2) and (0.3).
Sign change implies root.
ii There is a sign change between f(2.6) and [2.7).
Sign change implies root.

+4x2=0= =-4x?

= 2.923

b %x3-xa+%——4=0=~%x“=x§—%+4
=5 17 = 130(4 +x4—-1,-) ::-x:i.‘l(l—:-(&{-xﬁ-%))

20

21
22

Answers

€ xo=2.5,x;=2.6275,x,=2.6406, x; = 2.6419,
x,=2.6420

~1.10670714
& B2~ ~12.02597883
a R=0.37,a=1.2405

b v'(x)=-0.148 sin(zsx +1. 240.})

¢ v'(4.7)=-0.00312... < 0, v'(4.8) = 0.002798... > 0.
Sign change implies maximum or minimum.

d 12.607

e v'(12.60665) = 0.0000037... > 0,v'(12.60675) =
-0.0000022... < 0. Sign change implies maximum
or minimum.

a=1

a cos7x+ cos3x = cos(5x + 2x) + cos(b5x - 2x)
= €08 Hx cos 2x — sin 5x sin 2x + cos 5x cos 2x +
sin 5x sin 2x = 2 cos 5x cos 2x

b %sin?x +sin3x + ¢

=0.208

23 m=3 24 16
25 1-% 26 L(e*+10)
[ 4
27 x+3 ___ 3 1 b In54
& 2r-3)x-2) 2x-3 x+2 "

28 Area =2

29 a p—l%Oq 1.3818 (3 d.p.) b 2.5888 (4 d.p.)

30 a :‘—ez + I

b [x]0 0.2 0.4 0.6 0.8 1
y |0 [0.29836(0.89022|1.99207|3.96243|7.38906
¢ 2.168 (4 s.f) d 3.35%
22z -1 _ -1 4
M a o ex-3 x-1 2:-3
by A2 3)* _10(2x - 3)*
V=" TT-1
3k
32 b t A’
T =
33 a Rate in = 20, rate out = -kV. So ((il‘z/ =20 -kV
20 20
b A==—and B=-=—
k k
¢ 108cm?® (3 s.f)

34 a % —kC, because k is the constant of
proportionality. The negative sign and k > 0
indicates rate of decrease.

b C=Ae" c k:i-ln 10
35 k=—4,k=16 36 130.3°
37 a 10i-5j-2k b iy L
V129 129 V129
¢ 100.1° d Not parallel: PQ + mAB.
38 k=2 39 p=-2,g=-8,r=—4
40 a a=6,b=-7,c==1 b —6i_—2j+4k
¢ (-3i-j+2kims? d V14 ms?
Challenge
2a a
1 a (0,0)and ( 5]
dx _ — a By 18 a® _
b dy-():y-z:c+2:>5x + 2ax + 1 =0
b2 -4ac=4a’-5a’>=-a’<0
2 31."'5

421



Answers

Exam-style practice: Paper 1

2
1 W 2sec®t ___ 1 _ _iogectsecdt
dx 2sinfcost sintcos®(
2 a x>—§ bx<—4 x>-1 cxr>-1
3 a 2xr+y-3=0—-y=3-2x

ikx+y'+4y=4
¥+kxr+(3-2x)+4(3-2x)=4
50+ kx-20x+ 17 =0
5x%+ (k- 20)x + 17 > 0 for no intersections.
b 20- 2»"@5 <k<20+ 2»:"*3_5—
4 Letflx)=cosx

£(x) = lim flx + h) - fix) — lim coslx + k) — cosx
Bl h h—0 h
— Jim 08X cosh —sinx sinh — cosx
~ e h
i |(€OSA-1\ _ _  (sink\. | _ .
= lﬂlﬂ ( 0 ]cos:r ( I ]smx]- sinx
a p=4p=-4 b Usep=-4,-18 432
49 705
6 -5 f
8 64
7 a w=0.u,=96=ar5.=600="
96
%ﬁ:ﬁuu:mﬁ:ﬁoom-r)ﬂ96:600r
— 600r? and therefore 25r* - 25r+4 =0
b r=0.2,08 ca=120 dn=39
8 a
B2 Mie,6)
A cy E__,
(-10,0) (-3,000] 4,00 =
b p6,16) Y4
A (0, 5)
E(4,5)
(-3, 5)
/ oYp©,-1) *
c
D(3,12)
E(7,0)
A(-7,0) x
B (-3,-22)
9 x=0.74x=5.54
10 a %"{:—kV:}-lﬂV:—kt+c:> V=V,e*
b k=%—ln(—g—], V,=£35100 ¢ t=11.45 years

11 a 14.9 miles
b It is unlikely that a road could be built in a straight
line, so the actual length of a road will be greater
than 14.9 miles.

422

13

a y=279-001x-11%,A=279,B=0.01,C=-11
b 11 m from goal, height of 2.79 m.

¢ 27.7mior 27.70m)

d x=0,y=1.58. The ball will enter the goal.

a Surface area of box = 2x* + 2(2xh + xh) = 2x* + 6xh

Surface area of lid = 2x? + 2(6x + 3x) = 2x* + 18x
Total surface area = 4x* + 6xh + 18x = 5356
o - 5356 — 18x — 4 «2 =2678 -9x - 2 x?
bx 3x
V=2x*h = 2(2678x - 9 x% - 2 %)
b 622+ 18x-2678 =0, x=19.68

%: < 0= maximum d 22648.7 cm®

e 31.7%

o}

Exam-style practice: Paper 2

1
2

10

11
12
13

14

a=-1,b=-4,¢c=4

a y=-4x+28 b y=1x+3

¢ R(-10,0) d 204 units’

y=%ln[x+ 1), x>-1

a Student did not apply the laws of logarithms
correctly in moving from the first line to the second
line: 44+ % = 44 4+ 45

b x=-2.Notex=#-5

a ya
(0] e
14 \et— 107
="
b 6=y=<18 ¢ a==-7,a=0 B
a k=4 b x=-2,x=3+/T,2=3-7

a Area=% (x = 10)(x - 3) sin30°=}[x2— 13x + 30)
=11
Sox*-13x+30=44, and 2" - 13x-14 =0

b x=14(x#1,asx- 10 and x - 3 must be positive.)

a h=-5k=2¢=36 13—”
_ - 7,23 .,
a A=4B=50C=-6 b gx 321?

— —
OA=aand OB =hb

MN=MB + BN =J0B+(BA=jb+1-b+al=]a

Therefore OA and MN are parallel and MN = %OA as

required.

246740 b 2.922
£3550 b £40950
R=041,a=1.3495
40 cm at time ¢ = 2.70 seconds
0.38 seconds and 5.02 seconds.
h'(1) = 3e-03r-64) _ 80.8tx-64)

% @ 0.3(0-6.4) = g0B(1-64) — ln(—g-e"'--‘"—f'“) =0.8(t - 6.4)
3 1n(3 a-030- 3 3 -
=7 ln{_ge 03-68) =t - 6.4 =1 = %ln(ge — "-“] + 6.4

to=5,t = 56990, t, = 54369, t, = 5.5351, t, = 5.4983
h'(5.5075) = 0.000360...> 0, h'(5.5085) =
-0.000702... < 0. Sign change implies slope change,
which implies a turning point.

¢ 3.022
¢ £51159.09

d 3.3%

T s oCceE RS

j="Nix]

@ Full worked solutions are available in SolutionBank. #



absolute value 23
addition, algebraic
fractions 7-8
addition formulae 167-172
algebraic fractions 5-8
addition 7-8
division 6. 14-17
improper 14
integration 310-312
multiplication 5
subtraction 7-8
angles between vectors
340-341
arc length 118-120
arccos x 158-160
differentiation 248
domain 159
range 159
arcsin x 158-160
differentiation 248
domain 158
range 158
arctan x 158-160
differentiation 248249
domain 159
range 159
areas of regions, integration to
find 313-314
argument, of modulus 24
arithmetic sequences 60-61, 63
arithmetic series 63-64

binomial expansion 92-102
(1 + bx)y 92-95
(1 +x)" 92-95
(a + bx) 97-99
complex expressions 101-102
using partial fractions
101-102
boundary conditions 323

Cartesian coordinates, in 3D
337-338
Cartesian equations, converting
to/from parametric
equations 198-199,
202-204
CAST diagram 117
chain rule 237-239, 261-263
chain rule reversed 296-297,
300-306
cobweb diagram 278
column vectors 339
common difference 63
common ratio 66
composite functions 32-34
differentiation 237-239
compound angle
formulae 167-172
concave functions 257-259
constant of integration 322
continuous [unctions 274
contradiction, proof by 2-3
convergent sequences 278-279
convex functions 257-259
cosf
any angle 117
differentiation 232-233

small angle approximation
133-134, 232
cosec x
calculation 143-144
definition 143-144
differentiation 247
domain 146
graph 146-147
identities 153-156
range 146
using 149-151
cosines and sines, sums and
differences 181184
cotx
calculation 143-144
definition 143
differentiation 247
domain 147
graph 146-147
identities 153-156

range 147
using 149-151
curves

defined using parametric
equations 198-199
sketching 206-207

degree of polynomial 14
differential equations 262-263
families of solutions 322-323
first order 322-324
general solutions 322-323
modelling with 326-328
particular solutions 323
second order 322
solving by integration
322-324
differentiation 232-263
chain rule 237-239, 261-263
exponentials 235
functions of a function
237-239
implicit 254-255
logarithms 235
parametric 251-252
product rule 241
quotient rule 243-244
rates of change 261-263
second derivatives 257-259
trigonometric functions
232-233, 246-249
distance between points
337-338
divergent sequences 278-280
division, algebraic fractions 6,
14-17
domain
Cartesian function 198-199
function 28-30, 36
mapping 27-28
parametric function
198-199
double-angle formulae
174-175

equating coeflicients 9
exponentials, differentiation
235

functions
composite 32-34, 237-239
concave 257-259
continuous 274
convex 257-259
domain 28-30, 36
inverse 36-38
many-to-one 27-30
one-to-one 27-30
piecewise-defined 29
range 28-30, 36
root location 274-276
self-inverse 38
see also modulus functions

geometric sequences 66-69,
70, 83

geometric series 70-72, 73-75,

83

implicit equations,
differentiation 254-255
improper, algebraic
fractions 14
inflection, points of 258-259
integration 294-328
algebraic fractions 310-312
areas of regions 313-314
boundary conditions 323

chain rule reversed 296-297,

300-306
changing the variable
303-306
constant of 322
differential equations
322-324
flax + b) 296-297
modelling with differential
equations 326-328
modulus sign in 294
partial fractions 310-312
by parts 307-309
standard functions 294-295
by substitution 303-306
trapezium rule 317-319
trigonometric identities
298-299
intersection, points of
209-211
inverse functions 36-38
irrational numbers 2
iteration 278-280

key points summaries

algebraic methods 21

binomial expansion 106

differentiation 271-272

functions and graphs 58

integration 335

numerical methods 292

parametric equations 224

radians 141

sequences and series 90

trigonometric functions
164165

trigonometry and modelling
196

vectors 351

limits
of expression 73
of sequence 66
in sigma notation 76
line segments 344
logarithms, differentiation 235

many-to-one functions 27-30
mappings 27-30
domain 27-28
range 27
mechanics problems, modelling
with vectors 347-348
minor arc 120
modelling
with differential equations
326-328
numerical methods,
applications to 286
with parametric equations
213-217
with series 83-84
with trigonometric functions
189-190
modulus functions 23-26
graph of y = [f(x)| 40-42
graph of y = flx| 40-42
problem solving 48-51
multiplication. algebraic
fractions 5

natural numbers 63
negation 2
Newton-Raphson method
282-284
notation
differential equations 322
integration 294
inverse functions 36
limit 73
major sector 122
minor arc 120
minor sector 122
sequences and series 60
sum to infinity 73
vectors 339, 344, 345
‘x is small” 97
numerical methods 274-286
applications to modelling
286
iteration 278-280
locating roots 274-276
Newton-Raphson method
282-284

one-to-one functions 27-30
order, of sequence 81

parametric differentiation
251-252
parametric equations 198-217
converting to/from Cartesian
equations 198-199,
202-204
curve sketching 206-207
modelling with 213-217
points of intersection
209-211

423



partial fractions 9-10
binomial expansion using
101-102
integration by 310-312
period 81
position vectors 339
product rule (differentiation)
241
Pythagoras’ theorem, in 3D
337-338

quotient rule (differentiation)
243-244

radians 114-134
anglesin 115
definition 114
measuring angles using
114-118
small angle approximations
133-134, 232
solving trigonometric
equations in 128-131
range
Cartesian function 198-199
function 28-30, 36
mapping 27
parametric function 198-199
rates of change 261-263
rational numbers 2
recurrence relations 79-82
reflection 44-47
repeated factors 12
reverse chain rule 296-297,
300-306
roots, locating 274-276

SEC X
calculation 143-144

424

definition 143
differentiation 247
domain 146
graph 145-148
identities 153-155
range 146
using 149-151
sectors
areas 122-125
major 122
minor 122
segments, areas 123-125
self-inverse functions 38
separation of variables 322-324
sequences 60-84
alternating 66, 80
arithmetic 60-61, 63
decreasing 84
geometric 66-69, 70, 83
increasing 81
order 81
periodic 81
recurrence relations 79-82
series 60-84
arithmetic 6364
convergent 73
divergent 73
geometric 70-72, 73-75, 83
modelling with 83-84
sigma notation 76-77
sin ¢
any angle 117
differentiation 232-233
small angle approximation
133-134, 232
sines and cosines, sums and
differences 181-184
small angle approximations
133-134, 232

staircase diagram 278
stretch 44-46
substitution 9

subtraction, algebraic fractions

7-8
sum to infinity 73-75

tant
any angle 117
differentiation 246
small angle approximation
133-134
transformations
combining 44-47
reflection 44-47
stretch 44-46
translation 44-46
translation 44-46
trapezium rule 317-319
trigonometric equations,
solving 128-131,
177-179
trigonometric functions
143-160
differentiation 232-233,
246-249
graphs 145-148
inverse 158-160
modelling with 189-190
reciprocal 143
using reciprocal functions
149-151
trigonometric identities 130,
153156
integration using 298-299
proving 186-187
using to convert parametric
equations into Cartesian
equations 202-204

ot N

trigonometry

a cos 0 + b sin 0 expressions
181-184

addition formulae 167-172

double-angle formulae
174-175

unit vectors 339

vectors 337-348

in 3D 339-341

addition 339

angles between 340-341

Cartesian coordinates in 3D
337-33%

column 339

comparing coeflicients 345

coplanar 345

distance between points
337-338

geometric problems
involving 344-346

modelling mechanics
problems 347-348

non-coplanar 345

position 339

scalar multiplication 339

in three dimensions 339-341

unit 339

» = |f(x)], graph of 40-42
» = f]x], graph of 40-42
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